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OH.APTER 1
INTRODUCTION
CHAP 1ER  ],
INTRODUCTION
A r e s e a r c h  g roup  i n  o u r  D ep ar tm en t  h a s  been  
s t u d y i n g  f r a c t u r e  o f  m e t a l s  and has  been  c o n c e n t r a t i n g  on 
h i g h  y i e l d —s t r e n g t h  s t e e J s.  V a r io u s  a s p e c t s  have  been  
examined such  as  t h e  e f f e c t s  o f  d i s c o n t i n u i t i e s ,  i n c l u s i o n s  
and second phase  p a r t i c l e s ,  and th e  g row th  o f  v o i d s ,  lly 
r o l e  a s  a  member o f  t h i s  g roup  h a s ‘been  to  s tu d y  th e  
continuum  a s p e c t s  and lias been c h i e f l y  conce rned  w i th  t h e  
e a r l y  stc..ges o f  f r a c t u r e  — th e  s o - c a l l e d  vo id—n u c l e a t i o n  ■ 
s t a g e .  I t  i s  t h o u g h t  t h a t  e s p e o ia l . l y  i n  h i g h e r  s t r e n g t h  
s t e e l s ,  t h e  amount o f  p l a s t i c  s t r n l n  i n  t h i s  s t a g e  would be 
l i m i t e d  to  p e r h a p s  1—f t  ab th e  r o o t  o f  a nokch so t h a t  a 
smaJJ. geometry  change t h e o r y  v/ould be p e r m i s s i b l e ,  S].ip 
3 i n e  s o l u t i o n s  g i v e  some i i i s i g h b  i n t o  th e  g e n e r a l  problem 
end a b r i e f  a c c o u n t  i s  g i v e n , f o r  c o m p a ra t iv e  p u r p o s e s ,  o f  
such  a  s o l u t i o n  l o r  one o f  o u r  t o s t  spec im ens .
The main p a r t  o f  t h e  t h e s i s  d e s c r i b e s  the  a t t e m p t s  
and f i n a l  c h o ic e  o f  method o f  s o l u t i o n  o f  ia"o d i m e n s i o n a l  
s t r e s s  roblemo, I n  o u r  f r a c t u r e  r e s e a r c h  a k e y h o te  
n o tch e d  ba.r was f i n a l l y  s e l e c t e d  ar; bond t o s t  s:,ccimon^ 
t h i s  c h o ic e  had a d v a n t a g e s  b o th  t h e o r e t i c a l l y  and 
exp criracn t a l l y .
The kook o f  s o l v i n g  th e  e l a s t i c  ana p lane  s t r a i n  
e l a s t o —p lu s  t i c  s t r e s s  and s t r a i n  f i e l d  s under  a hoy] io3 O' n o t c h  
had t h u s  tcj b c h c k l  od , The d  e:: k i c sc l u  Lion a \ / :  a t t c n p f o i  
i a s e v e r a l  r - y c  as  de t e l  led  i s  c h a p t e r  3, u s i n g  khc Ai ry
1‘ J ,ly/ ; f i n i  t o  bound oci.os a.‘l though  
o r  a rcg ' .on  c l o s e  to the keg}.:ole 
nd m odel led  t o  i t s  s h \ pc w i.th cyl.i n d r i c a l  coord i  na iuau
3 treow fuu c t i iou  ,/i Uh, i n i  
f i n a l  t v  hie c o l  u Lion was
F i n i t e  d i f f e r e n c e s  were employed w i t h  a g raded  n e t  b eca u se  
i t  vv..'.s f e l t  thuu  by so do in g  t h e  sh a rp  changes  i n  v a r i a b l e  
g r a d i e n t s  and c u r v a t u r e s  cou’J.d b e s t  be d e te r m in e d .
The s o l u t i o n  u s i n g  t h e  A iry  s t r e s s  f u n c t i o n  
i n v o l v e s  t h e  b ih a r m c n ic  e q u a t i o n  and f o u r t h  o r d e r  d i f f e r e n c e s  
which a r e  t r o u b le s o m e  when d e a l i n g  w i t h  b o u n d a r i e s .  Thus
(  9 '] )
i t  was a t  t h i s  s t a g e  t h a t  P r o f e s s o r  I , N,  S n e d d o n ^ ^  
s u g g e s t e d  th e  u se  o f  a  s e t  o f  f i r s t  o r d e r  p a r t i a l  
d i f f e r e n t i a l  equat ions" ,  t h i s  method o f  s o l u t i o n  had n o t  
been  t r i e d  p r e v i o u s l y  and a t h o ro u g h  i n v e s t i g a t i o n  i n t o  t h e  
method o f  u s i n g  them had to  be i n s t i g a t e d .  I t  i s  known 
t h a t  on t h e  one hand t h e  r i g i d  p l a s b i c  s l i p  l i n e  e q u a t i o n s  
a r e  h y p e r b o l i c  w h i l e  on th e  o t h e r  hand t h e  e l a s t i c i t y  
e q u a t i o n s  a r e  e l l i p t i c o l .  C a r e f u l  c o n s i d e r a t i o n  was g i v e n  
i n  C h a p te r s  5 and 6 to  t h e  i n i . t i  a l e  v a l u e  and bo und a r y  - v a lu e  
a p p ro a c h e s  to  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s .  S in c e  tho  
g e o m e try  o f  t h e  f i e l d s  i s  s i m i l a r ,  t h e  b e t t e r  known s o l u t i o n  
o f  t h e  h o l e  i n  u n i a x i a l  t e n s i o n  was used  i n  the  e v a l u a t i o n .
The method h a v in g  been  p roved  f e a s i b l e ,  the 
e l a s t o —p l a s t i c  s o l u t i o n  was a t t e m p te d  and d e t a i l s  o f  t h i s  and 
th e  r e s u l t s  a r e  g i v e n  i n  C h a p te r s  7 and 8,
I n  o r d e r  to  v e r i f y  seme r e s u l t s  t h e  l i m i t i n g  s l i p  
l i n e  s o l u t i o n  o f  the  k e y h o le  n o t c h  w.as o b t a i n e d  and t h i s  i s  
g i v e n  i n  C h a p te r  10, F u r t h e r  v e r i f i c a t i o n  o f  c e r t a i n  
f e a t u r e s  o f  the  r e s u l t s  i s  ob te lnod  from t h e  o l a s t o —p l a s t i c  
s o l u t i o n  o f  t h e  t h i c k  sp h e r e  u n d e r  i n t e r n a l  p r e s s u r e ,  d e i a i i l s  
o f  \ ;h ich  a r e  g i v e n  i n  C h a p te r  9,
Having been  s a t i s f i e d  w i th  t h e  va i l . id i ty  o f  t h e  
m ethod,  the g o v e rn in g  e c u a t i o n s  wore r e - f o r m u l a t e d  to  s o lv e  
th e  c r e e p  p rob lem  w i t h  v e ry  s i s  i l a r  e q u a t i o n s  to  the
e l a s t o —p l a s t i c  problem* I’o s u l t s  f o r  t h e  h o l e  i n  t e n s i o n  a re  
ssiven a s  an exaijiqle i n Cha , t o r  11,
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O H iiPT E R  2
THE DEVELOPMENT OF ELASTCL-PLASTIG SOLUTIONS
2 .1  I n t r o d u c t i o n
I n  t h e  com ple te  s o l u t i o n  to  e l a s t o —p l a s t i c  
p ro b le m s ,  t h e  e q u a t i o n s  o f  e q u i l i b r i u m  and s t r a i n /  
d i s p l a c e m e n t  and t h e  s t r e s s —s t r a i n  r e l a t i o n s  must  be 
s i m u l t a n e o u s l y  s a t i s f i e d .  There  a r e  t h u s  f i f t e e n  unknownsJ 
i n  c a r t e s i a n  c o o r d i n a t e s  t h e s e  a r e ‘
^xy ’ ^ y z ^ ^ z x '^ x ^ ^ y '^ z * ^ x y ’^ y z "^ z x ’^
The f i f t e e n  e q u a t i o n s  i n v o l v i n g  t h e s e  unknowns com pr ise  
3 e q u i l i b r i u m  e q u a t i o n s ,  6 s t r a i n / d i s p l a c e m e n t  e q u a t i o n s  
and 6 s t r e s s —s t r a i n  r e l a t i o n s .  I n  t h e  n o n - l i n e a r  e l a s t o —
p l a s t i c  p rob lem  t h e  s t r e s s —s t r a i n  cu rve  i s  a l s o  r e q u i r e d  to
l i n k  s t r e s s  and s t r a i n .
The t h o u g h t  o f  a t t e m p t i n g  a s o l u t i o n  u s i n g  t h e s e  
1'5 e q u a t i o n s  i n  t h i s  form p o se s  a d a u n t i n g  c h a l l e n g e ,  which 
h a s  n o t  y e t  been  t a k e n  up. The deve lopm en t  o f  e l a s t o — 
p l a s t i c  s o l u t i o n s  h a s  been  d e p e n d e n t  on t h e  d e g r e e  o f  
s i m p l i f i c a t i o n  which  could  be a p p l i e d  to  th e  15 e q u a t i o n s  
as  w e l l  a s  on t h e  a v a i l a b i l i t y  o f  computing m ac h in e ry  i n  
t h e  c ase  o f  n u m e r i c a l  s o l u t i o n s .
The c o m p le x i ty  o f  t h r e e —d i m e n s i o n a l  p ro b le m s  i s  
r e d u c ed  by \ /o rk ln g  w i t h  p i  one s t r e s s  c, nd. pleine s t r a i n  
c o n d i t i o n s .  Those g i v e  the  two l i m i t s  i n  p l a n e  e l t . s t o —
p l a s t i c  p rob lem s .  The p rob lem s most o f t e n  c..nd most
u s e f u l l y  t a c k l e d  a r e  t h o s e  o f  p l a n e  s t r a i n  s i n c e  s e v e r a l  
methods e x i s t  t o  d e t e r m i n e  p l a n e  s t r e s s  c o n d i t i o n s  
e xp e r i m e n t a l 1y .
4-,
There  a r e  s e v e r a l  methods of s o l v i n g  t h e  p l a n e  
c o n s t i t u t i v e  e q u a t i o n s h -
1, Reduce to  one d im e n s io n  — t h i s  r e q u i r e s  b o t h
symmetry o f  l o a d i n g  and symmetry o f  f i e l d  
ge o m e try .
2. Reduce t o  t h e  b ih a rm o n ic  e q u a t i o n .
3. Reduce to  tv/o s i m u l t a n e o u s  second o x d e r  p a r t i a l
d i f f e r e n t i a l  e q u a t i o n s  i n  th e  two component 
d i s p l a c e m e n t s  u and v,
4 , R e - a r r a n g e  t h e  e q u a t i o n s  t o  work w i t h  f i v e  f i r s t
o r d e r  s i m u l t a n e o u s  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  
i n  two d i s p l a c e m e n t s  and t h r e e  s t r e s s e s  o r  
r e d u c e  t o  f o u r  f i r s t  o r d e r  s i m u l t a n e o u s  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  i n  t h r e e  s t r e s s e s  and a 
d i s p l a c e m e n t  f u n c t i o n  £ r  r e d u c e  to  t h r e e  f i r s t /  
second o r d e r  s i m u l t a n e o u s  p a r t i a l  d i f f e r e n t i a l
e q u a t i o n s  i n  t h e  s t r e s s e s  o r  t h e  s t r a i n s .
Each o f  t h e s e  m ethods have  t h e i r  d i f f i c u l t i e s  and some o f  
t h e s e  a r e  a s  f o l l o w s ! — ( t h e  numbers c o r r e s p o n d  t o  t h e  
m ethods above)
1. T h is  v e r y  s p e c i a l  ty p e  o f  s y m m e t r i c a l  p ro b lem  i s
u s u a l l y  so lv e d  by m u l t i p l e  i n t e g r a t i o n  b u t  t h i s  
can ,  w i t h  t h e  l e a s t  c o m p l e x i t y ,  become i m p o s s i b l e  
a n a l y t i c a l l y  and h a s  to  be done n u m e r i c a l l y .
2. The s o l u t i o n  o f  th e  b ih a rm o n ic  r e q u i r e s  o
d i f f e r e n c e  e q u a t i o n  a p p l i e d  to  a g r i d  o f  p o i n t s  
o v e r  a f i e l d .  The f ivc-ppoin k s p r e a d  ( i n  b o th  
c o o r d i n a t e  d i r e c t i o n s )  o f  t h e  d i f f e r e n c e  
o p e r a t o r  makes th e  t a c k l i n g  o f  b o u n d a r i e s  
d i f f i c u l t  and d o t r o m e n t a l  to  a c c u r a c y .  I n  
a d d i t i o n ,  s o l v i n g  a problem w i t h  f o u r t h  o r d e r  
d i f f e r e n c e s  and t h e n  t . .k in g  c u r v a t u r e s  o f  t h e  
s t r e s s  f u n c t i o n ,  t o  d e t e r m i n e  s t r e s s , m ust  s u f f e r  
t h e  p e n a l t i e s  o f  n u m e r i c a l  a p p r o x i m a t i o n .
3. U s in g  d i sp la c e i r . e n t  p r e s c r i b e d  b o u n d a r i e s  i s
t r i c k y ,  s i n c e  i t  i s  v e ry  d i f f i c u l t  to  d e te r m in e  
t h e  f i n a l  d i s p l a c e m e n t  components on a  boundary  
a f t e r  y i e l d i n g  h a s  o c c u r r e d .  C o n se q u e n t ly  t h e  
boundary  c o n d i t i o n s  a r e  .der ived  f u n c t i o n s  from 
t h e  known s t r e s s  ...nd s t r a i n  boundary  c o n d i t i o n s .  
A lso  t h e  i n t e r a c t i o n  o f  t h e  two v a r i a b l e s  i n  
s i m u l t a n e o u s  g o v e rn in g  e q u a t i o n s  i s  e x t r e m e l y  
d i f f i c u l t  t o  a s s e s s ,
4 , I n  co m par iso n  to  ( 2 ) ,  v/orking w i t h  l e s s e r  o r d e r
d i f f e r e n c e  e q u a t i o n s  h a s  the  a d v a n ta g e  o f  
g r e a t e r  n u m e r i c a l  a c c u ra c y  as  w e l l  as  e a s i e r  
h a n d l i n g  o f  b o u n d a r i e s .  However, a g a i n s t  t h a t  
t h e r e  i s  t h e  d i f f i c u l t y  o f  h a n d l i n g  s im x i l to n eo u s ly  
a  number o f  v a r i a b l e s  which a r e  i n t e r a c t i n g  w i t h  
e ach  o t h e r ,
A r e v i e w  o f  t h e  d eve lopm en t  o f  each  o f  t h e s e  above methods 
i s  nov/ p r e s e n t e d  i n  s e c t i o n s  2 ,2  to  2,5»
2 , 2  One D im e n s io n a l  P rob lem s
I n  1956 B l a n d t a c k l e d  t h e  p rob lem  o f  t h e  
t h i c k  t u b e  i n  p l a n e  s t r a i n .  He employed t h e  e a s i e r  T r e s c a  
y i e l d  c r i t e r i o n  w i t h  i t s  a s s o c i a t e d  f lo w  r u l e .  He used  
m a t e r i a l s  w i t h  w o r k - h a r d e n in g  a n d , f o r  l i n e a r  work—h a r d e n i n g , 
p roduced  h i s  s o l u t i o n  i n  c lo s e d  form,
( 2 )
I n  1965 Tuba^  ^ s o lv e d  a n o t h e r  b a s i c  a x i s y m m e t r i c  
p rob lem  o f  t h e  t h i c k  sp h e r e  u n d e r  v a r i o u s  l o a d i n g  ’w i th  
v a r i o u s  w ork -h a rd  e n in g  i n d i c é s ,  end th e  M ises  y i e l d  
c r i t e r i o n ,  s o l u t i o n  was a c h ie v e d  by on i t e r a t i v e  
t e c h n i q u e .  However i n  h i s  book^ ' M endclson  shows how
t '  d e t a i l e d  r e f e r e n c e s  a r e  found i n  t h e  ’L i s t  o f  R e f e r e n c e s ’ 
a f t e r  C h a p te r  12,
t h i s  p rob lem  w i t h  i n t e r n a l  o r  e x t e r n a l  p r e s s u r e  l o a d i n g s
and l i n e a r  v /o rk -h a rd e n in g  can be s o lv e d  i n  c l o s e d  form 
T h is  r e s u l t  was a l s o  si. 
s l i g h t l y  d i f f e r e n t  way.
hown i n d e p e n d e n t l y  by Orr^^^ i n  a
2 .3  P l a n e  El a s t  c - n  1 eis t  i  c S t r e s s  f u n c t i o n  P rob lem s
The f i r s t  r e a l  a t t e m p t  a t  s o l v i n g  p l a n e  e l a s t o — 
p l a s t i c  p rob lem s  was made i n  1950 by A l l e n  and Sou thw el l^  
They p u t  fo rw a rd  s o l u t i o n s  f o r  e d g e -n o tc h e d  b a r s  ( f i g s ,
2 ,1  and 2 , 2 ) i n  t e n s i o n ,  u n d e r  b o t h  p l a n e  s t r e s s  and p l a n e  
s t r a i n  c o n d i t i o n s .  The m a t e r i a l  was assumed e l a s t i c  
p e r f e c t l y  p l a s t i c .
These s o l u t i o n s  were a  f u r t h e r  a p p l i c a t i o n  o f  
t h e  r e l a x a t i o n  t e c h n i q u e  d e v e lo p ed  by S o u th w e l l  and 
o r i g i n a l l y  p i o n e e r e d  by P r o f e s s o r  A. Thom. The p rob lem  ' 
was f o r m u la te d  i n  t e rm s  o f  t h e  A i ry  s t r e s s  f u n c t i o n  4 , 
which  had t o  s a t i s f y  t h e  b o u n d a r i e s  a s  w e l l  a s  t h e  
g o v e rn in g  e q u a t i o n s  o f  t h e  e l a s t i c  and p l a s t i c  r e g im e s .
I n  t h e  e l a s t i c  zone t h e  normal  b ih a rm o n ic  
e q u a t i o n  g o v e rn s  t h e  s t r e s s  f u n c t i o n
= 0. ( 2, 1)
However th e  g o v e r n i n g  e q u a t i o n  i n  t h e  p l a s t i c  zone i s  
b a sed  on th e  y i e l d  c r i t e r i o n  e x p re s s e d  i n  t e rm s  o f  t h e  
s t r e s s  f u n c t i o n .  I n  p l a n e  s t r e s s
= c o n s t  = -  a -t- (2.2)X X y J x.y
i n  p l a n e  s t r a i n
= c o n s t  = ( 2 . 3)± /j. X y xy
where o,r i s  t h e  y i e l d  s t i e s s  i n  s im p le  t e n s i o n .
For  p l a n e  s t r a i n  i t  was assumed i n  t h e  p l a s t i c  zone t h a t
P o i s s o n ’ s r a t i o  v -  4  f o r  t h e  e l a s t i c  a s  w e l l  a s  t h etL
p l a s t i c  components  o f  t h e  s t r a i n s .  T h is  enab led  th e  t h i r d
7.
s t r e s s  component to  be d e f i n e d  as
t h u s  g i v i n g  an e a s i e r  y i e l d  c r i t e r i o n .
The method o f  s o l u t i o n  p ro ce ed e d  a s  f o l l o w s .
The e l a s t i c  s t r e s s  f u n c t i o n  f i e l d  was i n i t i a l l y  s o lv e d  
o v e r  th e  whole f i e l d ,  t h e  f i e l d  h a v in g  been  c o v ered  by a 
r e g u l a r  g r i d ,  and t h e  d i f f e r e n t i a l  e q u a t i o n  b e in g  e x p r e s s e d  
i n  f i n i t e  d i f f e r e n c e s .  I t  must  be added i n  h e r e  t h a t  a l l
s o l u t i o n s  were done on hand c a l c u l a t i n g  m a c h in e s ,  — a  t r u l y
monumental  t a s k  when d e a l i n g  w i t h  up t o  120 i n t e r n a l  mesh 
p o i n t s .  F i n a l  c o n v e rg en c e  t o  a s o l u t i o n  may p o s s i b l y  be 
d o u b t f u l  due to  t h e  v e r y  s low movement even  i n  an 
a c c e l e r a t e d  method.
The e l a s t i c  f i e l d  v/as t h e n  i n c r e m e n te d  and a 
check  made f o r  a l l  p o i n t s  h a v in g  an e f f e c t i v e  s t r e s s  
g r e a t e r  t h a n  o'y. T h is  t h e n  d e f i n e d  an e l a s t i c / p l a s t i c  
boundary  and two d i s t i n c t  r e g i o n s ,  i n  which  t h e  a p p r o p r i a t e  
g o v e r n i n g  e q u a t i o n s  were a p p l i e d .  However, c o n t i n u i t y  o f  
a l l  s t r e s s e s  o v e r  t h e  b oundary  r e q u i r e s  t h a t  t h e  s t r e s s  
f u n c t i o n  and i t s  f i r s t  and second d e r i v a t i v e s  no rm al  to  
t h e  boundary  must  a l s o  be c o n t i n u o u s  o v e r  t h e  b o un d a ry .  
C o n se q u e n t ly  c o n s t a n t  r e a d j u s t m e n t  was r e q u i r e d  a t  t h e  
b oundary .
C om puta t ion  o f  s t r a i n s  i n  t h e  p l a s t i c  r e g i o n  
i n v o l v e s  a  t o r t u o u s  p r o c e d u r e .  The r a t i o  /\X -  e-^/c was 
found  a t  e ach  p o i n t ,  A h y p e r b o l i c  ( i n i t i a l  v a l u e )  
p r o c e s s  was u sed  to  p ro ce ed  from t h e  bo unda ry  i n t o  t h e  
p l a s t i c  zone a lo n g  o r t h o g o n a l  l i n e s , an.d, nuJoing u s e  o f  
t h e  c o m p a t i b i l i t y  o f  t o t a l  s t r a i n s  t n e  v a l u e s  o f  
t h e  p lc . . s t ic  s t r a i n  cou ld  be found a t  p o i n t s  on t h e  
i n t e r s e c t i o n  o f  t h e s e  l i n e s .
A l th o u g h  t h e  above s o l u t i o n  h a s  many a s s u m p t i o n s ,  
i t  d id  l a y  t h e  way open f o r  f u r t h e r  a d v a n c e s ,  by h i g h l i g h t ­
in g  d i f f i c u l t i e s .
The s o l u t i o n  f o r  edge s l i t s  ( f i g ,  2 .3 )  i s  g i v e n
i n  a p a p e r  by J a c o b s ^ a l s o  i n  1950. T h is  p a p e r  i s
i d e n t i c a l  i n  method to  t h a t  o f  A l l e n  and S o u t h w e l l ,
A l l e n  and S o u t h w e l l ^ a n d  J a c o b s ^ i m p l i c i t l y  assume 
t h a t  a s  l o a d  i n c r e a s e s ,  t h e  s t r e s s  i n  t h e  r e g i o n s  which  
a r e  a l r e a d y  p l a s t i c  r e m a in s  c o n s t a n t .  There  i s  i n  g e n e r a l  
no r e a s o n  why t h i s  sh o u ld  be p h y s i c a l l y  v a l i d ,  b u t  i t  m igh t
be talcen a s  a  r e a s o n a b l e  a p p ro x im a t io n .
( 7  )I n  1963 a  check  was made by G r i f f i n  and V arg a '  '  ^
on A l l e n  and S o u t h w e l l ' s  semi—c i r c u l a r  edge n o t c h  e l a s t i c  
s o l u t i o n  u s i n g  a  c o m p u te r ,  a  s u c c e s s i v e  o v e r - r e l a x a t i o n  
p r o c e s s  and a v a r i a b l e  g r i d  w i t h  h a l f  a g a i n  a s  many p o i n t s .  
F a i r  ag re em e n t  was r e a c h e d .  The i m p o r t a n t  a s p e c t  o f  t h i s  
p a p e r  i s  t h e  v a r i a b l e  g r i d  which  was a b l e  to  c o n c e n t r a t e  a  
g r e a t e r  number o f  p o i n t  i n  t h e  h i g h  s t r e s s  r e g i o n  v /h i le  
l e a v i n g  t h e  c o m p a r a t i v e l y  ’d e a d ’ r e g i o n  w i t h  a  c o a r s e  g r i d .
As l a t e  a s  1962,  however ,  S p e n c e r ^ w a s  s t i l l
s o l v i n g  p l a n e  e l a s t o —p l a s t i c  p rob lem s  by hand u s i n g  a
s t r e s s —f u n c t i o n  a p p r o a c h  w i t h  an  e l a s t i c  p e r f e c t l y  p l a s t i c
1m a t e r i a l  and an a s s u m p t io n  t h a t  v = He t a c k l e d  t h e
p ro b lem  o f  w ork ing  i n  p l a s t i c  zones  i n  a  r a d i c a l l y  d i f f e r e n t  
way from A l l e n  and S o u t h w e l l ' ^) and J a c o b s ^ I n  th e  
l a t t e r  two p a p e r s ,  t h e  p l a s t i c  zone g o v e rn in g  e q u a t i o n  
was (2*3) —
= c o n s t  = a  )^  + ^'^xy^
OR u s i n g  t h e  s t r e s s  f u n c t i o n
q2 2 2 2 2
(± Jk  — k) 4 (j^p^'x) -  c o n s t a n t .  ( 2 , 5 )
S p e n c e r  s t a t e s  , 'As t h i s  e q u a t i o n  i s  b o th  h y p e r b o l i c  and
n o n - l i n e a r ,  i t  i s  n o t  w e l l  a d a p te d  t o  a r e l a x a t i o n  
t r e a t m e n t ,  and i t  i s  d e s i r a b l e  t o  t r y  to  u se  t h e  h y p e r b o l i c  
p r o p e r t i e s  o f  t h e  p l a s t i c i t y  e q u a t i o n s  to  s i m p l i f y  t h e  
nume r i  c a l  t reeatment  ’ *
9.
U sin g  t h e  i d e a  o f  c h a r a c t e r i s t i c s  o r  s l i p  l i n e s  
d e v e lo p e d  by H i l l ^ ^ ^ , he d e f i n e d  two p o s s i b l e  s t r e s s  
f u n c t i o n s  and 4 which  s a t i s f y  boundary  c o n d i t i o n s
a s  w e l l  as  t h e  above e q u a t i o n ,  d i f f e r e n t  e x p r e s s i o n s  
e x i s t i n g ,  d e p e n d in g  on p r o x i m i t y  to  any p a r t i c u l a r  
boundary .  Thus by m a n i p u l a t i n g  4 ^ i n  t h e  e l a s t i c  f i e l d  
w i t h  and 4 i n  t h e  p l a s t i c  zone t o  g i v e  c o n t i n u i t y
o f  s t r e s s  f u n c t i o n  and i t s  f i r s t  and second d e r i v a t i v e s
o v e r  t h e  e l a s t i c / p l a s t i c  b o u n da ry ,  a s o l u t i o n  i s  g i v e n  i n  
which  ' e v e r y  p o i n t  i n  th e  p l a s t i c  r e g i o n  i s  j o in e d  to  t h e  
b o undary  by two s l i p  l i n e s ,  l y i n g  e n t i r e l y  w i t h i n  t h e  
p l a s t i c  r e g i o n ]  With  t h i s  l a t t e r  c o n d i t i o n  m et ,  t h e  
p ro b lem  i s  s t a t i c a l l y  d e te r m in e d  and th e  s o l u t i o n  u n iq u e .
S p e n c e r  t h e n  p ro c e e d e d  to  s o lv e  t h e  p ro b lem  of  
a s q u a r e  ( f i n i t e )  p l a t e  w i t h  a  c o n c e n t r i c  h o l e  i n  s im p le  
t e n s i o n .
The above s o l u t i o n s ,  d e s p i t e  t h e  enormous amount
o f  e f f o r t  p u t  i n t o  them, however ,  have s e v e r a l  d raw backs ,
1, The m a t e r i a l  p r o p e r t i e s  assumed were e l a s t i c  p e r f e c t l y  
p l a s t i c  w i t h  t h e  a s s u m p t io n  o f  P o i s s o n ’ s r a t i o  = i n  t h e  
p l a s t i c  r e g i o n .  2. The methods of  s o l u t i o n  were
l a b o r i o u s  and many p a r t s  o f  them were n o t  e a s i l y  a d a p t a b l e  
to  th e  com pu te r ,  w h ich  i n  t h e  1 9 5 0 ’ s was making su c h  g r e a t  
s t r i d e s  f o rw a rd .  3. The d e t e r m i n a t i o n  o f  p l a s t i c
s t r a i n s  a s  an i n t e g r a l  p a r t  o f  t h e  s o l u t i o n  p r o c e d u r e  was 
n o t  c o u n te m p la te d  — t h u s  making th e  s o l u t i o n s  o f  A l l e n  and 
S o u t h w e l l ' ^  and J a c o b s ^ n o t  u n iq u e .
I t  was i n  t h e  l i g h t  o f  th e  a b o v e , t h a t  i n  1959 
Llendelson and Manson^^^^ d e v e lo p ed  t h e i r  new a p p ro a c h  to  
e l a s t o - p l a s t i c  s o l u t i o n s .  T h is  ap p ro a ch  en ab led  
(a )  w o r k - h a r d e n in g  m a t e r i a l s  to  be c o n s i d e r e d ,  (b)  com pute rs  
to  be employed and (c )  a com prehens ive  method o f  s o l u t i o n  
t o  be u s e d .
I n  c o n t r a s t  t o  p r e v i o u s  r e s e a r c h e r s  l l e n d e l s o n  
and Munson d e c id e d  t o  d e a l  w i t h  e l a s t i c  and p l a s t i c  r e g i o n s  
t o g e t h e r  and t o  work w i t h  one s t r e s s  f u n c t i o n  ( say 0)
1 0 ,
v a l i d  i n  b o t h  e l a s t i c  and p l a s t i c  r e g i o n s .  D e f in e d  i n  
t h e  u s u a l  way by,
th e  b ih a r m o n ic  g o v e r n i n g  e q u a t i o n ,  a s  used  by M endelson  f o r  
a p l a n e  s t r a i n  i n c r e m e n t a l  p r o c e d u r e ,  i s  g i v e n  by
( / V  = - ( g + d g )  = h k  + 2 i - h .  . y h É  ( 2 . 7 )
where
3% 'Tix 3 y ^  y
2(; V X g  P P
E n  X . à ' y  " XV \ vE-  / J  , ^ J  ^  \ P , 1-h
^ 1- P - 3 /   ^ i „ v 2 ^   ^A  V  ;
rip. -  ., i lb f y f l  „ /h is : ™ ) ^o " "oN. “o *'■ - \ ' A /
_  ( d e /  d e / )
and -  t h e  sum o f  t h e  component p l a s t i c  s t r a i n
i n c r e m e n t  up to  b u t  n o t  i n c l u d i n g  t h e  
cu r r  e n t  1 o ad s t£ig e
d e . ^  -  th e  c u r r e n t  component p l a s t i c  s t r a i n  
i n c r e m e n t .
I n  t h e  e l a s t i c  r e g i o n  a l . l  t h e  p l a s t i c  s t r a i n s  a r e  z e ro  and 
e q u a t i o n  ( 2 / 7 ) r e v e r t s  back  to  ^^^0  -  0 a s  e q u a t i o n  ( 2 . 1 ) 
7lii i t e r a t i v e  t e c h n i q u e  can be u sed  to  s o lv e  t h e  e l a s t o — 
p l s r t i c  p rob lem  u s i n g  t h e  above e q u a t i o n .  The t e c h n i q u e
r e q u i r e s  the  u s e  o f  t h e  Levy Mises  e q u a t i o n s  which  a r e  
g i v e n  below i n  p l a n e  s t r a i n  form f o r  convenience/™
The component p l a s t i c  s t r a i n  i n c r e m e n t s  a r e  g i v e n  by —
dEy- = y -  &(*% + *%)) ( 2 .8 )
TI d s D
" xy o ' xy
1 1 ,
where t h e  e f f e c t i v e  s t r e s s ,
°  = / J  )2  + (a
and t h e  e f f e c t i v e  p l a s t i c  s t r a i n  i n c r e m e n t ,
a-gP = J  f ( d E / + d e y D d e / , d £ y P )  + i ( d Y ^ ï ’)^  ( 2 .1 0 )
s i n c e  de ^ = —( d e / t d e / )
A summary o f  t h e  p r o c e d u r e  f o r  t h e  f i r s t  l o a d  
in increme] 
vfould he a s  fo l lo w s !
s t a g e  i n  a r e m e n t a l  p r o c e s s  e t c ,  b e in g  z e ro )
( sg )  G u e s s / e s t i m a t e  d e /  e t c ,  everyw here  i n  t h e
f i e l d ,
(bg) E v a l u a t e  t h e  f i n i t e  d i f f e r e n c e  form o f  M g '
i n  e q u a t i o n  ( 2 , 7 ) ( ' g*  be in g  z e ro )  a t  e ach  
mesh p o i n t  on a g r i d  c o v e r in g  t h e  f i e l d ,
(cg)  So lv e  d i f f e r e n c e  form of  e q u a t i o n  ( 2 , 7 )  to
s a t i s f y  b o u n d a ry  c o n d i t i o n s ,
( d g )  Compute s t r e s s e s  from s t r e s s  f u n c t i o n  0  u s i n g
e q u a t i o n s  ( 2 , 6 ) and so d e t e r m i n e  "o from 
( 2 . 9 ) .
(eg)  I h e r e  a O y ,  u s e  t h e  s t r e s s —s t r a i n  cu rv e  to
e v a l u a t e  d“ed\
( f g )  Find d c /  e t c ,  f rom Levy v i s e s  e q u a t i o n s  ( 2 , 8 )
(gg)  R e t u r n  to  ( b /  and i t e r a t e  u n t i l  convergence*
The d i f f i c u l t y  i n  t h e  above p r o c e d u r e  l a y  i n  
f i n d i n g  11^’ from o where t h e r e  was low work—h a r d e n i n g ,  
s i n c e  a s m a l l  change  i n  o' would mecn a l a r g e  change i n  
de^j  Tliere was a l s o  th o  i n c o n v e n ie n c e  i n  w ork ing  i n  b o th
T e t c ,  r e f e r  to  t h e  sum o f  t h e  com., on en t  p l a s t i c  s t r a i n  •
i n c r e m e n t s  up bo b u t  n o t  i n c l u d i n g  th e  c u r r e n t  l o a d  s t a g e
1 2 ,
s t r e s s e s  and s t r a i n s .  Mendelson  and Manson^^^^ t h u s  
d e v e lo p e d  an  ' a l l  s t r a i n '  v e r s i o n  o f  th e  Levy M ises  
e q u a t i o n s  f o r  d e f o r m a t i o n  t h e o r y  ( i , e .  o n ly  one p l a s t i c  
s t r a i n  i n c r e m e n t )  a s  f o l l o w s ! —
The two b a s i c  ' p h y s i c a l '  e q u a t i o n s  o f  e l a s t i c i t y  
and p l a s t i c i t y  r e l a t e  t h e  s t r a i n  r e s p o n s e  o f  a m a t e r i a l  to  
s t r e s s  l o a d i n g  i n  t e r m s  o f  d i l a t i o n  and d i s t o r t i o n .
I n  p l a s t i c i t y  t h e s e  a r e  —
C o n s ta n t  Volume C o n d i t i o n  — d e /  f  d e /  f  de^^  = 0, 
a C d E y - d e / )  2 ( d e J L d e y )
“  ° y  ^ y  ' '^z
Y P V P 7  P
xy 'y z  ' zx
% V a’xy yz zx
I n  e l a s t i c i t y t h e s e  a r e
: ® + ey z n  ' '  X ■ " yE l a s t i c  d i l a t i o n  — e ^  -h e  ® = &(o'™ -f a^)X a X   a
2 ( e y - . E / )
=
Y e Y ® Y ® / \xy yz  j '.x  1 „ 2 (l-i-vj
where  C and K a r e  e l a s t i c  s h e a r  and b u lk  m od u l i .
M endelson  and Manson now n o t e  t h a t
e® -  e — de^.
T h e r e f o r e  f rom t h e  e l a s t i c  f lo w  r u l e
But d e /  -- dc. ^ -  / ( o v , .  a )z. y c: -o. y
t h e r e f o r e  -  e — e — ( d e /  — d e , /  )r  0. A X J -X ,j
”'d"'
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aRemembering ^
g i v e s  
de,..^—
*^ x ^y
e
Î
/  2 2 2 V a + o  +e
A ^ + d ^ + f ^
(d e  2 - a e  P)2  + (de  P -d e  2 ) 2  .,, ( a s  2_dE^2)2 ^
•ix y y X
1 . 5 [ 1 i Y ^ / ) 2 + (dY ygP) :  ( d Y ^ / ) 2
l - s K /  + b /  +
Now
ai;P = 'J2 J ( d e / - d l l ) 2  (d e  P - d E s * ) :  + ( d e y - d e Y ) 2z X
H 1 . 5 | ( d Y ^ / ) 2  + (dY y ,P )2  + ( d Y , / ) 2
r
T h e r e f o r e  m u l t i p l y  t o p  and bo t tom  by •“j" and d e f i n e  t h e  
q u a n t i t y  ’m o d i f i e d  t o t a l  s t r o . i n ’ by t h e  m a t h e m a t i c a l  
e x p r e s s i o n
e r
l'~" r——  ^ ^
(2.11)
T h is  g i v e s
dcN . /
—  ( e —e )
% y
e tc ,
and doc
2  _____ a?._ ______
e l  . (cl\ 'Î' n i p x j
14,
U sing  t h e  c o n d i t i o n  o f  c o n s t a n t  volume p l a s t i c  f l o w  g i v e s  
t h e  p l a s t i c  s t r a i n  t o t a l  s t r a i n  e q u a t i o n s  o f  M endelson  and 
Llanson --
de P%
d s  2
3<
P
e t  
d“e ^  r ^
3 e \^  y
X y
de. P d e
e t
P
3 « , t
( 2 . 1 2 )
d ep
dY py2
dY P
xy
"•et 1^ '  
d'ëP
'e t
a U
ZX Y " e t J
However d'e^ and e .^|_ must  be l i n k e d  t h r o u g h  t h e  s t r e s s -  
s t r a i n  c u rv e .
From t h e  u s u a l  p l a s t i c  f low  r u l e
and so by s u b s t i t u t i o n  i n t o
d’ëP
e t
a
 dX
h  +
g i v e s e t (2 .1 3 )
Thus f rom any s t r e s s —s t r a i n  c u r v e , can be ciJ.culcubed
u s i n g  e q u a t i o n  ( 2 , 1 3 )  from t h e  e x t r a c t e d  v a l u e s  o f  o and 
d'e2  ^ and t h e n  ^ . l o t t e d  a g a i n s t  d'e^. Thus a  new s t r a i n -
s t r a i n  curve  can be u s e d ,
V.'lth t h e s e  above c o n s i d e r a t i o n s ,  lui a l t e r n a t i v e  
i t e r a t i o n  p r o c e d u r e  w i t h  s t r a i n  g o v e rn in g  e q u a t i o n s  and
t h e  d e f o r m a t i o n  t h e o r y  was evo lved  by h o n d e l s o n  and Hanson,
15,
(a^)  E s t i m a t e  e t c .  everyw here  on t h e  f i e l d ,
(hg) So lv e  t h e  g o v e r n i n g  e q u a t i o n s  i n  t e rm s  o f
t o t a l  s t r a i n s  e t c ,
(cg)  C a l c u l a t e  f rom ( 2 . 1 1 ) ,
(d^)  From ( 2 , 1 3 ) ,  f i n d  new d'e^.
( e_)  E v a l u a t e  new de ^ e t c ,  from ( 2 ,1 2 )  and so
l o o p  h ack  t o  (hg) ^nd i t e r a t e  to  c o n v e rg e n c e .
I n  t h e i r  f i r s t  a t t e m p t s  to  u t i l i s e  t h i s  p r o c e d u r e  
M endelson  and Manson t a c k l e d  f o u r ,  b a s i c a l l y  one d i m e n s i o n a l  
t h e r m a l  s t r e s s  p ro b le m s  u s i n g  t h e  d e f o r m a t i o n  t h e o r y  o f  
p l a s t i c i t y .  I n  t h e s e  p ro b le m s ,  th e  e q u a t i o n s  r e d u c e d  to  
e x p r e s s i o n s  f o r  t h e  t o t a l  s t r a i n s  i n  t e rm s  o f  i n t e g r a l s  o f  
t h e r m a l  and p l a s t i c  s t r a i n s .  I n  th e  d i s c u s s i o n  t h e y  n o t e  
two p o s s i b l e  e x t e n s i o n s  to  t h e i r  method,
1, The i n c r e m e n t a l  t h e o r y  can be a p p l i e d ,  b u t  no
d e t a i l s  a r e  g iv e n ,
2, A l th o u g h  t h e  exam ples  i n  t h e i r  p a p e r  had
t h e i r  g o v e r n in g  e q u a t i o n s  e x p r e s s e d  i n  s t r a i n s ,  
a  s l i g h t l y  m o d i f i e d  method could  be employed, 
where  t h e  g o v e r n in g  e q u a t i o n s  were i n  t e rm s  o f  
th e  s t r e s s e s .
T h e i r  second deve lop m en t  i s  p o s s i b l e  s i n c e  once a s t r e s s  
s t a t e  i s  f u l l y  d e f i n e d  t h e n  a l l  t h e  e l a s t i c  s t r a i n  
components  can  be d e t e r m i n e d .  The m o d if ie d  p r o c e d u r e  f o r  
t h e  d e f o r m a t i o n  t h e o r y  i s  a s  f o l l o w s t —
(ug)  E s t i m a t e  de e t c ,  everyw here  i n  t h e  f i e l d ,X
(b^) So lve  t h e  g o v e rn in g  e q u a t i o n s  i n  t e rm s  o f
s t r e s s e s .
h o t e l  t h i s  method r s  e s s e n t i a l l y  t h a t  used  i n  s e c t i o n
7 , 3  on t h e  o t r e s s  O r i e n t e d  Approach to  t h e  E l a s t o -  
p l a s t i c  P rob lem  c l t h o u g h  employing t h e  i n c r e m e n t a l  
t h e o r y .
16,
( ca )  Compute t h e  e l a s t i c  s t r a i n s  from th e  s t r e s s e s'3
v i z  s /  = - |( a ^  »  v(Cy + a p ) e t -
(d^)  E v a l u a t e  t h e  t o t a l  s t r a i n s ,  by a d d in g  t o  t h e  
e l a s t i c  s t r a i n s  t h e  e s t i m a t e d  p l a s t i c  s t r a i n  
o r  t h e  p l a s t i c  s t r a i n  f rom t h e  p r e v i o u s  
i t e r a t i o n  v i z  = e ^ -H de^^  e t c ,X X X
( e^)  C a l c u l a t e  t h e  e f f e c t i v e  t o t a l  s t r a i n  from ( 2 , 1 1 ) ,  
( f ^  ) From ( 2 , 1 3 )  f i n d  d'i'^,
(gg)  U s ing  ( 2 , 1 2 ) c a l c u l a t e  de ^ e t c .  and so lo o pX
back  to  (b^)  and i t e r a t e  to  c o n v e rg e n c e .
I t  i s  t h i s  p a p e r  i n  1959 t h a t  paved t h e  way i n  t h e  i 9 6 0 ’ s 
f o r  more e l a s t o —p l a s t i c  s o l u t i o n s .
I n  1 9 6 2 , t h e  e l a s t o —p l a s t i c  t h e r m a l  s t r e s s  p l a t e
prob lem , o f  g r e a t  i n t e r e s t  to  N,A,S,A, a t  t h a t  t i m e ,  was
( 111more t h o r o u g h l y  t a c k l e d  by Mendelson  and Spero^ ' 
em ploy ing  t e c h n i q u e s  a s  shown above.  The p rob lem  i s  s t i l l  
one d i m e n s i o n a l ,  u n d e r  p l a n e  s t r e s s  c o n d i t i o n s  and 
em ploying  t h e  d e f o r m a t i o n  theory*, i t  i s  o f  i n t e r e s t  t h a t  
i n  t h e  w r i t t e n  d i s c u s s i o n  to  t h a t  p a p e r  E.A, D a v i s  o f  
W es t in gh o use  L a b o r a t o r i e s  was b e g in n in g  to  show i n t e r e s t  i n  
t h i s  method,
( IP)S u b s e q u e n t ly  i n  1963,  D a v is  p ro du ced  h i s  
p a p e r  on th e  e l a s t o - p l a s t i c  s o l u t i o n  o f  a  u n i f o r m l y  lo a d e d  
p l a t e  w i t h  a  h o l e  — once a g a i n  a  one d i m e n s i o n a l  p rob lem  
due t o  th e  symmetry o f  l o a d i n g  and geometry  and once a g a i n  
p l a n e  s t r e s s ,  D a v is  r educed  h i s  g o v e rn in g  e q u a t i o n s  to  
i n t e g r a l  e q u a t i o n s  i n  s t r a i n s .  However, he used  t h e  
i n c r e m e n t a l  t h e o r y  o f  p l a s t i c i t y  t o  r e a c h  h i s  f i n a l  l o a d .
He employed b a s i c a l l y  th e  Mendelson  Hanson t e c h n i q u e  a t  
each  in c r e m e n t  o f  l o a d ,  b u t  he d e f i n e d  a 'm o d i f i e d  t o t a l ’ 
s t r a i n  a s
0 ’ -  s f  de^\  ( 2 ,1 1 )
T h is  m o d i f i e d  t o t o i  s t r a i n  was used  i n  t h e  e v a l u a t i o n  o f
17,
t h e  e f f e c t i v e  t o t a l  s t r a i n .  Thus e q u a t i o n  ( 2 ,1 1 )  becomes
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Some c o n t r o v e r s y  a r o s e ,  however,  r e g a r d i n g  t h e  
a p p l i c a t i o n  o f  t h e  M endelson  Manson t e c h n i q u e  to  th e  
i n c r e m e n t a l  t h e o r y ,  D a v is  had to  c o n s i d e r  two new 
d i f f i c u l t i e s ,
1. The summation o f  s t r a i n s  a f t e r  n l o a d  s t a g e s ,
2, The e v a l u a t i o n  a f t e r  a t  l e a s t  one s t a g e  o f
d"e^ f rom  e e t
1,  D a v is  c o n c lu ded  t h a t
n
P
n
J~2
T
n
( L d e ^ -  Z d e  -^)^ , / e t c
X 1 )L 1
b u t  M endelson  c o r r e c t e d  t h i s  to
P
n
n de
P
1
2, D a v i s  ev o lv ed  an  i t e r a t i v e  t e c h n i q u e  to  d e t e r m i n e  d"e^ 
from I n  th e  w r i t t e n  d i s c u s s i o n ,  M endelson  d e v e lo p ed
a q u i c k e r  method by a T a y l o r  Series e x p a n s io n  f o r  t h e  s t r e s s — 
s t r a i n  cu rve  ( f i g ,  2 , 4)9 p a s t  y i e l d
V I Z a n (âs-.,) , ci'i»
n -1
k i t h  l i n e a r  s t r a i n  h a r d e n i n g  no more t e rm s  a r e  needed  i n  
t h e  e x p a n s io n ,  W ith  ( 2 , 1 3 ) „ t h i s  g i v e s
2
v ( I t v )
a
1 i i / 2 . ( g L )
^  d e f  n - 1
v/here o  ^ a a t  t h e  end o f  t h e  ( in-l) t h  l o a d  s t a g e
( 2 , 1 6 )
and -  t h e  s l o p e  o f  t h e  u n iazc iu l  t e n s i l e  cu rve
d"Ë'- Ï1 -1
r e p l o t t e d  a s  ’ t r u e ’ s t r e s s  v s .  ' t r u e '  
p l a s t i c  s t r a i n .
T h is  e x e r c i s e  s p u r r e d  M endelson  on to  f o r m a l i s e  
t h e  i n c r e m e n t a l  approach, and t h i s  was done i n  I 964 by
( 1 3 )R o b e r t s  and Mendelson^ ^  i n  a  N .A,8 .A, T e c h n ic a l  R e p o r t ,
I n  t h i s  p a p e r ,  t h e  i n c r e m e n t a l  method i s  now a p p l i e d  t o  th e  
two d i m e n s i o n a l  t h e r m a l  p l a n e  s t r e s s  p rob lem  o f  a  t h i n  
p l a t e  o f  w o r k - h a r d e n in g  m a t e r i a l  u s i n g  a b i h a r m o n ic  ^  a s  
t h e  g o v e r n in g  e q u a t i o n .  The d i f f i c u l t y  i n  u s i n g  t h e  
b ih a r m o n ic  s t r e s s  f u n c t i o n  e q u a t i o n ,  l i e s  i n  t h e  e x t r a c t i o n  
o f  t h e  i n f o r m a t i o n  from  t h e  s o l u t i o n .  The s t r e s s e s  come 
from  th e  s t r e s s  f u n c t i o n  t h r o u g h  e q u a t i o n s  ( 2 , 6 )  and so 
e s s e n t i a l l y  t h e  g o v e r n i n g  e q u a t i o n  i s  i n  s t r e s s e s ,  v / i th  a l l  
t h e  a t t e n d a n t  d i f f i c u l t i e s  as  d i s c u s s e d .  However, t h e  
s o l u t i o n  p r o c e e d s  u s i n g  s t e p s  ( a^ )  to  (g^)  f o r  a m a t e r i a l  
v / i th  a 0 , 1  modulus o f  work—h a r d e n i n g .  The d i f f e r e n t i a l
g o v e r n i n g  e q u a t i o n  i s  p u t  i n t o  d i f f e r e n c e  form and t h e  
f i e l d  i s  c o v ered  w i t h  a g r i d  g i v i n g  4OO i n t e r n a l  p o i n t s  
f o r  s o l u t i o n .  The d i f f i c u l t y  r e l a t i n g  g r i d  s i z e  to  l o a d  
i n c r e m e n t  i s  m en t ion ed  due to  t h e  need to  s u p p l y  a f i n e  
enough g r i d  to  r e g i s t e r  i n c r e a s e  i n  p l a s t i c  zone s i z e  w i t h  
e a c h  l o a d  s t a g e .
The fOO s i m u l t a n e o u s  l i n e a r  a l g e b r a i c  e q u a t i o n s  
( v / i th  c o n s t a n t  lliS f o r  each  i t e r a t i o n  o f  e ach  l o a d  s t a g e )  
a r e  so lv e d  by a m a t r i x  i n v e r s i o n ,  d e t a i l s  o f  which  a r e  
g i v e n  i n  a p p e n d ix  (A) o f  t h e  p a p e r .  I n  a p p e n d ix  (B) i s  
f o r m a l i s e d  th e  i n c r e m e n t a l  t h e o r y  form o f  th e  t o t a l  
s t r a i n  p l a s t i c  s t r a i n  e q u a t i o n s  a s  r e l a t e d  to  t h e  p l a n e  
s t r e s s  p rob lem . I n  h i s  book M e n d e l s o n ^ g i v e s  a  f u l l e r  
a c c o u n t  o f  t h e  G ' u a t i o n s  and' p r o c e d u r e s  f o r  b o t h  p l a n e  
s t r e s s  and p l a n e  s t r a i n .
T h is  p a p e r  i s  t h u s  complem entary  to  t h e  e a r l i e r
("\Q\
M endelson  Manson paper^'"""^ and a g a i n  r e p r e s e n t s  a m a jo r  
s t e p  fo rw a rd  i n  e l a s t o —p l a s t i c  s o l u t i o n s .  I n  t h e  ee.rly 
1 9 6 0 ’ s ,  1 , 0 ,  Tuba had t a k e n  up i n t e r e s t  i n  t h e s e  m ethods  
and i n  the  s p r i n g  o f  1964 v/as awarded h i s  PhMO, f rom  t h e
19.
U n i v e r s i t y  o f  P i t t s b u r g  f o r  h i s  t h e s i s  on ' E l a s t i c / P l a s t i c  
S t r a i n  C o n c e n t r a t i o n s ' .  H is  c o n t r i b u t i o n  t o  t h e  
l i t e r a t u r e  on t h i s  s u b j e c t  i s  c o n s i d e r a b l e .
I n  1 9 6 5 , Tuba s t a r t e d  p u b l i s h i n g  h i s  s o l u t i o n s  to
( ?)t h e  one d i m e n s i o n a l  p roblems o f  t h e  t h i c k  s p h e r e ' a n d  th e
( 1 4  ^h o l e  i n  t h e  p l a t e  u n d e r  u n i fo rm  t e n s i o n '  The l a t t e r
p ro b lem  i s  t h e  same a s  t h a t  o f  D a v i s ,  a l t h o u g h  a one 
d i m e n s i o n a l  s t r e s s  f u n c t i o n  g o v e rn in g  e q u a t i o n  i s  u s e d .
I n  1965 /66  h i s  a t t e n t i o n  moved on to  th e  p l a n e  s t r e s s  and 
p l a n e  s t r a i n  p ro b le m s .
I n  h i s  1966 p a p e r  'A Method of  E l a s t i c - ? ] a s t i c/ -j p- \
P l a n e  S t r e s s  and S t r a i n  A n a l y s i s ' '  " 5  he s e t s  o u t  h i s  
j u s t i f i c a t i o n  f o r  u s i n g  s t r e s s  f u n c t i o n s  g o v e r n i n g  
e q u a t i o n s  compared v / i th  th e  i n t e g r a l  g o v e r n in g  e q u a t i o n s  
o f  th e  one d i m e n s i o n a l  p rob lem s  —
'T h i s  l e a d s  t o  t h e  p rob lem  o f  g e n e r a l i s i n g  th e  
method f o r  two d i m e n s i o n a l  p la n e  p ro b lem s ,  . I t  seems t h a t  
c o n v e r s i o n  to  an i n t e g r a l  e q u a t i o n  i n  t e r m s  o f  t o t a l  s t r a i n  
components  i s  n o t  p r a c t i c a l ,  b e c a u se  t h e  v a r i a b l e s  c a n n o t  
be s e p a r a t e d  f o r  any one o f  t h e  components .  S in c e  tv/o 
d i m e n s i o n a l  e l a s t i c i t y  p rob lem s a r e  u s u a l l y  so lve- l  i n  
t e r m s  o f  a s t r e s s  f u n c t i o n ,  i t  i s  n a t u r a l  to  c o n s i d e r  some 
s o r t  o f  s t r e s s  f u n c t i o n  f o r m u l a t i o n  f o r  p l a n e  e l a s t o — 
p l a s t i c  p r o b l e m s ' ,
H is  a p p ro a c h  i s  e s s e n t i a l l y  t h a t  o f  R o b e r t s  and 
M endelson  and th e  p ro b lem  he t a c k l e s  i s  t h a t  o f  a  f i n i t e  
t h i c k  p f a t e  ( p l a n e  s t r a i n )  w i th  edge s l i t s  u n d e r  t e n s i o n  
( f i g ,  2 , 5 ) u s i n g  th e  d e f o r m a t i o n  t h e o r y .  Due to  i t  b e in g  
a f i n i t e  p l a t e  a  s p e c i o i  bound...ry s t r e s s  f u n c t i o n  i s  
ev o lv e d  by i n t e g r a t i o n ,  a p a r t  f rom e v o lv i n g  t h e  u s u a l  
p l a n e  s t r e s s / p l a n e  s t r a i n  form o f  th.e b ih a r m o n ic  i n  
c a r t e s i a n  c o o r d i n a t e s ,  he shows i t  a l s o  i n  t e r m s  o f  on. 
a r b i t r a r y  o r t h o g o n a l  p l a n e  coord in , ..te sys tem . Then 
f o l l o w s  th e  u s u a l  r e c a s t i n g  of  t h e  d i f f e r e n t i a l  g o v e r n i n g  
e q u a t i o n  i n t o  a  d i f f e r e n c e  e q u a t i o n .
2 0
S in c e  t h e  p rob lem  i s  s y m m e t r i c a l  a q u a r t e r  i s  
c o n s i d e r e d  and a  20 x 20 g r i d  l a i d  o v e r  i t .  The e l a s t i c  
s t r e s s  f u n c t i o n  s o l u t i o n  i s  found and from an e x t r a p o l a t e d  
e l a s t i c  f i e l d  p a s t  y i e l d ,  f i r s t  e s t i m a t e s  o f  t h e  p l a s t i c  
s t r a i n s  a r e  e v a l u a t e d  from th e  Mendelson  Manson p r o c e d u r e .
An i t e r a t i v e  t e c h n i q u e  f o l l o w i n g  G r i f f i n  and Varga^^^^ 
(C hebyschev  semi—] t e r a t i v e )  i s  u sed  t o  s o l v e  t h e  s t r e s s
f u n c t i o n .  M a t r i x  i n v e r s i o n  i s  c o n s i d e r e d  b u t  r e j e c t e d  due
t o  c o m p u t a t i o n a l  d i f f i c u l t i e s  i n  h a n d l i n g  such  a l a r g e  
m a t r i x .  The m a t e r i a ]  i.s .assumed ;bo. have  a  b i l i n e a r  stress-™ 
s t r a i n  cu rv e  w i t h  m -  0 , 0 1 7  a n d  0 . 1 #  He n o t e s  t h e  
r e s t r i c t i o n  o f  t h e  s o l u t i o n  — 'B e ca u se  o f  t h e  f i n i t e  
d i f f e r e n c e  r e p r e s e n t a t i o n ,  s t r e s s  a t  t h e  t i p s  o f  t h e  c r a c k s  
i s  f i n i t e .  As a r e s u l t ,  i t  can  be e x p e c te d  t h a t  t h e
e l a s t o —p l a s t i c  s o l u t i o n  w i l l  n o t  be e x a c t  a t  t.he t i p  o f  th e
c r a c k ’ . D e s p i t e  t h e s e  i n a c c u r a c i e s ,  however ,  t h e  s o l u t i o n  
can  be e x p e c te d  t o  g i v e  an  i n d i c a t i o n  o f  th e  shape  and 
g ro w th  o f  t h e  p l a s t i c  z o n e .
I n  h i s  b o o k '   ^ (3.968) M endelson ,  h i m s e l f ,  t a c k l e s  
th e  cr.ack p rob lem  u s i n g  t h e  e l a s t o —p l a s t i c  b i h a r m o n ic  
d i f f e r e n c e  e q u a t i o n .  There  a r e ,  however ,  a few d i f f e r e n c e s  
from Tuba’ s s o l u t i o n .  The p rob lem  i s  t h a t  o f  t lie  c e n t r a l  
c r a c k  i n  an i n f i n i t e  s h e e t  u.nder t e n s i o n .  Both  p l a n e  
s t r e s s  and plc-ne s t r a i n  c o n d i t i o n s  a r e  c o n s i d e r e d .
The e l a s t i c  s o l u t i o n  o f  I l u s k h e l i s h v i l i  g i v e s  t h e
s t r e s s  f u n c t i o n  v a l u e s  /  o v e r  th e  g r i d  o f  t h e  f i e l d
i n d i c a t e d .  A second  s t r e s s  f u n c t i o n  /  i s  i n t r o d u c e d
which  i s  a  .’ s t r e s s  f u n c t i o n  i n c r e m e n t ’ such  t h a t
0  :zi 0  t  . 3.he g o v e r n i n g  e q u a t i o n  f o r  /  i s  t h e n  e p P
=  g ( x , y )  -  d g ( x , y )  ( 2 , 1 7 )
wit.h t h e  a p p r o p r i a t e  boundary  c o n d i t i o n s .
T h i s  s o l u t i o n ,  i n  f . . . c t , a p p r o a c h e s  tlie  e x a c t  
s o l u t i o n ,  s i n c e  t h e  e l a s t i c  s t r e s s  f u n c t i o n  [ roc .aces  the  
s t r e s s  and s t r a i n  s i n g u l a r i t i e s  a t  t h e  crc .ck t i p .
I n t e r e s t i n g  p l o t s  o f  p l a s t i c  zone shape  a r e  g i v e n  f o r  
v a r y i n g  l i n e a r  work—h a r d e n i n g  f p r  b o t h  p l a n e  s t r e s s  and 
p l a n e  s t r a i n  a t  d i f f e r e n t  l o a d s ,
( 17 3I n  1965» Tuba ^  p roduced  h i s  s o l u t i o n  t o  th e  
p ro b lem  o f  an  i n f i n i t e  p l a t e  w i t h  h y p e r b o l i c  edge n o t c h e s  
i n  t e n s i o n ,  b e n d in g  a,nd s h e a r ,  a l l  u n d e r  p l a n e  s t r e s s  
c o n d i t i o n s  — f i g .  2 / 7 ,  The e l a s t i c  s o l u t i o n  which  i s  
u se d  a s  a s t a r t i n g  p o i n t  i s  t h a t  o f  Neuber^^^^ — u s i n g  an 
e l l i p t i c a l / h y p e r b o l i c  c o o r d i n a t e  sys tem .  The b oundary  
AB, i s  ch osen  f o r  t h e  s y m m e t r i c a l  q u a r t e r  and t h e  f i e l d  
c o v e red  w i t h  an e l l i p t i c a l  h y p e r b o l i c  g r i d ,  g i v i n g  200 
p o i n t s  f o r  s o l u t i o n .  Tre  d i s t r i b u t i o n  of  g r i d  p o i n t s  i s  
v e r y  f a v o u r a b l e  s i n c e  t h e r e  i s  a  h i g h  d e n s i t y  o f  p o i n t s  
a t  t h e  n o t c h  r o o t .
The b ih a r m o n ic  d i f f e r e n t i a l  e q u a t i o n  i s  g i v e n  
and i t  i s  t h e n  r e c a s t  i n  d i f f e r e n c e  form. Once a g a i n  t h e  
e x t r a p o l a t e d  e l a s t i c  s o l u t i o n  g i v e s  a  f i r s t  e s t i m a t e  o f  t h e  
p l a s t i c  s t r a i n s  u s i n g  t h e  Mendelson  Manson p r o c e d u r e ,  and 
t h e  d e f o r m a t i o n  t h e o r y  s i n c e  a l t h o u g h  ’ t h e  i n c r e m e n t a l  
t h e o r y  g i v e s  more r e a l i s t i c  r e s u l t s ’ , t h e  d e f o r m a t i o n  theo ry  
’ r e q u i r e s  l e s s  w o rk ’ . The s t r e s s  f u n c t i o n  i s  t h u s  s e t t l e d  
i n  th e  f i e l d  u s i n g  an o v e r - r e l a x a t i o n  f a c t o r  o f  1 .5»  and 
s a t i s f y i n g  f i x e d  boundary  c o n d i t i o n s  on AB, s y m m e t r i c a l  
r e l a t i o n s  on th e  ^ and /  ™-■ ™ 0 on t h e  n o t c h  sup?face.
The m a t e r i a l  u sed  had l i n e a r  work—h a r d e n i n g  o f  m -  0 , 1 ,
2. 4- Appro  a ch by So l y i n g  Second Orde ?:p D i f f e r e n t i a l  E q u a t io n  s
o f  t h e  h i s  a o ement s
I n  1 9 6 7 » Tuba produced h i s  p a p e r  ’An A n a l y t i c
Method f o r  E l a s t i c  11 as  t i c  S o l u t i o n s  ’  ^ , w h ich ,  marks
a n o t h e r  i m p o r t a n t  s t e p  fo rw a rd .  He b r e a k s  away from th e  
t r a d i t i o n a l  a p p ro a c h  to  pirm.e p ro b lem s  o f  r e d u c i n g  to. and 
w ork ing  i n  one v a r i a b l e  ( u s u a l l y  t h e  s t r e s s  f u n c t i o n ) .  
I n s t e a d  he r e t u r n s  t o  t h e  b a s i c  e q u a t i o n s  ;nd  r e d u c e s  t h e s e  
t o  two e q u a t i o n s  i n  th e  c o o r d i n a t e  d i s p l a c e m e n t s  u  and v.
22,
I n  c y l i n d r i c a l  p o l a r  c o o r d i n a t e s  the  r e s u l t a n t  two second 
o r d e r  s im u l tanée ,u s  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  a r e  — 
f o r  p l a n e  s t r e s s .
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where • P -}- deP i n  p r e v i o u s  n o t a t i o n ,
These e q u a t i o n s  can he r e w r i t t e n  as
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fgCv) t  p l a s t i c  t e rm s  
f ^ ( u )  t  p l a s t i c  te rm s .
The p ro b lem  t a c k l e d  a s  an i l l u s t r a t i o n  i s  t h a t  
o f  t h e  h o l e  i n  t h e  i n f i n i t e  p l a t e  u n d e r  t e n s i o n  — a two 
d i m e n s i o n a l  p l a n e  s t r e s s  p rob lem  u s i n g  th e  d e f o r m a t i o n  
t h e o r y .  He c o n s i d e r s  only  a  sy m m e t r i c a l  q u a r t e r  and c o v e r s  
t h e  f i e l d  w i t h  a g r a d e d  n e t  o f  c o n c e n t r i c  c i r c l e s  o f  
v a r y i n g  ,r a d i i  ond a s e t  o f  e q u a l l y  spaced  r a d i a l  l i n e s  — 
f i g .  2 ,8 ,  The c i r c l e  r a d i i  i n c r e a s e  as
r ÏÏ1
where th e  c o n s t a n t  T = 1 ,0 8 2  g i v i n g  r 30 9 .7 6 5 a ,
TjQ i s  th e  a r b i t r a r i l y  chosen  o u t e r  boundary .
He s t a r t s  o f f  w i t h  t h e  a n a l y t i c a l  e l a s t i c  s o l u t i o n  o f  
Timoshenko and Ooodic r^^^^  and f i n d s  h i s  i n i t i a l  e s t i m a t e s
0.1 de^  e t c f rom t h e  Lauidolson Hanson p ro ce d u re ,
The f i r s t  o f  t h e  two g o v e rn in g  e q u a t i o n s  i s  t h e n  
u se d  t o  s o l v e  u o v e r  th e  f i e l d  by a r e l a x a t i o n  t e c h n i q u e  
on t h e  d i f f e r e n c e  form o f  t h e  e q u a t i o n ,  w i t h  t h e  boundary
23.
c o n d i t i o n s  a s  shown i n  f i g ,  2 ,8 .  S i m i l a r l y  t h e  second  
e q u a t i o n  i s  t h e n  u se d  t o  s o l v e  v o v e r  t h e  f i e l d  u s i n g  
t h e  r e - e s t i m a t e d  v a l u e s  o f  u and th e  boundary  c o n d i t i o n s .  
The f i r s t  e q u a t i o n  i s  t h e n  r e s o l v e d  and so on u n t i l  
co n v e rg en c e  i s  a c h i e v e d .  The r e s u l t a n t  d i s p l a c e m e n t s  a r e  
t h u s  c o n t i n u o u s .  The boundary  g r a d i e n t s  on th e  
c i r c u m f e r e n t i a l  b o u n d a r i e s  a r e  .complex f u n c t i o n s  o f  s t r e s s ,  
d i s p l a c e m e n t  and p l a s t i c  s t r a i n .  This, Neumann boundary  
c o n d i t i o n  i s  v e r y  d i f f i c u l t  t o  m a i n t a i n .
The p a p e r  g i ives-no  r e s u l t a n t  v a l u e s  o f  
d i s p l a c e m e n t ,  b u t  o n ly  t h e  s t r e s s e s ,  which  a r e  found  by 
i n t e g r a t i o n  from t h e  d i s p l a c e m e n t s .  T h is  e v a l u a t i o n  o f  
s t r e s s e s  f rom a s o l u t i o n  i s  c e r t a i n l y  to  be commended o v e r  
t h e  p r e v i o u s  d o u b le  d i f f e r e n t i a t i o n  of  a  s t r e s s  f u n c t i o n ,
S t r e s s —s t r a i n  c u rv e s  f o r  r e a l  m a t e r i a l s  a r e  used  
t o  compare th e  r e s u l t s  w i t h  o t h e r  e x p e r i m e n t a l  r e s e a r c h e r s . , 
A l l  m a t e r i a l s  have  t h e  e q u i v a l e n t  o f  v/ork—h a r d e n i n g  m 0 ,1 ,
.Regarding t h e  e l a s t i c / p l a s t i c  boundary  he comment;
' F o r  many r e a l  m a t e r i a l s ,  e l a s t i c / p l a s t i c  
b o u n d a r i e s  a r e  v e r y  d i f f i c u l t  t o  d e f i n e  b e c a u s e  th e  
t r a n s i t i o n  i s  v e r y  smooth.  On t h e  o t h e r  hand when an 
i d e a l i z e d  m a t e r i a l  i s  assumed,  w i t h  w e l l  d e f i n e d  y i e l d — 
p o i n t ,  t h e r e  a r e  d i s c o n t i n u i t i e s  i n  t h e  d e r i v a t i v e s  o f  t h e  
s t r e s s e s  and p l a s t i c  s t r a i n s  a t  t h e  e l a s t i c / p l a s t i c  
i n t e r f a c e ,  f o r t u n a t e l y  t h i s  c a u s e s  no more d i f f i c u l t y  i n  
t h e  c o m p u ta t io n  t h a n  a r e a l  boundary .  S im ply ,  when 
d e r i v a t i v e s  a r e  e v a l u a t e d  t h e  a p p r o p r i a t e  fo rw ard  and back­
ward d i f f e r e n c e  e q u a t i o n s  a r e  u s e d ' ,
T h is  l a t t e r  s t a t e m e n t  i s  p u t  fo rw a rd  w i t h o u t  
p r o o f  and f u r t h e r  d e t a i l  a s  to  t h e  a c t i o n  to  t a k e  when t h e  
boundary  d oes  n o t  c r o s s  t h r o u g h  a g r i d  p o i n t .  D i f f i c u l t y  
was found by t h e  w r i t e r  when d o in g  t h i s  i n  th e  s im p le  
e l a s t o —p l a s t i c  s o l u t i o n  o f  a  t h i c k  s p h e r e  u n d e r  i n t e r n a l  
p r e s s u r e ,  u s i n g  a d i f f e r e n c e  g o v e r n in g  e q u a t i o n .
24,
I n  h i s  c o n c lu s io n »  he s t a t e s  how t h e  method can 
be u se d  f o r  t h r e e  d i m e n s i o n a l  p rob lem s u s i n g  t h r e e  
s i m u l t a n e o u s  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  second  
o r d e r  t o  s o lv e  f o r  u ,  v ,  and w i n  a  s i m u l t a n e o u s  
i t e r a t i o n  p r o c e s s .  T h is  he i n t e n d s  t o  p u r s u e ,  a l t h o u g h  
no p a p e r  h a s  y e t  been  p u b l i s h e d .
2 ,5  Approach by S o l v i n g  F i r s t  O rd e r  D i f f e r e n t i a l  E q u a t io n s
C o n s i d e r in g  a l l  t h e  d i f f i c u l t i e s  o f  t h e  o t h e r
a p p r o a c h e s  and t h e  f a c t  t h a t  no r e s e a r c h e r  had a p p e a re d  t o
have  t a c k l e d  t h e  e l a s t o —p l a s t i c  pro.bl.em from t h e  b a s i c
( 2 1 )c o n s t i t u t i v e  e q u a t i o n s ,  P r o f e s s o r  I .N ,  Sneddon '  '  ^ s u g g e s t e d  
t h i s  shou ld  be a t t e m p t e d .
The o n ly  r e f e r e n c e  t o  a s i m i l a r  method u s i n g  a 
s e t  o f  f i r s t  o r d e r  p a r t i a l  d i f f e r e n t i a l  g o v e r n i n g  e q u a t i o n s  
was found i n  C h a p te r  6 o f  M i t c h e l l ^ , The p r o b le m s ,  
how ever ,  were i n  f l u i d  m ec h an ics  and o f  a  h y p e r b o l i c  n a t u r e .  
I t  i s  w i t h  t h i s  background  t h a t  t h i s  p r e s e n t  work was 
u n d e r t a k e n  — t o  t h o r o u g h l y  i n v e s t i g a t e  t h e  f e a s i b i l i t y  o f  
a p p l y i n g  t h i s  method to  e l a s t o —p l a s t i c  p ro b lem s .
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CHAPTER 3
ELASTIC SOLUTION OF KEYHOLE NOTCH
3* 1 I n t r o d u c t i o n  t o  E l a s t i c  S o l u t i o n
T h is  s t u d y  i s  p r i m a r i l y  i n t e r e s t e d  i n  t h e  s t a t e s  
o f  s t r e s s  and s t r a i n  a t  a  n o t c h  r o o t ,  e s p e c i a l l y  i n  t h e  
e a r l y  s t a g e s  o f  y i e l d i n g  where  t h e  a r e a  o f  p l a s t i c i t y  i s  
s m a l l .  As a  f i r s t  s t e p  t h e  e l a s t i c  p rob lem  was so lv e d  
by means o f  t h e  A i ry  s t r e s s  f u n c t i o n  which  s a t i s f i e s  t h e  
b ih a rm o n i o e q u a t i o n .  I t  was t h o u g h t  t h a t  once t h i s  had 
b e en  done ,  a new s o l u t i o n  w i t h  p l a s t i c  s t r a i n  t e r m s  on t h e
HHS of  t he ejiua t io^ ^  ^ be s o l v e d ,___ Tliis \vas  n e v e r  d011,6
s i n ce a nev/ method o f  e l a s t o —pl a s t i c  s o l u t i o n  v/as a e v i s e d. 
However, t h e  e l a s t i c  s t r e s s  f u n c t i on s o l u t i o n  •provided the, 
i n i t i a l  v a l u e s  o f  s t r e s s e s  f o r  t h e  e l a s t o —p l a s t i c  s o l u t i o n ,
3 , 1 . 1  E a r l y  A ttem p t s ,
Two a t t e m p t s  were made t o  s o lv e  a s t r e s s  f u n c t i o n  
f i e l d  f o r  n o tch e d  b a r s  i n  t e n s i o n  and b e n d in g ,  u s i n g  t h e  
a c t u a l  spec im en  d im e n s io n s  to  g i v e  t h e  g eom etry  o f  t h e  f i e l d
( i )  I n  t h e  f i r s t  a tb em p t  t h e  n o tch e d  bccc was o f
d im e n s io n s  shown i n  f i g .  3 , 1 ,  I t  v/as a s i n g l e  edge 
n o tc h e d  b a r  and so th e  f i r s t  f i e l d  was f o r  a sy m m e t r i c a l  
h a l f  vm t h  b o u nd a ry  v a l u e s  o f  i  and 4-^ simule . t i n g  t h e  
a p p l i e d  lo a d  sy s tem ,  A s pu a r e  g r i d  o f  mesh ]. o i n t s  27 x 27 
co v e red  th e  f i e l d  A, I t  was hoped t h a t  f o l l o w i n g  th e
s o l u t i o n  o f  A, o.no bher  f i e l d ,  B, o f  2? x 27 mesh p o i n t s  b u t  
o f  h a l f  g r i d  s i c e ,  co u ld  bo s e t  up u s i n g  v a l u e s  from t h e  A 
f i e l d  a s  b o u n d a r i e s  and i n t e r p o l a t e d  v a l u e s  a s  t h e  f i r s t  
e s t i m a t e s  o f  t h e  s t r e s s  f u n c t i o n  i n  t h i s  new f i e l d .
26.
T h is  j / r o c e s s  v/as to  be c o n t in u e d  i n t o  f i e l d s  
G and D w i t h  t h e  g r i d  s i z e  b e in g  h a lv e d  e ach  t im e .  I n  
t h i s  way, i t  v/as i n t e n d e d  to  f i n d  the  s o l u t i o n  a t  t h e  n o t c h  
r o o t .
Two main  d i s a d v a n t a g e s  d e c id e d  u s  t o  abandon  
t h i s  a t t e m p t
1. Convergence  v/as to o  slow due to  t h e  s i z e  o f
f i e l d  (and  a t  t h i s  s t a g e  no, a c c e l e r a t e d
p r o c e d u r e  was c o n te m p l a t e d ) .
2. The n o t c h  g e o m e t ry  r e q u i r e d  an i n c r e a s i n g  number
o f  bo unda ry  i n t e r p o l a t i o n s  to  be c a r r i e d  o u t  as
t h e  f i e l d  g r i d  s i z e s  re d u c e d .
( i i )  The second  a t t e m p t  t r i e d  to- r e c t i f y  t h e  d i s a d v a n t a g e s  
o f  t h e  f i r s t .  T h is  t im e  we c o n s id e r e d  a  b a r  i n  t e n s i o n  
v / i th  th e  g e o m e try  shown i n  f i g ,  3 ,2 ,
The b a r  v/as s y m m e t r i c a l l y  n o tch e d  and so a 
s y m m e t r i c a l  q u a r t e r  need o n ly  be c o n s i d e r e d .  The f i r s t  
f i e l d  had t h u s  12 x 8 mesh p o i n t s .  I n  a d d i t i o n ,  t h e  s l i t  
g eom etry  r e q u i r e d  no awkward i n t e r p o l a t i o n  on t h a t  b oundary .  
Once a g a i n  t h e  main  aim was to  e v a l u a t e  the s t r e s s  f i e l d  a t  
t h e  n o t c h  r o o t ,  w h ich  had a  sm a l l  r a d i u s .  I t  was p roposed  
to  p r o g r e s s i v e l y  h a l f  t h e  g r i d  s i z e  and s o l v e  f i e l d s  B, C,
D and f i n a l l y  B, u s i n g  th e  t e c h n iq u e ,  i n d i c a t e d  i n  t h e  
d e s c r i p t i o n  of  t h e  f i r s t  a t t e m p t  ( i ) .
I n  c o n t r a s t  t o  ( i )  however a d i r e c t  ( m a t r i x )
icethod o f  s o l u t i o n  v/as t r i e d  and d i f f i c u l t i e s  e n c o u n t e r e d .
From t h e s e  f i r s t  a t t e m p t s  t h a t  i t  was d e c i d e d  
(a )  t o  work o n ly  i n  one f i e l d  a t  th e  n o t c h  t i p ,  ( b) to  
model th e  goomotry o f  t ) i a t  f i e l d  t o  s u i t  t h e  L:athem;.rLic3, 
and ,(c) to  l o o k  c . . . . roful ly  a t  t h e  number o f  m.;zh j o i n t s  
u sed  0
27
3 , 1 . 2  F i n a l  S e l e c t i o n  of  Notch Geo m e t ry .
From t h e  e x p e r i e n c e  g a in e d  from t h e  f i r s t  two 
a t t e m p t s  i n  p a r a g r a p h  3 . 1 , 1  a new shape  o f  n o t c h  was 
d e v i s e d .  T h is  t i m e ,  a  k e y h o le  shape  wo.s u s e d ,  i t  h a v in g  
a r o o t  r a d i u s  r a t h e r  t h a n  a  sh a rp  c r a c k  v d t h  i t s  i n t r a c t a b l e  
s t r e s s  c o n d i t i o n .  The k e y h o le  was chosen  f o r  s e v e r a l  
r e a s o n s ,
1. The a r e a  cou ld  be covered  w i t h  a n e t  on which
g r i d  p o i n t s  could  be d e f i n e d  by an r-"& c o o r a i n a t e  sys tem  — 
f i g ,  3 ,3 .  The r a d i i  o f  th e  c o n c e n t r i c  c i r c l e s  were 
g ra d e d  to  g i v e  a g r e a t e r  co v e rag e  o f  p o i n t s  a t  t h e  n o t c h  
r o o t
r  =
(where  T i s  a  c o n s t a n t ) .
U s ing  t h i s  c y l i n d r i c a l  p o l a r  a r r a n g e m e n t  e n ab led  
a g r e a t  s i m p l i f i c a t i o n  o f  b o u n d a r i e s  s i n c e  f i e l d  e q u a t i o n s  
could  be e x p r e s s e d  i n  p o l a r  form,
2. The m a n u f a c tu r e  o f  t e s t  spec im ens  cou ld  be 
a c h i e v e d  more e a s i l y  by s im ply  d r i l l i n g  and h o n in g  t h e  h o le  
and t h e n  m i l l i n g  t h e  s l o t .  The h on in g  was n e c e s s a r y  to  
remove any p r e —y i e l d e d  s u r f a c e  l a y e r ,
3. A t h i r d  a d v a n ta g e  which was d i s c o v e r e d  l a t e r ,  was 
t h a t  when a  s t r a i n e d  specim en  was s e c t i o n e d ,  e n l a r g e d  
p h o to g r a p h s  cou ld  be e a s i l y  s c a l e d  by measurement  o f  Ah 
( f i g ,  3 . 3 ) .  Good a v e r a g e  v a l u e s  o f  n o t c h  s u r f  a. ce s t r a i n s  
cou ld  t h u s  be found g r a p h i c a l l y .  The a c t u a l  d im e n s io n s  o f  
t h e  t e s t  spec im en  u sed  i n  t h e  f r a c t u r e  r e s e a r c h  a r e  g i v e n  
on f i g .  3 ,4 ,
3 , 1 . 3  Search, f o r  3oiin d a ry  V a lues
I n  s e l e c t i n g  u. s t r e s s  c o n d i l i o n  f o r  th e  o u t e r  
( c i r c u l a r )  boundary  CD ( f i g ,  3 . 3 ) ,  we were i n f l u e n c e d  
by a s tu d y  o f  N e u b e r ' s  s o l u t i o n  o f  h y p e r b o l i c  n o t c h e s  i n  
an  i n f i n i t e  p l a t e  u n d e r  t e n s i l e ,  and b en d in g  c o n d i t i o n s ^ I
28,
Both  t h e s e  g i v e  a s i m i l a r  p a t t e r n  of  s t r e s s  a t  t h e  n o tc h  
r o o t  showing t h a t  t h e  s t r e s s i n g  c o n d i t i o n  a t  t h e  o u t e r  
boundary  h a s  v e ry  l i t t l e  a f f e c t  t h e r e .  V/hat i s  more 
s u r p r i s i n g  i s  t h e  s i m i l a r i t y  o f  t h e  s t r e s s  p a t t e r n  f o r  th e  
s h a r p  and r a d i u s e d  n o t c h e s  a t  a  sm a l l  d i s t a n c e  from t h e  
r o o t .  F ig ,  3 ,5  by Orr^ i l l u s t r a t e s  t h i s  p o i n t .
For  t h e s e  r e a s o n s  we c h o se ,  f o r  t h e  s t r e s s  
c o n d i t i o n  a t  t h e  o u t e r  boun d a ry ,  th e  f a i r l y  s im p le  
e x p r e s s i o n s  f o r  t h e  s h a r p  c r a c k  i n  t h e  o p en ing  mode I ,
These co u ld  a p p ly  t o  b o t h  t e n s i o n  and b e n d in g .  The 
i m p o r t a n t  f a c t  t o  remember i s  t h a t  a l t h o u g h  t h e s e  s o l u t i o n s  
a r e  f o r  i n f i n i t e  p l a t e s ,  t h e  a c c u ra c y  i s  o n ly  a c c e p t a b l e  
i n  t h e  v i c i n i t y  o f  t h e  n o t c h  o r  c r a c k  r o o t .  I t  may a l s o  
be p o i n t e d  o u t  t h a t  Neuber  p roduced  s o l u t i o n s  f o r  s i n g l e  
h y p e r b o l i c  edge n o tc h e d  b a r s  i n  b en d in g  and t e n s i o n  f o r  
t h e  semi—i n f i n i t e  p l a t e .  These s o l u t i o n s  were a d a p te d  
from th e  sy m m e t r i c a l  edge n o t c h  c a se .  He s t a t e s  c l e a r l y  
however  'T h i s  method i s  o n ly  an a p p r o x i m a t i o n ,  s i n c e  t h e r e  
a r e  s t i l l  c e r t a i n  small, s t r e s s e s  p r e s e n t  a lo n g  t h e  x—a x i s  
where now t h e r e  sh o u ld  be a  no—l o a d  boundary .  T h is  i n  
f a c t  i s  o n ly  a  p rob lem  o f  t h e  s t r e s s  d i s t r i b u t i o n  i n  th e  
im m ed ia te  v i c i n i t y  o f  th e  b a s e  of th e  n o t c h ,  d e te r m in e d  
p r i m a r i l y  by t h e  f lo w  o f  f o r c e  t h r o u g h  iihe n a r r o w e s t  
s e c t i o n ’— s e e  f i g ,  3 ,6 ,
The v a l u e s  o f  t h e  s t r e s s  f u n c t i o n  ly and i t s  
g r a d i e n t  a r e  r e q u i r e d  on t h e  o u t e r  boundary .  T h is
e s s e n t i a l l y  f i x e s  a and t  ^ on t h a t  bo undary .  The 
i n n e r  boundary  i s  s t r e s s  f r e e  and h a s  T ond z e r o .
The shape  o f  t h e  i n n e r  boundary  can t h u s  be a l t e r e d  
s l i g h t l y  t o  g i v e  t h e  k e y h o le  shcc.'C CBAD ( f i g .  3 ,7 )  
w i t h o u t  a l t e r i n g  th e  boundary  c o n d i t i o n s .
T h is  c e r t a i n l y  w i l l  s l i g h t l y  a f f e c t  t h e  f i e l d  
s t r e s s  d i s t . r i b u t i o n  s i n c e  th e  o u t e r  bound .uy  s t r e s s e s  
(o.^ and V remo,in unchanged .  T h is  w i l l  be shown l a t e r ,
A n o th e r  b e n e f i t  o f  u s i n g  th e  sh a rp  c r a c k  s o l u t i o n  
i s  bhat  v a l u e s  o f  i  and qf; can be c a l c u l a t e d  r i g h t  upof-1 "
29,
t o  G and D w h e r e a s ,  i f  a  h y p e r b o l i c  n o t c h  were u sed  to  
m atch  up r o o t  r a d i i ,  t h e  s t r e s s  f u n c t i o n  v a l u e s  cou ld  
o n ly  be g i v e n  up t o  K and L, The v a l u e s  on a r c s  GK
and DL would t h u s  hcve  t o  be a d j u s t e d .
The u s u a l  .form o f  t h e  c r a c k  s t r e s s  e q u a t i o n s  i s  
( r e f e r e n c e  t o  f i g ,  3 ,8 )
I  G e -  . # . T -, NI  -  —  cos  "2 (1 s i n  ^  s i n  ~ )  ( 3 , 1 )
G t  . "9 / -y n \= - =  cos TV S in  T- cos . ( 3 ,3 )
-V Vr  ^  ^ ^
The c o n s t a n t  C i s  u s u a l l y  g i v e n  a s  where
’ a '  i s  t h e  h a l f  c r a c k  l e n g t h .  The p h y s i c a l  s i t u a t i o n  i s  
v i s u a l i z e d  i n  f i g ,  3 ,9  where t h e  l i n e  Kl would r e p r e s e n t  
t h e  upj, e r  s u r f a c e  o f  t h e  n o tc h e d  b a r  and t h e  b r o k e n  
c i r c u l a r  l i n e ,  t h e  e x t e n t  o f  t h e  f i e l d  s o l u t i o n .  The 
v a l u e s  o f  o._, and % a r e  p l o t t e d  on t h e  x and y 
a x e s .
R e f e r r i n g  t o  f i g ,  3 ,10  t h e  t r a n s f o r m a t i o n  
r e l a t i o n s  f rom t h e  X—Y t o  t h e  r - 0  c o o r d i n a t e s  a r e
a  +0 0 - 0
0“^  — cos 2"0 'I- s i n  20 ( 3 ,4 )
0 + 0  O'-O
o^ — 00s 21 — s i n  21 ( 3 ,5 )
O' ..
sj.ll 21 + -.ry COS 21, (3*6)
. r Jd ing  ( 3 , 4 )  and ( 3 , 5 )  and s u b s t i t u t i n g  i n  ( 3 . 1 )  and ( 3 , 2 )
g i v e s  -|_
0 ^+0^ = 0 ,^+0 ^^ -  2Cr cos y .  ( 3 ,7 )
S i m i l a r l y  s u b t r a c t i o n  o f  ( 3 , 4 )  cud ( 3 . 5 )  g i v e s
O'cr-G» = (o - o _ )  cos  21 -  2 t  c i n  21\i I. j' -V jvy
—2Or /^ c o s  -y ( s i n  t-) ^ ( 3 ,8 )
3 0 ,
Adding ( 3 . 7 )  and ( 3 . 8 )  t o  e l i m i n a t e  a  g i v e s
1
-  Or cos -g (1 — s i n  -g),
But n _ 1
Or ^ ( oos ^)
t h e r e f o r e
a n d
0* =
7 ) ^
7>r^
1
A t CrZ /
2
i '
"Sr
4 - C ' T
4
3
A. 3
'1
1-
2'' ^1'
A r b i t r a r i l y  c h o o s in g  t h e  c o n s t a n t s  o f  i n t e g r a t i o n  
= Og = 0 and l e t t i n g  K -  g i v e s
4  Û 3
1  =  K r '  ( c o s  "g) • ( 3 , 9 - )
O'he p rob lem  so f o r m u la t e d  h a s  no s c a l e , s i n c e  
e s s e n t i a l l y  i t  i s  a  v i c i n i t y  s o l u t i o n  w i t h  no f i n i t e  
b o u n d a r i e s .  F o r  t h e  d e t e r m i n a t i o n  o f  a p p l i e d  l o a d s  t h e  
s o l u t i o n  must be matched up t o  o u r  specimen g eo m e try  — 
f i g .  3 * 4 .  For t h i s  r e a s o n  a s e a r c h  was made o f  th e  
l i t e r a t u r e  f o r  f i n i t e  boundary  s o l u t i o n s .  T h is  s e a r c h  
i t  was hoped m ight  have  f u r n i s h e d  a f i e l d  e l a s t i c  
s o l u t i o n  f o r  a n  edge n o tc h e d  b a r  w i t h  f i n i t e  b o u n d a r i e s .
T h is  proved  n o t  t o  be so.
C o n s e q u e n t ly  i t  v/as d e c id e d  to  p ro ce ed  i n  t h e  
f o l l o w i n g  way. T h e  moment can  be - c a l c u l a t e d  b y  i n t e g r a t i o n  
from th e  o  ( o r  o ^ )  d i s t r i b u t i o n  i n  t h e  minimum s e c t i o n  
IN — se e  f i g ,  3 . 1 1 .  The s o l u t i o n  o b t a i n e d  h o w e v e r  c a n
o n ly  be u sed  o u t  t o  t w o  t o  t h r e e  r  r a d i i  and II i s
d i s t a n t  some 31 r  r a d i i  d i s t a n t .  From f i g ,  3 . 1 1 ,  i t
c a n  be se en  t h a t  N c u b o r  p r e d i c t s  a c o n c e n t r a t i o n  o f  4 . 7 ,  
f o r  o  a t  hj t h i s  does  n o t  mean t h a t  a t  11, o  = —1 . 0  
b u t  a t  a f i r s t  a p p r o x i m a t i o n  i t  c u n  be t a k e n  so .
31
T h is  means t h a t  a t  f i r s t  y i e l d i n g  th e
G
d i s t r i b u t i o n  o f  ™  s t a r t s  a t  N w i t h  a  v a l u e  1 .1 25 1Oy
and i s  knovm o u t  t o  2 t o  3 . r a d i i  and t h e n  ends up a t  
M w i t h  a  v a l u e  = —-0, 239. A s t r e s s  d i s t r i b u t i o n
must  be f i t t e d  i n  be tw een  t h e s e  knov/n v a l u e s ,  w h i l e  s t i l l  
m a i n t a i n i n g  t h e  e q u i l i b r i u m  c o n d i t i o n  t h a t  t h e r e  ,is no 
n e t  X—d i r e c t i o n  f o r c e  t h r o u g h  t h e  minimum s e c t i o n .  As a
check  on N e u b e r ' s  c o n c e n t r a t i o n  f a c t o r ,  a  s t r e s s  
d i s t r i b u t i o n  was g r a p h i c a l l y  ’ sm oo th ed ’ i n t o  t h e  c a l c u l a t e d  
s t r e s s  f i e l d  and a d j u s t e d  t o  s a t i s f y ,  e q u i l i b r i u m ' ,  t h e  
r e s u l t i n g  f a c t o r  was a p p r o x i m a t e ly  4 , 9 ,
Such a d i s t r i b u t i o n  i s  shown i n  f i g ,  3 ,1 2 .
2 /The moment so o b t a i n e d  i s  a p p r o x i m a t e ly  47 r  kilm/m
t h i c k n e s s .  Thus . for  Q1 N a v y  s t e e l  1  and b a r  d im e n s io n s
r ^  = 1 .4  mm and 3 6 .6  mm t h i c k n e s s  th e  moment = 2 ,1  khm.
As a rough, check  c o n s i d e r  a r e c t a n g u l a r  b a r  o f
s e c t i o n  4 3 ,1  ram x ,36,6 mm', f o r  Q1 Navy s t e e l  y i e l d i n g
w i l l  i n i t i a t e  a t  7 , 9  k'Nm, , I f  on one o u t e r  f i b r e  t h e r e  i s
a  s t r e s s  c o n c e n t r a t i o n  o f  4 * 7 ,  t;hen v e r y  r o u g h ly  y i e l d i n g
7 9w i l l  i n i t i a t e  a t  a p p r o x i m a t e l y  = 1 ,7  kNm,
As a  f i n a l  check  i f  t h e  a p p l i e d  moment 2 ,1  k N m  
i s  p l o t t e d  a g a i n s t  t h e  n o t c h  open ing  o f  0 ,1 0 8  ram from 
p a r a g r a p h  3 . 4 . 4  o n  an e x p e r i m e n t a l  g r a p h  t h e r e  i s  
r e a s o n a b l e  a g re em e n t  ( s e e  c h a p t e r  8 ) ,
Y  a  s Li s 0 d i  n ou r  r- e se  a r  ch i • ro g r/ji] a = 630 N/ mm ^ ,
32.
3 , 2  N u m e r i c a l  F o r m u l a t i o n  o f  the  Problem
3 , 2 . 1  S o l e c t i o n  o f  Act u a l  F i e l d  S iz e
With t h e  d e c i s i o n  b e in g  t a k e n  on t h e  a n a l y t i c a l  
s o l u t i o n  u s e d ,  t h e  f i e l d  d im e n s io n s  must be s e t  and t h e  
boundary  v a l u e s  o f  s t r e s s  f u n c t i o n  4 and i t s  norm al  
g r a d i e n t  must  be e v a l u a t e d ,  Due to  t h e  symmetry o f
t h e  f i e l d  o n ly  h a l f  need be c o n s id e r e d .
The i n n e r  bound a ry  BN, f i g ,  3 , 1 3 ,  i s  
d e s i g n a t e d  m = 2 end h a s  r a d i u s  r^  = 1 , 0 .  The f i e l d  
e x te n d s  o u t  to  m ~ 18 where
o u t e r  r a d i u s  = = 6 ,58325  r ^ ,
( T h i s  o u t e r  r a d i u s  i s  i n d i c a t e d  on f i g s ,  3 ,3  and 3 , 9 ) ,
The r a d i a l  l i n e s  a r e  d e s i g n a t e d  n - 1  to  19 
w i t h  n = 3 b e in g  t h e  ^  and n -  19 b e in g  t h e  n o t c h  
s u r f a c e ,  OB,
The a n a l y t i c a l  form o f  t h e  s t r e s s  f u n c t i o n  from
( 3 . 9 )  i s  ,
? A 3 
= K r ‘ ( co s  ^)  ,
On th e  i n n e r  s u r f a c e ,  C B N ,  as d i s c u s s e d  p r e v i o u s l y ,
4 -  y-% = c o n s t a n t  = 0 s a y ,  s i n c e
1 U 1 n
° r  = X T v  - y  y f i  = °
and = - ^ - -  ( - U | | )  = 0,
However, on t h e  o u t e r  s u r f a c e ,  t h e  a r b i t r a r y  c h o ic e  of
v a l u e  o f  K w i l l  d e t e r m i n e  th e  v, l u e  o f  m and S inceâ x
1 .
d O 3  1/- 2  /  1  \ , ,  -, • j - ’ jT c  2 ( c o s  , i t  was d é c i d é e  to
1 1
ni.Tike À g ( 6 o6o ^ 25y^ O,,3o9/i  so Lhat
( % )  -  1 .5  ( c o s  y) ,
m = 1 8  ^
33,
1 2* ^ 3 0 3
Thus ^ iri“ 18 ” 2'  ^ “ 6 ,5 8 3 2 5 ( c o s  -g) ,
m™18
Var^'ing % f o r  n  = 1  to  u ~ 19 y / i l l  g iv e  
t h e  v a l u e s  o f  l> and on th e  o u t e r  boundary .
3 . 2 , 2  Bound a r y  Cond i t  i o n s
The f i e l a  e q u a t i o n  = 0 ,  must s o l v e  p o i n t s
f o r  n = 3 t o  18 a n d  m = 3 t o  17 i n c l u s i v e .  Us ing
t h e  f i n i t e  d i f f e r e n c e  form o f  f o r  th e  . s o l u t i o n  o f  a
v a l u e  ^  r e q u i r e s  v a l u e s  up to  4* n+2* 5?his can
be done n e a r  t h e  b o u n d a r i e s  a s  follows*, c o n s i d e r  each  
boundary  i n  t u r n  — f i g ,  3 ,1 3 ,  ( Formulae from T a y lo r  s e r i e s
e x p a n s i o n  r a d i a l l y  and c i rc iunf  e r e n t i a l l y ) .
1) Boundary hPO. V a lues  on n = 3 t o  18 based
/b b , c  and and g r a d i e n t  ( ^ )  g i v e n  by
3
' o '
-  3 ,370665 X ( cos(  ( n -3 )  )
+ 0,595586 X -  0.156748 x 4
P o i n t s  b ,  c e t c ,  found from f i e l d  e q u a t i o n .
2) Boundary CB, V a lues  o f  4 ^ on m -  4 to  16
based  on v a l u e s  o f  4 a t  e , f  and c o n s i d e r i n g  4 and 
b o th  ze ro  on n = 1 9 ? g i v e n  by th e  i n t e r p o l a t i o n  
f o r m u la
4 -f
4 j  = 0.4929 X 4 ,^ -  .
o e e c i a l  p.o i n t  g i . e ,  (in = 3? n  = 18)
4 ^  = 0,418301 4^  ^ -  0,077319
P o i n t s  e , f  e t c ,  found from f i e l d  e q u a t io n ,
3) Boundary BU. I n  o r d e r  t h a t  4/^ r i g h t  bo found from
t h e  f i e l d  e q u a t i o n  t h e  v a l u e  a t  an  e x t e r n a l  p o i n t  j  must
bo found on m = 1  f o r  n  =  3 ,  1 7 ,  f h e  f o r m u la  i s  based
34.
on v a l u e s  on i n n e r  'boundary, k and Thus t h e  e x t r f
p o l a t i o n  f o r m u la  i s
cJr“
2 . 1 1 6 7 5  4 %  -  0 . 2 9 3 7 8 6 . 4
P o i n t s  k , t  e t c ,  can  t h u s  he found from th e  f i e l d  e q u a t io n ,
4 ) Boundary PE. Symmetry o f  th e  s t r e s s  f u n c t i o n  o v e r
th e  ^  d i c t a t e s  s im p ly  t h a t
4 P 4
and
Thus a l l  p o i n t s  on t h e  ^  (n  = 3) from m = 3 bo 16 
can  'be e v a l u a t e d  from th e  f i e l d  e q u a t io n .
3 , 2 .3  Ev a l u a t i o n  o f  C o e f f i c l e n t s  o f  P r n i t e
D i f f e r e n ce Expansi o n  o f  iUho/rmonic Eggigiion 
i n  P ]. a r  Coo rd i  no,t e  s 
R e f e r  to  f i g ,  3,14*
R a d i i  i n c r e a s e  i n  g e o m e t r i c  p r o g r e s s i o n  v i s
10 r, o r1
r 2 r r 4 12
(1+h) 1—a
R a d i a l  l i n e s  a t  e q u a l  a n g l e s  Ô-& -  o. C o n s id e r  t h e
t r u n c a t e d  Tq-ylor s e r i e s  e x p a n s io n  o f  4 from p o i n t  0 to
t h e  p o i n t s  1 , 2 , 3 , 4 ,
4 1
^2
h
‘I' 4
w h e r e  4 
4
\ ■] p , *
I ' 1 2  2 “
'^.'o -  Ï'-*
(||)
( 3. 1 0 )
( ^ )
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and s i m i l a r l y  f o r  t h e  c u r v a t u r e s .
The ha rm o n ic  o p e r a t o r  v ' = (% 4 -  + r —^  -i- —h" _r— , when
 ^ d r  r ^  ^ #
d i s c r e t i z e d   ^ i s  a  f u n c t i o n  o f  4 ^ ? 4]?  4p? 4^ and 4^,
The c o e f f i c i e n t s  o f  4 q , and 4 g ? say  a ,  w i l l  he t h e  same
due to  t h e  cons bant  a n g l e ,  whereas, t h e  c o e f f i c i e n t s  o f  4 g
and 4^ |_ a r e  d i f f e r e n t ,  say  \  and p ,
T h e r e f o r e  m u l t i p l y  e q u a t i o n s  ( 3 ,1 0 )  by th e  a p p r o p r i a t e  
c o n s t a n t  and add
/
a 4 -j f  X4 g 4  a 4 ^ -1- p 4 ^ -  4 ^ ( 2 % f  X t  p ) 4- 2^4^ (Xh-pa)
t  c^u4^ + ’ 4^ "^  ( *}* p a ^ ) .
( 3 ,1 1 )
M u l t i p l y i n g  th e  h a rm on ic  e q u a t i o n  by o n e t h e r  c o n s t a n t  f  
and n o n - d i m e n s i o n a l i z i n g  i t  g i v e s  a t  0
. f r /  = f r / ( X  4'y  + - 4 -  u "  ) =
^0
+ f^ o  '
11 e - a r r a n g i n g  ( 3 ,1 1 )  g i 7 e s
'^1 '^' '^4 4 2a ’f }\ -k p ) “ ( l b  — ps.)
+ c ^ s 4 j '  + t r ^ ^ 4 J  ( lb '"  -i- pa^)
and t h i  s i  s 3=. f r  ^O V 0
T h e r e f o r e  e q u a t i n g  te r ius  g i v e s
l b  -  p a  ^ f  ( 3 ,1 2 )
3(Xb^ + 111)  t  ( 3 . 1 3 )
0  3, =  f .  ( 3 . 1 4 )
.A'l o, ( 1 -t b) '-f "g i , e. b "“ a z; a h . ( 3 , 1 5 )
h our  e q u a t i o n s  ; nd seven  unkiio'.vns a l l o w s  Aui. 
a /cb i t ra / jy  c h o ic e  o f  t h r o e  v a r i a b l e s .  The g eo m e try  o f  th e  
n e t  i s  d e f i n e d  by a ,  b and c and so t h e s e  a r e  chosen .
i f  4-|_ -  4 4 3
4' "0
4 ,  = 4 q t h e n  ^^4^  = 0
t h e r e f o r e  X 4- p = 2
and c o e f f i c i e n t  o f  4 _ = 2 (cc -H l ) .
To f i n d  ^ ^ 4 q u s e  t h e  i d e n t i t y  f a n d  g e t
f r  4 ^ 4 ^  \  ^ 2( a ^  4 ^  *■• x f  4 2 “I- 4 ^  + P |/  4 ^ )  — 4 ^ 2 ( a  -h 1 )
a ( c c 4 g  - i -  X 4 ^  f  c i 4 ^  +  P 4 g )  4 j 2 ( c c  -{-  1 )
4* X
Tr
5 l4qQ t  cc4g ^ 4 ^ )  422(% "}*. i )
4- q | ( c c 4 Q  4' X4 g 4- cc4^^ 4" P l y )  4 t  1 )
4- \x »“"™g-|(a4Q t  X4q t  cc4'j 4- p 4 ^ p )  — 4 ^ 2 (cc 4- 1)
4 p
2 ( a 4' 1 ) ( cc4 2 4" I 4 2 a4 g 4- P 4 ^  2 ( cc + 1 ) 4
G i v i n g
f h o l l o “  4 ^ ( 6 c c  ' 4* 8a 4“ 4 Xp
r
r, r 4
' ( 4 2  4' 4 2 ) 4 GC((% 4- 1 ) — 4 2 2 X (a  4- i ) ( l  4- —«TTOiKPPittur
r
%, 2l_i ( a "f 1)(X 4 -;- (^ l> p f  ^y')ctX(3. 4-
■'■ r  S  . J t. ^ •
y a "n(im 4- 4 o ) r p ( l  4- 4- ( 4  o +  ly-in )(%f a .y -J-
■"A
*-> f \ r«-MV--V-W» Xjd \ I rip^<rïSwvii»10 p ' ‘ 1 0*^' o
2
r
( 3 . 1 6 )
A
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Choice o f  c o n s t a n t s
I t  was d e c id e d  to  m a k e  t h e  a n g u l a r  d i v i s i o n  
^  and t h e  r a t i o  o f  s u c c e s s i v e  r a d i i  1 ,1 2 5 ( =  T) g i v i n g  
t h e  d im e n s io n s  o f  t h e  a  g r i d  ’ e l e m e n t ’ a s  shown i n  
f i g .  3 . 1 5 . Thus
o  =  ^  =  0 . 1 9 6 3 4 9 5 4
(T -1)  = 0 .12500000
1
h =
a = 1’ T 0.11111111
r
r ,
r
0
( I ’r p
( f )
1
I '
t h e r e f o r e P 4b -  2b'
a^ -h- 2 a  4" 2 b '™ b "
0 . 9 9 9 5 8 8 6 0
X = 1 .00041140 
f  =  0 , 0 1 3 9 8 6 0 3
a  =  0 . 3 6 2 7 7 2 6 0
o f  4
c o e f f i c i e n t  o f  4 
c o e f f i c i e n t  o f  4
S i m i l a r l y
t  ^ = 9 , 7 4 7 5 5 2 6 6
3 .1
h
0 , 2 0 2 8 7 1 8 ~ ° 1  ~ ° 3 '
“ 2 0 , 5 0 0 7 4 8 3
°4 0 . 6 3 3 2 3 8 5
° 5  " Cg = - 0 0 O6665OO
Q r j  - Cq = -C , 0 8 4 2 8 4 5
°1.1 = .0 1 3 5 0 1 2
^10 " - 0 . 0811254
^12 " - 0 . 1 2 9 7 3 3 6 .
n i  c equa l : ion f o r  e l a s t i c  c o n d i t i o n :
a t i o n  (3, 1 6 ) .
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Thus r e —a r r a n g i n g  ( 3 ,1 6 )  g i v e s  4 ^  a s  a  
f u n c t i o n  o f  t h e  o t h e r  tw e lv e  p o i n t s
12
»o -  a  ' I T
3 0 3 C h o i c e  o f  N u m er ica l  Method f o r  t h e  S o lu t i o n o f  
t h e  B ih a rm o n ic D i f f e r e n c e E q u a t i on
3 , 3 . 1  Choice o f  Method
The c h o ic e  o f  method depends  on s e v e r a l  f a c t o r '  
b o t h  n u m e r i c a l  and p h y s i c a l .  E s s e n t i a l l y  t h e  s o l u t i o n  o f  
s i m u l t a n e o u s  l i n e a r  a l g e b r a i c  e q u a t i o n s  can be a c h i e v e d  
i n  two ways — d i r e c t  methods and i t e r a t i v e  m ethods .  The 
d i r e c t  method i n v o l v e s  fo rm ula t ing ;  t h e  e q u a t i o n s  i n t o  a 
m a t r i x  e q u a t i o n  40 = B and s o l v i n g  by one o f  s e v e r a l  
m ethods  t o  f i n d  17 -  A  " B ,  w ith  th e  k e y h o le  f i e l d  t h e r e
a r e  210 i n t e r i o r  p o i n t s  t o  s o l v e ,  each  one h a v in g  an
e q u a t i o n  o f  13 c o e f f i c i e n t s  and a BUS, T h u s  t h e  m a t r i x
o f  c o e f f i c i e n t s  il would b e  210 x 210 o v e r  4 4 , 0 0 0  
e le m e n t s  o f  v;hich o v e r  41 ,000  a r e  z e ro .  A l th o u g h
nowadays com puters  cou ld  h a n d le  t h i s  s t o r a g e  p rob lem  i t
would n o t  b e  e a s y ,  I n  a d d i t i o n  shou ld  boundary  c o n d i t i o n s  
h av e  to  be v a r i e d  t h e  d i r e c t  s o l u t i o n  i s  n o t  a d v i s e d ,
E o r s y t h  and comment ' i t e r a t i v e  methods
a r e  p r e f e r r e d  f o r  s o l v i n g  lanrge s p a r s e  sy s te m s  A0 = B
b e c a u s e  t h e y  tc-ke f u l l  a d v a n ta g e  o f  t h e  numerous z e r o s  i n
A, b o t h  i n  stor;.-.go and o p e r a t i o n .  Moreover  t h e y  tend  to
be s e l f  c o r r e c t i n g  i3c c o n t r a s t  to  d i r e c t  m ethods and hence  
m i n i i i i i z e  round—o f f  e r r o r * .
Having made t h e  d e c i s i o n  to  u g e  an i t e r a t i v e  
method t h e  p rob lem  now a r i s e s  which one, One can u se  
s i m u l t a n e o u s  o r  s u c c e s s i v e  m ethods ,  e x p l i c i t l y  o r
1“ b j
i m p l i c i t l y .  B y  an e z p J . i c i t  method i s  meant  t h a t  t h e
t h  ka p p r o x i m a t i o n  i n  t h e  i  c o m p o n e n t  Ut can be d e t e r m i n e d
b y  i t s e l f  ab i t s  p r o p e r  ste;;  o f  the a l g o r i t h m ,  w i t h o u t  t h e
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n e c e s s i t y  o f  s i m u l t a n e o u s l y  d e t e r m i n i n g  a g roup  o f  o t h e r
I r
c o m p o n e n t s  U Sometimes t h e  fo rm u la e  f o r  e x p l i c i t  
r e l a x a t i o n  a r e  r e c a s t  such  t h a t  t h e y  a p p e a r  to  d e f i n e  a l l  
t h e  components o f  U a t  once (Method of  S im u l ta n e o u s  
D i s p l a c e m e n t s ) ,  h u t  f o r  e x p l i c i t  methods  t h i s  i s  o n ly  a 
n o t a t i o n a l  c o n v e n ie n c e  and n o t  a  c o m p u t a t i o n a l  n e c e s s i t y .
I n  c o n t r a s t  a r e  i m p l i c i t  fo rm u la e  b y  which  a  g roup  
( u s u a l l y  b l o c k  o r  rows and columns) o f  components o f  
a r e  d e f i n e d  s i m u l t a n e o u s l y  i n  su c h  an i n t e r r e l a t e d  manner 
t h a t  i t  i s  n e c e s s a r y  to  s o lv e  a  l i n e a r  su b sy s tem  f o r  t h e  
whole s u b s e t  o f  components  a t  once b e f o r e  a s i n g l e  one can 
be d e te r m in e d .
By a s i m u l t a n e o u s  method i s  meant one i n  which
"i"Tna l l  t h e  v a r i a b l e s  so lv e d  i n  th e  (k  — 1) i t e r a t i o n  U,. ,
t  h "a r e  u se d  i n  t h e  k i t e r  Ait i o n ,  a f t e r  w h i c h  a l l  v a l u e s
a r e  s u b s t i t u t e d  s i m u l t a n e o u s l y  f o r  S u c c e s s i v e
km eth o d s ,  how ever ,  p p d a t e  t h e  v a l u e s  s u c c e s s i v e l y  as
th e y  a r e  e v a l u a t e d .
O b v io u s ly  f o r  rmuci.mum e f f i c i e n c y  o f  s o l u t i o n ,  
t h e  method w i t h  t h e  b e s t  r a t e  o f  co n v erg en c e  must be found .  
An e x c e l l e n t  c o m p a r iso n  i s  found i n  F o r s y t h  and 
A t e s t  p rob lem  i s  s e t  and t h e  r a t e s  of  con v erg en ce  a r e  
worked o u t  f o r  s i x  m ethods .
The p rob lem  s e t  i s  t h e  s o l u t i o n  o f  L a p l a c e ’ s
E q u a t io n  jj' -  — A — ^ -  0 i n  a s c u a r e  r e g i o n  o f
C ) ;y
s i d e  TC, d i v i d e d  i n t o  n mesh s q u a r e s  w i t h  nh -  x , f i g ,  3.16.o
There  a r e  ( n - l )  ^ i n t e r i o r  p o i n t s .  The r a t e s  o f  c o n v e r g e n c e  
a r e  v a l i d  f o r  t h e  s o l u t i o n s  o f  P o i s s o n ’ s e q u a t i o n ,  w i t h  
D i r i c h l e t  b o u n d a r y  c o n d i t i o n s  (U f i x e d  on bhe b o u n d a r y ) ,
The 5 p o i n t  f i n i t e  d i f f e r e n c e  form of  t h e  e q u a t i o n  i s
A
S i n c e  t h e  k e y h o le  f i e l d  h a s  14 x 15 i n t e r i o r  ] . o i n b s , 
v a l u e  of  n, = I f  i s  u s e d  f o r  n u m e r i c a l  c o m pa,rI s o n  o f  
e a c h  m e t h o d .
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Method
S im u l ta n e o u s  ( J a c o b i )  
D i s p l a c e m e n t s  by 
P o i n t s
S u c c e s s i v e  (Gauss  
S e i d e l )  D i s p l a c e m e n t s  
by P o i n t s
Optimum S u c c e s s i v e  
( SOK) O v e r r e l a x a t i o n  
by P o i n t s
S im u l t a n e o u s  
D i s p la c e m e n t  
I m p l i c i t  by D in es
S u c c e s s i v e  
D i s p l a c e m e n t  
I m p l i c i t  by L in e s
P e aoeman-RacbPo rd  
( /1)L ) A], t  e m a t  in g  
D i r e c t i o n  I m p l i o i t
Approxim ate  
Hate  o f  
Convergence
b;
2b
2b'
-0.773
l o g ^ s in C ë )
N um erica l  
v a l u e s  
n = 14
0 .0 2 5
0 ,0 5 0
0 a 448
0 .0 5 0
0 .1 0 0
0 .3 5 3
fS
\  E x p l i c i t
I m p l i c i t
The Peacenian-’-Kachford Method i s  b a s i c a l l y  t h e  i m p l i c i t  
method o f  s i i i u l t a n e o u s  d i s p l a c e m e n t s  by l i n e s  wibh th e  
e s s e n t i a l  d i f f e r e n c e  t h a t  i n  a l t e r n a t e  i t e r a t i o n s  v e r t i c a l  
and h o r i z o n t a l  l i n e s  ave  s o lv e d .
I t  was t h u s  d e c id e d  to  u se  t h e  e x p l i c i t  method
o f  s u c c e s s i v e  o v c r r c l a x - v t i o n  by o i n t s  (SCH), I n  c. p a p e r
7 0  p  )
i n  1967? O t t e r , C a s s e l l  end H o b b s ' ' c o n s i d e r  a n o t h e r  
method — Dyn.mic R e l a x a t i o n .  80H i s  an a c c e l e r a t e d  method 
u n l i k e  t h e  J a c o b i  and O a u s s - S o i d e l  m ethods .  By u s e  o f  an
a c c e l e r a t o r  t h e  r a t e  o f  c o n verg en ce  can be enhanced? s i n c e
a .
t h e  d i f f e r e n c e  o f  U v a l u e s  a t  two s u c c e s s i v e  i t e r a t i o n s  
i s  m u l t i p l i e d  by a  f a c t o r  q
1 . e. i s  c o r r e c t e d  to  11^5 + q(U^ — •
Dynamic r e l a x a t i o n  i s  an a c c e l e r a t e d  s i m u l t a n e o u s  method 
as  shown below
S im u l ta n e o u s
aa&L3»iiî<\K-.»«rvern-iuwe«v»t '^»w*rr-iv«ieae.«flr.srre.i#CTmi,-/i™iT«rai«.™e«<*rBirei#ty*teuv»inc*r
S u c c e s s i v e
B a s ic J a c o b i Gauss S e i d e l
A c c e l e r a t e d Dynamic H e la x a t  i o n SOR
U sing  P o i s s o n ' s E q u a t i o n  ewch o f  t h e s e  methods i s
r e p r e s e n t e d  by t h e  f o l l o w i n g  a l g o r i t h m s  where U^ i s
t h  /t h e  k ■ a p p r o x i m a t i o n  o f  U a t  th e  p o i n t  ( x , y )  and so on.
J a o o b i l  
Gauss—S e id e l :
a.
6U
ÔU
ÔU
rk + 1
k-fl
kH'l 
x , y
4 x+h ,y  x ,y + h  x—h?y x?y -} r  x , y
, y - A - ^ x , y
4:("x+h, y ' r t ^ I y + h + t ^ l h , y+%x, , y ) '
I n  dynamic r e l a x a t i o n  t h e  e q u a t i o n  i s  e x p r e s s e d  a s  a, damped 
wave e q u a t i o n  to  g i v e
ÔUk+1 (1 _  h < , y  + i ' ( C h , y  + h , y . . h  + t l h , y
+ 4 , y _ A  -  < , y
/ (1 .  | )
/he re  K -  v i sC o u s  dumping f a c t o r ,
however  the  gener:..!  c o n c l u s i o n  i n d i c i  bos t h a t
G OR i s  more e f f i c i e n t  thr.n dynamic re l u x a t i o n *
I n  a d d i t i o n  to  th e  above r e a s o n s ,  SOR i s
e f f i c i e n t  i n  com puter  s t o r a g e  and i s  p r o b a b l y  one o f  t h e
e a s i e s t  to  program.
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3, 3. 2 D e t e rm in a t i o n  o f  an Op>timura Ac o e l e r a t i  
F a c t o r
Having d e c id e d  on th e  method to  he u s e d ,  t h e  one
re m a in in g  p rob lem  i s  t h e  d e t e r m i n a t i o n  o f  an optimum
a c c e l e r a t i n g  f a c t o r  l o p t '
C o n s id e r  f i r s t  a  s i m p l i f i e d  model
S i m p l i f i e d Model  f o r  t h e  Eva l u a t i o n  o f  A c c e l e r a t o r s
C o n s id e r  a  s q u a re  g r i d  o f  s i d e  h — f i g .  3 ,1 7 ,
The f i n i t e  d i f f e r e n c e  form o f  th e  h ih a rm o n ic  i s
^ 20gg -  8 + E g  = 0
where F^ a r e  t h e  v a l u e s  o f  s t r e s s  f u n c t i o n  F a t  
p o i n t s  i ,
how i n  a  non—converged  f i e l d ,  i f  a l l  t h e  v a l u e s  o f  F^
a r e  i n  e r r o r  by e^ from the  t r u e  v a l u e s  4 t h e n
^ i  “■ ^ i  ■" 4* e r r o r .
Thus i n  th e  n e x t  e v a l u a t i o n  o f  t h e  p o i n t  0 ,  to  g i v e  F _ ’o
w i t h  e r r o r  e ^ ’
F fo 4 q  + “ ( 8 . 4 2 p 0 , 1  ^ 4  g  — 0,05^  ^4 g)
*i' ( 0 . 4  y Û01 ^ e 2 — 0 ,0 5  ^ e 2)
0
o
But 4 ^ — 0 . 4  / 4 i  0 , 1) 4g — 0 , 05 \  4  1o r _________________ I_j o
0 . 4 E e , _ 0 . 1 ^ e , _ 0 . 0 5 ] ] e ,  =
t h e r e f o r e  e ^ '  = -  6 «o
OR 6 e = - s ^ '  + = / \ e ^
where Ac -  i n c r e m e n t  by which e  ^ i s  r edu ced  i n  one
e v a l u a t i o n  o f  F^ -  'go V
6e “ a c t u a l  v  l u e  by which e r r o r  i s  d e c r e a s e d ,  
V/ith an a c c e l e r a t o r  q
( iR o .4 ) ] q  -  0.1 f q  -  o . O o f q )  -  ip I + p
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and — qAe OR Ôe = tq.Ae^,
how i n  a  s u c c e s s i v e l y  so lv e d  f i e l d ,  h a l f  t h e  p o i n t s  i n  t h e  
e v a l u a t i o n  o f  w i l l  a l r e a d y  have  b e e n  r e —e v a l u a t e d
and vhus have  a d i f f e r e n t  e r r o r  f rom t h e  r e m a in d e r .  
C o n s id e r  t h e  g r i d  shown i n  f i g .  3 .18  where a l l  p o i n t s  have 
an  i n i t i a l  e r r o r  o f  e  , The p o i n t s  marked w i t h  a  c r o s s  
h ave  b een  r e —e v a l u a t e d  to  g i v e  e r r o r  e ^ ’ and have  
red u c ed  t h e i r  e r r o r  by 6 e
e ^  ’ =  e _  — 5 e ,0 o
The c i r c l e d  p o i n t s  s t i l l  have  e r r o r  e  
t h e r e f o r e  e ’ - C\ 4 (4e 0.1 (4e
0 , 0 5 ( 4 e (q  -  1 ) e
-  A e . ) 0, 5 qd e %eO + Go
q /le_..
t h e r e f o r e  6e =
T h is  f o r m u la  i n d i c a t e s  t h e  u i p e r  l i m i t  o f  q a t  2 and 
when q = 1 ,  6e = 2Ae i n d i c a t i n g  tw ic e  th e  speed o f  
co n v e rg en c e  o f  s u c c e s s i v e  o v e r  s i m u l t a n e o u s  s o l u t i o n s  
( e . g .  Gauss—S e i d e l  o v e r  J a c o b i  methods o f  i t e r a t i v e  s o l u t i o n ) .
These i d e a s  a r e  c e r t a i n l y  n o t  new b u t  th e  model 
g i v e s  a s im p le  and c l e a r  p i c t u r e  o f  an a c c e l e r a t e d  
s u c c e s s i v e  i t e r a t i v e  method.  I n  t h e  1 9 5 0 ' s ,  Young 
d id  much work i n  t h e  s e a r c h  f o r  optimum a c c e l e r a t o r s .
One c o n c l u s i o n  worthy  o f  n o t e  i s  \ , i f  q i s  s l i g h t l y  
l a r g e r  t h a n  q^ ^ t h e n  t h e  i n c r e a s e  i n  h (number o f  
i t e r a t i o n s  to  co nv ergen ce )  i s  r e l a t i v e l y  sm a l l  b u t  i f  q 
i s  s m a l l e r  th a n  q^ ^ t h e n  t h e r e  i s  a  much l a r g e r  i n c r e a s e  
i n  'N \  Many r e s e a r c h e r s  have  s p e n t  much t im e  t r y i n g  to  
a n a l y t i c a l l y  d e t e r m i n e  q^^.  and i n  1962, Carru^^^^ went 
to  t h e  e x t e n t  o f  showing: how s u c c e s s i v e l y  b e t t e r  e s t i m a t e s  
o f  can  be o b t a i n e d  d u r i n g  t h e  c o u r s e  o f  a s o l u t i o n ,
F o r s y t h  and V/asow sum up t h e  problem^ ’ q must  
bo known i n  a r e l a t i v e l y  s h o r t  computer  biuie — c e r t a i n l y  
i n  l o s s  t h a n  t h e  t im e  i t  t a k e s  to  s o l v e  th e  i r o b l e m  w i t h
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any r e a s o n a b l e  g u e s s  o f  q . — Three a p p ro a c h e s  to
d e t e r m i n i n g  q^^^ have  o c c u r r e d  to  th e  a u t h o r s  (1) one
r u n s  f o r  a  number o f  c y c l e s  v / i th  the  method o f  s u c c e s s i v e
d i s p l a c e m e n t s  (q  = 1) (2) one v a r i e s  q o v e r  v a l u e s
n e a r  q^^^ (3)  one t r i e s  to  ap p ro x im a te  th e  l e a s t
e i g e n v a l u e  o f  a  r e l a t e d  p rob lem  w i th  homogeneous boundary
c o n d i t i o n s ,  hone o f  t h e s e  methods h a s  y e t  p roved i t s e l f
to  be o u t s t a n d i n g l y  s u c c e s s f u l  and i t  may even  be  t r u e
t h a t  d e t e r m i n i n g  q i s  a s  h a rd  a  p rob lem  as  s o l v i n g
o p t  .
t h e  o r i g i n a l  p rob lem .
f i n d  in g
Having i n  mind a l l  t h e s e  f a c t s ,  t h e  p rob lem  o f  
f o r  t h e  k e y h o le  s t r e s s  f u n c t i o n  f i e l d  v/as- op c
s o lv e d  p r a c t i c a l l y  by v a r y i n g  q from 1 , 3  t o  1 . 8  and 
w a tc h in g  t h e  e f f e c t  on sample  p o i n t s .  The r e s u l t s  f o r  
t h e  p o i n t  m = 10 ,  n = 3 a r e  shown on t h e  g r a p h  ( f i g ,  3 ,19)
from which  i t  c an  be s e e n  t h a t  qo p t l i e s  a round  1 . 7 .
C l o s e r  s t u d y  i n d i c a t e d  t h a t  q^^ , l a y  be tw een  1 ,6 9  andop c
1 ,7 0  d ep en d in g  on which  p a r t  o f  the  f i e l .d  was c o n s i d e r e d .
C oncern ing  t h e  number o f  i t e r a t i o n s  r e q u i r e d
s i m p l i f i e d  model was unee a g a i n  used ,
C o n s i d e r  now a  r e c t a n g u l a r  f i e l d  2a x 2b 
c o v ered  by a s q u a r e  g r i d  o f  s i d e  ’h ’ , f i g ,  3 . 2 0 ,  such
t h a t ,:i = mil and b nh. I f  t h e  e r r o r  on t h i s  f i e l d  i s
z e ro  on th e  b o u n d a r i e s  and maximum i n  t h e  c e n t r e ,  suppose  
t h e  e r r o r  t o  be o f  t h e  form
e
e or ’( l  cos  liwj ^2 + cos -p-)U’ i'l 0
see  f i g .  3 .21
' f e
Tc' e^o 1  ^ 7i:x
V" b
- A..
X COS 4"" CCS y
. I n
I f  m = 8 and n -  8 16 X 16 mesh f i e l d  of.
k e y h o le  f i e l d
45,
V
t h e r e f o r e  A©
4
' I /  Q  —T mywprw
° 4 .A
0 -  20 , „4 “ 6704" ct
i . e .  w i t h  no a c c e l e r a t o r  a f t e r  670 i t e r a t i o n s  t h e  e r r o r  
w o u l d  he z e ro .
T h is  o f  c o u r s e  assumes t h a t  t h e  e r r o r  would 
d e c r e a s e  b y  th e  same amount e  each  t im e  w hereas  i n  
f a c t  t h e  a c t u a l  d e c r e a s e  i n  e r r o r  5e i s  l e s s  each  t ime,
However i t  i s  i n t e r e s t i n g  to  n o t e  i n  p a s s i n g  
t h a t  t h e  k e y h o le  f i e l d  to o k  be tw een  600 <and 700 i t e r a t i o n s  
w i t h  an optimum a c c e l e r a t o r  o f  1 ,7  to  s e t t l e  t o  w i t h i n  
5 s i g n i f i c a n t  d i g i t s ,  ^
To re d u c e  t h e  number o f  i t e r a t i o n s  t o  con verg ence  
an i n i t i a l  e s t i m a t e  was made o f  t h e  f i e l d  v a l u e s  v i z
4 = ( C . 392430 + 0 ,447491  f  -  0 .612390  r
-  0 .027531 A )  X ( c o s ( ( n -  3)
However a s  can be s e en  from t h e  g r a p h  ( f i g ,  3 , 1 9 ) 
w i t h  a s t a r t i n g  v a l u e  o f  4 -  0 f o r  t h e  p o i n t  ( 1 0 ,3 )  a n d  
an a c c e l e r a t i n g  f a c t o r  o f  1 ,7  ( b ro k e n  c u r v e ) ,  t h e  
c o n v e r g e n c e  i s  a lm o s t  i d e n t i c a l  to  t h a t  w h e n  an  i n i t i a l  
v a l u e  o f  4  -  0 ,7 9  ( f rom  th e  above f o r m u l . a )  i s  u s e d .
3 . 4  R e s u l t s  f r o m  Keyhole  h l a s t i c  S o l u t i o n
3 , 4 . 1 i-E J lh -hhf  I l j
' ' com on bs
Duo to  t h e  n o n - s e a l 'w  formula t i o n  o f  t h e  problem 
t h e  noiu-d ir '  on s i o n a l  i zj ng I s  d o n e  r e l a t i v e  to  rhe  y i e l d  
s t r e s s  Oy, I n  o t h e r  words i t  i s  assumed t h a t  th e  f i e l d  if 
so s t r e s s e d  as t o  cau se  th e  e f f e c t i v e  s t r e s s  a t  t h e  no tch  
r o o t  Jusb to  a t t a i n  a y i e l d  v a l u e .  At th e  n o t c h  r o o t  t h e  
r ad  1 111 &md s h e a r  s t r c o s c s  a r e  ze ro  and f o r  i i lane  s t r a i n
46.
t h e  t h i r d  s t r a i n  = 0 t h u s
T h e r e f o r e  e f f e c t i v e  s t r e s s
— 1 2  2 f
®  =  a /  “  c q O g  =  a ^ J l  -  V +  V
T h e r e f o r e  .at t h e  n o t c h  r o o t
Op “ g 0 “ 1,125 a for v ~ 0,3,
T h e r e f o r e  a t  y i e l d  —  -  1 .1 2 5 ,  —  -  1 ,0 0 0  e t c ,
Y Y
Tlie s t r a i n s  a r e  n o n - d i m e n s i o n a l i z e d  as  f o l l o w s
,  ^ Ï 4  .  -  i  .  Ü » .
"0 Oy * r  Oy  ^ r t  O'y
The d i s p l a c e m e n t s  u  and r  a r e  n o n - d i m e n s i o n a l i z e d  and 
r e - d e f i n e d  ( f o r  s i m p l i f i c a t i o n  i n  th e  s t r a i n  d i s p l a c e m e n t  
e q u a t i o n s )  a s  f o l l o w s
T 'l  Eu p  liiVJJ — ——' uo'yr OyU
3 , 4 , 2  Component  S t r e s s  h i s t r i b n  bions
From t h e  s e t t l e d  s t r e s s  f u n c t i o n  f i e l d  t h e  
s t r e s s e s  were o b t a i n e d  u s i n g  t h e  d i f f e r e n c e  form o f  t h e  
f o l l o w i n g  e q u a t i o n s  and t h e n  non—d i m e n s i o n a l i z e d
1 34 , 1
= r  W  + ; ?  7 p
_  2 .rS "  ' i>r W. 7i0' •
OWo CJ r ,
The p l o t  o f  s t r e s s e s  ~  ■^ raj —  a lo n g  t h e  f-  C. Ch.
Oy ' ' ay- ' ^ -
i s  shown in  f i g ,  3 ,2 2 ,  Also p l o t t e d  on th e  same g r a p h  i s
th e  c u rv e  o f  -h-O g i v e n  by th e  V ,es te rgaard  c r a c k0 Y O' -y-
o o l u ' b i o n -• e q u a t i o n s  ( 3 . 1 )  and ( 3 , 2 ) ,  I t  can be s e e n  how
47
t h e  c r a c k  and —^  p l o t s  a r e  c o n v e rg in g .  T h is  i s  t o  heOy
e x p e c te d  s i n c e  th e  boundary  s t r e s s e s  and a re
f i x e d .  On t h e  o t h e r  hand Oq d r o p s  down t o  n e a r l y  zero  
a t  t h e  o u t e r  b oundary .  T h is  must be due to  t h e  r e m o d e l l i n g  
o f  t h e  i n n e r  b oundary ,  I t  must  be remembered t h a t  we o re  
d e a l i n g  w i t h  ’v i c i n i t y ’ s o l u t i o n s  and so as an  a p p r o x im a t io n  
we can a c c e p t  th e  s o l u t i o n  up to  say ^  = 3 where and
<j^  a r e  a p p r o x i m a t e l y  e q u a l ,  °
As a  check  on e q u i l i b r i u m ?  th e  s u r f a c e  s t r e s s
i n t e n s i t i e s  p a lo n g  th e  l i n e  m -  17 ( f i g .  3 .2 3 )  were
g r a p h i c a l l y  I n t e g r a t e d  and compared w i t h  t h e  i n t e g r a t e d
v a l u e  o f  p due to  a .  a lo n g  t h e  ^  from -  1 to
y ''I ' o
5 , 8517 , E q u i l i b r i u m  was s a t i s f i e d .
With t h e  c o n s i d e r a t i o n  t h a t  th e  s o l u t i o n  i s  
a c c e p t a b l e  up to  ~  -  3? v a r i o u s  g r a p h s  have  been  p l o t t e d
As a  m easure  o f  d u c t i l i t y  and f o r  t h e  u se  i n  t h e  f r a c t u r e  
s t u d i e s ?  • 
f i g ,  3 , 24 ,
t h e  r a t i o  — a l ong th e  ^  i s  shown i n
3 . 4 .3  Comrnnent 81 r a i n I ) i s t r i b u t i o n s
The s t r a i n  d i s t r i b u t i o n s  a lo n g  t h e  ^  and th e  
n o t c h  s u r f a c e  a r e  shown i n  f i g s ,  3 ,25  and 3 .26 ,
3 . 4 .4  Ev a l u a i i o n  0f  Notch O pcr ing  P isV ' la 0ernont  
I n  p o l a r  c o o r d i n a t e s  th e  f o l l o w i n g  a r e  t h e
s t r a i n / d i s p l a c e m e n t  e q u a t i o n s  —
U , D /V\
-  r  + 3:6
Gp ™ "ix ( r^ r
V k /U\ , ^ k / V\
where  u and v a r e  t h e  r a d i a l  and e i r c u m f e r e n b i a l  
d i s p l a c e m e n t s  a s  shov/n i n  f i g .  3 ,27 ,
U sing  t h e  d e f i n i t i o n s  o f  a r a g r a p h  3. 4 ,1  g i  / e s
48,
= D -H I ' l  = (1 -  v^) on r  = (3 ,1?)
V Y
e = r  ]Q ^ —v ( l  *1’ v) on r  -  r_ ( 3 ,1 8 )
a
r  D r  Y ' G
e_A = TT t  y>Â “ 0 on r  == r  , ( 3 .1 9 )'r6 "" -2)0 ' "" -  v.i ^
I n  c h a n t e r  4 a f u r t h e r  v a r i a b l e  F i g  i n t r o d u c e d  and "khig
i s  a l s o  u sed  h e r e  such  t h a t
3 (  rGj 9 /Ev\
= T:: (T-)D r  ‘ k i '  Oy 
r  t  G. (3 .2 0 )
F
D r
The g r a d i e n t s  and r  can now be e x p re s s e d  i n  te rm s
o f  th e  s t r a i n s  — ■
I I  .  r 2 1 ^ .  (3 .2 1 )
I f  ^®r0 . _ ^Gjj ( 3 . 22)
These t h e n  a r e  t h e  e q u a t i o n s  r e q u i r e d  f o r  g i v i n g  
th e  d i s p l a c e m e n t .  The p u rp o se  o f  f i n d i n g  d i s p l a c e m e n t s  i s  
to  r e l a t e  t h e  s o l u t i o n  to  an e x p e r i m e n t a l l y  m e a s u r a b le  
v a l u e .  I n  th e  bend t e s t s  c a r r i e d -  o u t  by o u r  f r a c t u r e  
r e s e a r c h  group? th e  d i s p l a c e m e n t  was m easured  by u s i n g  a 
gauge p l a c e d  a t  p o i n t s  f ^  and on f i g ,  3 ,1 1 ,
C o n se q u e n t ly  i t  was p rop o sed  to  f i n d  t h i s  d i s p l a c e m e n t  by 
n u m e r i c a l  i n t e g r a t i o n  o f  t h e  s t r a i n / d i s p l a c e m e n t  e q u a t i o n s  
a round a r c  hB and up t h e  n o tc h  s i d e  BP  ^ ( f i g ,  3 , 1 1 ) .  
C o n s id e r  t h e  e v a l u a t i o n  i n  two s t a g e s  — r e f ,  f i g ,  3 ,21  
(e  , a r e  known t h r o u g h o u t  t h e  f i e l d )
(1)  Around a r c  FB.
On th e  n o t c h  s u r f a c e  t h e r e  i s . n o  s h e a r  s t r a i n ,  
t h e r e f o r e  e. r^, -  0 ,
(a)  The c i r c u m f e r e n t i a l  g r a d i e n t  ~  i s  found a t
a l l  p o i n t s  u s i n g  e q u a t io n  ( 3 . 2 1 ) ,
(b) From symmetry of F a t  p o i n t  2? 1 /  -  0 ,  and so
by n u m e r i c a l  i n t e g r a t i o n
49,
■ by t r a p e z o i d a l  r u l e .
By S im p so n ’ s r u l e
h  "  ^ ^ 0  34*'P ' /  ■" ■'
and s i m i l a r l y  a l l  v a l u e s  o f  F up to  t h e  
p o i n t  18 can be found.
( c) Choosing ( ^ )  a s  ze ro  g i v e s  = e^ from 
( 3 , 1 7 )  and a s ^ a  f i r s t  a p p ro x i m a t i o n  = 0,
(cl) From ( 3 .1 9 )
and f rom ( 3 .2 0 )  —r  = G — F,
IT)T h e r e f o r e  a t  p o i n t  3? (■ '^ )^ = G^ — F^
= —Fg ( s t e p  c) .
( e )  By Sim p so n ’ s R u le
h  = h + # ( ( # ) /  # 4
■n , H 0^1= Dg + ^  (j^,)
due t o  symmetry o f  D on t h e  ( p  ,
' ( f )  From ( 3 .1 7 )  = U ,  ~  1 '
(g)  By s i m p l e  i n t e g r a t i o n  G^  = Gg -i- 2H(|-|;) ,
(h)  From e q u a t i o n s  ( 3 .1 9 )  and ( 3 ,2 0 )  ( S )  = G . — F . ,^  ^ I" V
( i )  By n u m e r i c a l  i n t e g r a t i o n  = Bg + (~y^)
( j )  S t e p s  ( f )  t o  ( i )  ,are u s e d  i n  d e t e r m i n i n g  B and G
a t  t h e  p o i n t  4 R i n  a  s i m i l a r  f a s h i o n  B and G
can  be found  Uj.* to  t h e  p o i n t  18,
'i'WS i n c e  G -  ? s u b s t i t u t i o n  o f  v a l u e s  f o r-L'Cyr
E? ü r r r  w i l l  g iv e  t h e  sy m m e t r i c a l  h a l f  n o t c h  
o p e n i n g  a t  B,
50 .
(2 )  Up t h e  notch, s i d e
The v a l u e  o f  v i s  known a t  th e  p o i n t  B, a.nd 
V i s  now r e q u i r e d  a t  t h e  p o i n t  P^ ' The m a t e r i a l  a lo n g  
BP^ i s  s u b j e c t  to  v e r y  sm a l l  s t r e s s e s  and can  be 
c o n s i d e r e d ' d e a d ’ , c o n s e q u e n t ly  r e m a in in g  l i n e a r .  As a  
check  s e v e r a l  v a l u e s  o f  d i s p l a c e m e n t  were e v a l u a t e d  a s  
f o l l o w s ' —
(e  0 i s  s t i l l  z e ro  a lo n g  BP^)
(a )  The r a d i a l  g r a d i e n t  r  “  i s  found from (3 ,2 2 )
(b) P i s  known a t  p o i n t  18? and so v a l u e s  o f  F
can be found a lo n g  BP  ^ by a n u m e r i c a l
i n t e g r a t i o n  o f  r  ,
(c )  From t h e  d e f i n i t i o n  o f  F = ^  i t  can  be
s e e n  t h a t  a  f u r t h e r  g r a p h i c a l  i n t e g r a t i o n  w i l l
g i v e  v a l u e s  o f  v a lo n g  BP1'
The v a l u e s  o f  d i s p l a c e m e n t  a lo n g  BP^ d id  
i n d i c a t e  a  l i n e a r  d i s t r i b u t i o n  and so a l i n e a r  e x t r a p o l a t i o n  
o u t  to  P^ was c a r r i e d  o u t ,  which gave  a v a lu e  o f  0 ,0 5 4  mm
f o r  th e  h a l f  o p e n in g .  Thus f o r  th e  f u l l  n o t c h  open in g
b''
b e tw een  P^ and Pg t h e  d i s p l a c e m e n t  i s  35 ,00  ~  mm f o r  a 
r a d i u s  r^  ™ 1 ,4  mm. For  Q1 Navy s t e e l  t h i s  g i v e s  an
o p en ing  o f  0 .1 0 8  mm" a t  B tn e  open ing  i s  0 ,0 1 0  mm.
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P O R U U L A T I O K  AED C L A S S I F I C A T I O N  OE THE E Q U A T I O N S
07 ELASTICITY AND PLASTICITY
4 01 I n t r o d u c t i o n
Eor c o m p le t e n e s s  t h e  f i r s t  p a r t  o f  t h i s  c h a p t e r  
d e a l s  w i t h  t h e  more con œ n t i o n a l  a p p ro a c h  t o  e l a s t o — 
p l a s t i c  f o r m u l a t i o n ,  7 c r  t h e  co n v en ien c e  o f  th e  r e a d e r  
th e  e q u a t i o n s  a r e  r e f e r r e d  to  the  more f a m i l i a r  c a r t e s i a n  
c o o r d i n a t e s .
4 1 , 1 B a s ic  E q u a t io n s
I n  p l a s t i c i t y j  s e v e r a l  b a s i c  e q u a t i o n s  must  b e  
s a t i s f i e d  i n  any s o l u t i o n .  t h e s e  a r e  r e p e a t e d  h e r e ,  f o r  
p l a n e  s t r a i n  c o n d i t i o n s  a l t h o u g h  th e y  may be found i n  
books l i k e  t h a t  by Mendelson^ .
( a) E q u i l i b r i u m
Dx.
0
0,
( 4 . 1 )
( b ) Go rap a t  i  b i  ]. i  t  y
V»» W m
y
( t . 2 )
( c ) S t r e s s - e  b r / i n  r e ],.• a t i o n s  —
T o ta l  s t r a i n s  a r c  m./de up o f  e l a s t i c  s t r a i i n s  
which come d i r e c t l y  from th e  s t r e s s  and p l a s t i c  s i r :  IriFu 
I f  t h e r e  ha.vo been  s e v e r a l , say i , l o a d i n g  i n c r e m e n t s  t h e n  
th e  p l a s t i c  s t r a i n  can be th o u g h t  o f  b e in g  made up o f  th e  
a c c u m u l a t e d  p l a s t i c  s t r / i n  i n c r e m e n t s ,  (up to  b u t  n o t
i n c l u d i n g  th/;  c u r r e n t  i n c r e m e n t )
5 2 ,
p l u s  t h e  c u r r e n t  i n c r e m e n t  Thus
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(d) E q u a t io n s  o f  p l a s t i c i t y
The f o l l o w i n g  e q u a t i o n s  and f o rm u la e  a r e  
f o r m u l a t e d  from t h e  f lo w  r u l e  formed from t h e  two b a s i c  
• p h y s i c a l ’ e q u a t i o n s  which  r e l a t e  t h e  s t r a i n  r e s p o n s e  o f  a 
m a t e r i a l  t o  s t r e s s  l o a d i n g  i n  te rm s  o f  d i l a t i o n  and 
d i s t o r t i o n .  The f lo w  r u l e  i s  t h e  one a s s o c i a t e d  w i t h  th e  
von M ises  y i e l d  c o n d i t i o n  d i s c u s s e d  i n  s e c t i o n  4 ,2  below, 
Lind t h e  e q u a t i o n s  a r e  o f t e n  r e f e r r e d  to  a s  th e  Levy M ises  
e q u a t i o n s
c u p d'e^
de P
2d
de'^
d7P
do
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d
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... ay)
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( 4 , 4 )
where by d e f i n i t i o n  a and d'e^ a r e  t h e  e f f e c t i v e  s t r e s ;
and t h e  e f f e c t i v e  p l a s t i c  s t r a i n  i n c r e m e n t  g i v e n  by
0 ^  2 td^x
a.na a z '
P \2
( 4 .5 )
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4 , 1 , 2  C l a s s i f i c a t i o n o f  E q u a t io n s
I n  e l a s t i c i t y  t h e  p l a n e  problems a r e  o f t e n  
so lv e d  by i n t r o d u c i n g  a  s t r e s s  f u n c t i o n  0  which  i s  d e f i n e d  
by -
° x  = q p i -  Oy = V  = - T x T ÿ  ’ ( 4 . 7 )
When s t r e s s e s  a r e  w r i t t e n ,  i n  t h e  above fo rm ,  i n t o  t h e  
s t r e s s / s t r a i n  r e l a t i o n s  (4,3,) and th e  r e s u l t i n g  s t r a i n s  
s u b s t i t u t e d  i n t o  e q u a t i o n  ( 4 , 2 ) ,  th e
g o v e r n i n g  e q u a t i o n s  i s  o f  t h e  v/el l—known b ih a rm o n ic  form 
( f o r  b o th  p l a n e  s t r e s s  and p l a n e  s t r a i n )
j / V  = ^ ^ ^ ^ 0  = -I- Cy) = 0 ( 4 .8 )
where = a  + 2b 1 4 -  + o 1 - 4
34'x oxdj
and a  = c = 1 ,  b ™ 0 „
I n  a  bounded r e g i o n  R  i n  th e  ( x , y )  p l a n e  w i t h  
boundary  <, th e  e q u a t i o n  10^0 -  0 i s  e l l i p t i c  i f
p y
b" ao X  0 f o r  a l l  p o i n t s  ( x ,y )  i n  R,
S in c e  i n  t h e   ^ o p e r a t o r  a = c = 1, b -  0 ,  t h e  t e s t  i s
p r o v e d ,  and ^ i f  0 ^0  0 i s  e l l i p t i c ,  t h e n  so a l s o  i s
W X  = 0 = P I ,
T h is  c l a s s i f i c a t i o n  o f  e l l i p t i c ,  means t h a t  t h e  p rob lem  i s  
o f  t h e  boundary—v a l u e  ty p e  r e q u i r i n g  t h e  g o v e rn in g  e q u a t i o n
( 4. 8) to  be s a t i s ; f  j. ed a t  a l  1 j o i n t s  ( x , y ) w i t h i n  boundary  
as  w e l l  a s  w i t h  t h e  s p e c i f i e d  boundary  c o n d i t i o n s  on 3'R.
I h e n  u s i n g  a s i m i l a r  r e d u c t i o n  o f  t h e  c o n s t i t u a t i v e
e q u a t i o n s  i n  l; p l a s t i c  zone,  t ; i G  r e s u l t i n g  g o v e rn in g
e q u e t i o n  w h i l e  s t i l l  o f  t i ie  0  "'^ 0 ty pe  li.;s now a nan—zero
Idle, E q u a t io n  ( 4 . 8 )  now becomes
1:1 - ' ( g (} h y )  + d g ( x , y ) )  ( 4 , 9 )
where
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and d g ( x , y )
g ( x , y )
d g ( x ,y )
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s t r a i n
I n  any s o l u t i o n  o f  e q u a t i o n  ( 4 ,9 )  w i th  a  c o n s t a n t  
RHSj t h e  e l l i p t i c a l  a p p ro a c h  i s  o b v i o u s l y  th e  c o r r e c t  one,  
h u t  t h e  e f f e c t  on th e  e l l i p t i c a l  c h a r a c t e r  o f  t h e  e q u a t i o n  
by c h an g in g  t h e  RHS d u r i n g  convergence  to  a  s o l u t i o n  can n o t  
b e e a s i 1y a s s e s  s e d ,
I t  i s  however  i n s t r u c t i v e  to  l o c k  a t  th e  a p p ro a c h  
t a k e n  i n  d e r i v i n g  t h e  g o v e rn in g  eo iua t ions  f o r  tlie  s l i p  l i n e  
f i e l d s .  Once tiga.in Ifne t h r e e  d im e n s io n a l  p rob lem  i s  
red u c ed  to  two d im e n s io n s  w i t h  t h e  a s s u m p t io n  o f  p l a n e  s t r a i n  
( = 0), The m a t e r i a l  i s  assumed to  be r i g i d —p i a s i d c , t tius
t h e r e  a r e  no e l a s t i c  s t m i n s  
'Considered , i , e ,  e = .P
C o n s ta n t  volume i n  p l a s t i c  
f l o w  t h u s  g i v e s  t h a t
, = 0
(T !
+ q  + X  = 0 :i. ■h- - q -
i n t e g r ;  cbed form o f  th  ^ l e v y  1l in o s  e (paa t i e n s (.'1- .4) g i v e s
X  - Y /S^^'x
1 ,
+ #%))
f ( q . - + Og))
0 = f w  - t' z
1 (0^  t  cr,;)
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Also X
Y.xy
y
: % TO xy'
4 -  '"y)
X ’ ^y * ^xy'The s t r e s s  o r  s t r a i n  s t a t e  i s  d e f i n e d  f u l l y  by 
However t h i s  s t a t e  cou ld  be 
d e f i n e d  by an a n g le  2 0  and 
t h e  mean s t r e s s  a ( shown 
g r a p h i e a l l y  on 11 o h r  ’ s C i r c l e )  
i f  t h e  v a l u e  o f  k ( r a d i u s  
o f  Mohr’ s C i r c l e )  were known 
o r  c o n s t a n t .  T h is  l e a d s  to  
c o n s i d e r a t i o n  o f  t h e  von M ises  
y i e l d  c o n d i t i o n ,  ( s e e  s e c t i o n  4*2 below) which s t . a t e s  
t h e  y i e l d i n g  commences when t h e  e f f e c t i v e  s t r e s s  ( 4 -5 )  
r e a c h e s  a  c r i t i c a l  v a l u e  — say  k
t
a 4 (0% Oy) +
OE Cy,2-V. J -I- 'Ç
3
xy k' (R a d iu s  o f  
Mohr’ s C i r c l e ) ^
xyk i s  a l s o  t h e  y i e l d  s t r e s s  i n  p u re  s h e a r  o =
Thus when t h e  maximum s h e a r  s t r e s s  r e a c h e s  k ,  y i e l d i n g  
s t a r t s  and s i n c e  t h e r e  i s  no Vv-ork—hard .en ing ' , t h e  y i e l d  
s t r e s s  i s  c o n s t a n t  i n  t h e  p l a s t i c  zone. The s t r e s s / s t r a i n  
s t a t e  can t h u s  be d e f i n e d  by a ,  20 and k. The c o o r d i n a t e  
a x es  a r e  - u s u a l l y  X,Y w i th  t h e  maximum s h e a r  axes  b e in g  
d e s i g n a t e d  a , (3, On th e  p h y s i c a l  p l a n e  t h e  T Î  a x es  
r e r u l n  f i x e d  w h i l e  t h e  cc;3 a x es  r o t a t e  and d e t e r m i n e  the  
g r a d i e n t s  o f  t h e  cc,|3 s l i p  l i n e s ,  t h e  a n g le  0  b e in g  
t h a t  be tw een  t h e  p o s i t i v e  d i r e c t i o n s  o f  t h e  a and a  a x es .
The new v a r i a b l e s  i n  th e  p rob lem  must now be 
s u b s t i t u t e d  i n t o  t h e  ecpu i l ib r ium  e q u a t i o n s ,  f i r s t  t h e  
s t r e s s e s  must  be e x p r e s s e d  i n  te rm s  o f  “o', k , 2 0 .
a.y
as  can  be s e e n  from th e  
geom etry  o f  Mohr ’ s Circl! e.
a — k s i n  2jb *]
a 'i- k s i n  2 0  L
'Cy_y = ](: coo 20 J
T h e  two e c u i i l i b r i u m  eguo,t i e n s  i n  v.lane s t r a i n  ( 4 , 1 )  become
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^  -  2 k  c o s  -  2 k  s i n  2 0 ^  =  0
( 4 , 1 0 )
and ^  — 2k s i n  2 0 t  2k cos  2 0 ~ 00 y o.,^  V y
where  a = ^(o.^ t  o ^ ) ,
khen t h e  c h a r a c t e r i s t i c s  o f  t h e s e  two s i m u l t a n e o u s  f i r s t  
o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  a r e  fo u n d ,  t h e y  a r e  
r e a l ,  i n d i c a t i n g  t h e s e  e q u a t i o n s  o f  p l a s t i c i t y  t o  be o f  a 
h y p e r b o l i c  t y p e .  S i m i l a r l y  t h e  d i s p l a c e m e n t  o r  v e l o c i t y  
e q u a t i o n s  become
° 1
\  (4 .1 1 )
and t h e  c h a r a c t e r i s t i c s  o f  t h e s e  e q u a t i o n s  ( 4 ,1 1 )  a r e  
i d e n t i c a l  t o  t h o s e  o f  ( 4 , 1 0 ) .  The p r o c e s s  o f  d e t e r m i n i n g  
th e  s l i p  l i n e s  i s  t h e n  t o  u s e  th e  s t r e s s  e q u a t i o n s  ( 4 * 1 0 ) ,
n o t  o a r i n g  to o  much a b o u t  m atch in g  t h e  e q u i l i b r i u m  i n  th e
p l a s t i c  z o n e  bo t h e  s t r e s s e s  i n  t h e  r i g i d  z o n e  o v e r  t h e  
boundary  a n d  a l s o  n o t i n g  t h a t  t h e r e  may be d i s c o n t i n u i t i e s .  
S in c e  t h e  c h a r a c t e r i s t i c s  o f  (4 ,1 0 )  and ( 4 ,1 1 )  a r e  t h e  same, 
t h e  s t r e s B - d e t e r m i n e d  s] .ip  l i n e  f i e l d  i s  used  f o r  
d e t e r m i n a t i o n  o f  d i s p l a c e m e n t s  o r  v e l o c i t i e s  i n  t h e  p l a s t i c  
z o n e .  The i n i t i a l  s t a r t i n g  i n f o r m a t i o n  o n  t h e  p l a s t i c — 
r i g i d  b o u n d a r y  i s  f o u n d  b y  c o n s i d e r a t i o n  o f  t h e  b o d i l y  
movement o f  t l i e  r i g i d  p a r t .  The d i s p l a c e m e n t s  a r e  t h u s  
c o m p a t ib l e  o n  t h e  f i e l d  p r o v i d e d .  The s o l u t i o n  i s  an u p p e r  
bound, s i n c e  c o m p a t i b i l i t y  i s  s a t i s f i e d  o v e r a l l  b u t  n o t  
e q u i l i b r i u m .  The i r a -u rb a n t  p o i n t  to  n o t e  i s  t h a t  b o th  s e t s  
o f  e q u a t i o n s  ( 4 * 3 , 0 )  a n d  ( 4 , 3 . 1 )  a r e  h y p e r b o l i c .  T h J . s  means 
t h a t  o n e  c m  p r o c e e d  i n t o  th e  p d . a s t i c  z o n e  from t h e  r i g i d /  
[ l a c t i c  b o u n d a r y ,  h a v in g  enough i n i t i a l  i n f o r m a t i o n  su p j l l i e d  
o n  t h e  boundary .  T h e  c l a s s i f i c a t i o n  of  h y p e r b o l i c  means 
t h e  : r o l l  cm i s  o f  t h e  i n i t i a l . .  \ . J .u e  ty p e .
T h is  lu e c c r t ' s i n ty  o f  ' h e  t y p e  of e q u a t i o n  h a s  n o t
s a t i s f a c t o r i l y  been  r e s o l v e d .  I t  con bo s e e n  t h a t  o n  o n e
h'.nd th e  e l e . s t o - p l s . s t i a s o l u t i o n  f o r  m a h c r i a i s  w h i c h  a r c  
w o r k —i n . r d o n i n g , a r c  pr-ob foly o f  t h e  e l l i p  i ; i c a l  t y p e  w h i le
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on th e  o t h e r  h a n d ,  t h e  r i g i d  p l a s t i c  s o l u t i o n  f o r  m a t e r i a l s ,  
which  have z e ro  w o r k - h a r d e n in g  a r e  p r o b a b ly  o f  t h e  
h y p e r b o l i c  t y p e .  These would a p p e a r  to  be t h e  two l i m i t s  
o f  t h e  prob lem . P r o f e s s o r  H c C l i n t o c k ^ s t a t e s ,  w i t h o u t  
p r o o f ,  ’Vdiile the  e q u a t i o n s  become e l l i p t i c a l  w i t h  some 
s t r a i n - h a r d en i n g , s t i l l  t h e  ten d e n c y  f o r  h y p e r b o l i c  
b e h a v i  o u r  i s  p r e s e n t ’ .
Thus b o t h  i n i t i a l —v a l u e  and boundary—Vcilue 
a p p ro a c h e s  shou ld  be a t t e m p t e d .
4 a 2 Y ie l d i ng
I n  any a n a l y s i s  i n  p l a s t i c i t y ,  a y i e l d i n g  
c o n d i t i o n  must  be s e l e c t e d .  I n  t h e  h i s t o r y  o f  p l a s t i c i t y  
s i x  o r  more c r i t e r i a  have  been  evofved — se e  H e n d e l s o n ^ , 
Nowadays, how ever ,  two p re d o m in a te  a s  b e in g  most  i n  
ag reem en t  w i t h  e x p e r im e n t ,
(a )  T r e s c a  o r  Maximum S h ea r  Theory
Th is  t h e o r y  assumes t h a t  y i e l d i n g  w i l l  o c c u r  v-hen 
th e  maximum s h e a r  s t r e s s  r e a c h e s  th e  v a l u e  o f  t h e  maximum 
s h e a r  s t r e s s  a t  y i e l d i n g  i n  a s im p le  t e n s i o n  t e s t .  The 
maximum s h e a r  s t r e s s  i s  e q u a l  to  h a l f  t h e  d i f f e r e n c e  be tw een  
th e  maximum and minimum p r i n c i p a l  s t r e s s e s ,
for s im p le  t e n s i o n  o'g = ~ 0 and maximum
s h e a r  s t r e s s  a t  y i e l d  ™ ^  Oy, T r e s c a  t h e n  a s s e r t s  t h a t
y i e l d i n g  w i l l  o c c u r  when one o f  t h e  f o l l o w i n g  i s  re ; .ched  —
( ® i  - - CTgl
I Cfg - a d - "-Ï
1 0 3  - a . ! ' - 1 -
Thi t l i e o r y ,  wl 'l i e i n  f r i r  a g r comont; w i t h
ex:. e r i m o n t , i more d i f f t c u l t to a p p l y  s i n c 0 th 0 r e l ; , - l i v e
s i s es o.nd s i g ,f i CJ o f  t h e  } r i n c  i f u l s t r e s s e u s  t be f o u n d
f i r s  t ,  .huot he r  drawback i s t h a t tb'C as spji i aby a flo .v  r u l e
0 f the  T re s c a c-r i t c r i o n  wr  -i.l n o t i roduco t e fj evy M i s e s
bqu a t  i o n s  ( 1, 4) , b u t  ecu al i o n s w'hi c h  d i f fo r dep e n d i n g  on
th e m;-uiiiiuïïi and minimum ; ei  n o i  l s. t r e s s e s .( 1o r  example.
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i f  and a r e  t h e  maximum and minimum p r i n c i p a l
s t r e s s e s ,  t h e n  ja ^  — a^l = and t h e  a s s o c i a t e d  f lo w
r u l e  would g i v e  _
P 3 d'e^d e p  = 3 ^
de 2^ — 0
a e  P  =  _ 33  ~  ^ 5  '
Sometimes t h e  T r e s c a  c r i t e r i a  i s  u sed  w i t h  t h e  
von M ise s  f lo w  r u l e ,  (Levy Mises  E q u a t io n s  ( l * 4 ) ) *
There  i s ,  however ,  no t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  t h i s ,
(h)  The von M ises  o r  D i s t o r t i o n  Energy T heory :—
T h is  t h e o r y  assumes t h a t  y i e l d i n g  w i l l  o c c u r  
when t h e  d i s t o r t i o n  ene rg y  e q u a l s  th e  d i s t o r t i o n  en e rgy  a 
y i e l d  i n  s im p le  t e n s i o n ,  g i v i n g  —
(a .  -  Op)^ 1 (Op -  1 (03 -  cr-j )^J1 " 2 '  ' " 3 / ' \ " 3
o r  u n d e r  p l a n e  s t r a i n  c o n d i t i o n s  (/i„12)
I t  i s  e s s e n t i a l l y  e m p i r i c a l , b u t  i t  i s  i n t e r e s t i n g  to  n o t e  
t h a t  a Y i s  p r o p o r t i o n a l  to  t h e  r o o t  mean s q u a r e  o f  t h e  
t h r e e  p r i n c i p a l  s h e a r  s t r e s s e s .  S t a t i s t i c a l l y  t h i s  would 
a p p e a r  to  he a b e t t e r  a p p ro a c h  to  y i e l d i n g  and g e n e r a l l y  
t h i s  i s  b o rn e  o u t  e x p e r i m e n t a l l y .  I t  i s  u s u a l l y  e a s i e r  to  
a p p ly  t h a n  T r e s c a ,  and i t s  a s s o c i a t e d  f lo w  r u l e  i s o f  th e  
same form d e s p i t e  v a r i a t i o n s  i n  t h e  m ag n i tu de  o f  th e  
p r i n c i p a l  s t r e s s e s ,
I f ^ h o w e v e ^ t h e  p r i n c i p a l  s t r e s s e s  a r e  known and
t h e i r  r e l a t i v e - m a g n i t u d e s  e a s i l y  d e t e r m i n e d , t h e n  T r e s c a  i s
e a s i e r  t o  app'J.y, I n  example o f  t h i s  i s  to  be found i n  th e
{1 )s o l u t i o n  o f  t h e  t h i c k  \/.;,lled c y l i n d e r  by Eland ' ,
O v e r a l l ,  however ,  th e  von M ises  c r i t e r i o n  i s  
g e n e r a l l y  p r e f e r r e d  ,-nd i s  used  i n  a l l  t h e  e l a s t o —p l a s t i c
s o l u t i o n s  i n  t h i s  work.
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4, 3 formul a t i o n  o f  H i r s t  Orde r  P a r t i a l  D i f f e r e n t i a l .
E q u a t io n s  f o r  t h e  Com plo te  S o l u t i o n  o f  P l a n e  S t r a i n  
El a s  to —p l a s t i  c P r o b le m s ,
4 , 3 , 1  I n t r o d u c t i o n
S in c e  t h e  p ro b lem s  b e in g  so lv e d  u s e  p o l a r  
c o o r d i n a t e s  and s i n c e  t h e  f i r s t  o r d e r  e q u a t i o n s  a r e  u sed  
f o r  t h i s  s o l u t i o n  a s w i t c h  i s  made h e r e  i n  c o o r d i n a t e  
sy s te m s ,
f o r  p l a n e  s t r a i n  c o n d i t i o n s  i n  p o l a r  c o o r d i n a t e s ,  
t h e r e  a r e  two e q u i l i b r i u m  e q u a t i o n s  and t h r e e  s t r a i n  
d i s p l a c e m e n t  e q u a t i o n s  --
3 6  '
,  r
' 3 ^ 6  ,, r
4- 2"/;
4- a
r0 0
0
( 4 ,1 3 )
r t
3 u
Dr
1 Du Dv
Dr
V
r
V
J
( 4 .1 4 )
I f  t h e  s t r e s s e s  a r e  e x p re s s e d  i n  te rm s  o f  s t r a i n s  t h e r e  
a r e  t h e n  f i v e  e q u a t i o n s  f o r  f i v e  u n k n o v / n s  , Y. .A Î uV " r  ' rv
and v* On th e  o t h e r  hand i f  t h e  s t r a i n s  a r e  e x p r e s s e d  i n
Of, % , u andrô  ’t e rm s  o f  s t r e s s e s  t h e  f i v e  unknowns a re
V*
I f  u and V a r e  e l i m i n a t e d  from t h e  l a s t  t h r e e  
t h e r e  i s  formed an e q u a t i o n  o f  . c o m p a t i b i l i t y  o f  s t r a i n s .  
Thus t h r o e  e q u a t i o n s  could  be formed i n  t e rm s  o f  t h r e e  
components  o f  s t r a i n  ( c ^ ,  Y ^ ) ,  b u t  t h e  s i m p l i c i t y  o f
th e  f i r s t  o r d e r  e q u a t io n o  i s  l o s t  w i t h  th e  u se  o f  th e  
second o r d e r  c o m p a t ib i l i t y  e q u a t i o n  v i a
' W ~ ' D r 2
-•i- r r  7j r
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4 , 3 , 2  E l a r r b p l a s t i c  S t r e s s S t r a i n  R e l a t i o n s  — 
P l a i n  S t r a i n  
The u s u a l  b a s i s  f o r  e l a s t o —p l a s t i c  a n a l y s i s  i s  
t h e  i n c r e m e n t a l  f o r m u la e  g i v i n g  s t r a i n s  i n  t e rm s  of  
s t r e s s e s *  The s t r a i n  i n c r e m e n t  i s  made up o f  an e l a s t i c  
i n c r e m e n t ,  v/hich can b e  c a l c u l e . t e d  d i r e c t l y  f rom t h e  s t r e s s  
i n c r e m e n t s ,  and a p l a s t i c  i n c r e m e n t  which can  be found as  
a p r o p o r t i o n  o f  t h e  e f f e c t i v e  p l a s t i c  s t r a i n  i n c r e m e n t  
d'c^ f rom t h e  Levy M ises  E q u a t io n s  ( 4 , 4 ) ,  Thus
den ^ w(dOn — V( do' 4" do. ) ) i  )'0 i:(do_Q^  - v ^  -h Og ) t d%^(
2 ' - r
de
d e
( d o ^  4- d O g ) )  4- d e ^ (
de r
0
d/c
dY r0r t Cr
4 de ^r
v ( d o
de^G 4 d e gz
■ + d e l’ I h ia
0
d e
(orA t  or^)
( d c y  + dSgP)
(4.15)
For  c o n s t a n t  volume p l a s t i c  f lo w  de + dSg^ + de^4 = 0,
I f  one i s  c o n s i d e r i n g  s e v e r a l  i n c r e m e n t s  i t  i s  e a s i e r  from 
a c o m p u t a t i o n a l  p o i n t  o f  v iew to  c o n s i d e r  t h e  t o t a l  s t r a i n :  
e a s  made up o f  a l l  t h e  p r e v i o u s  and t h e  c u r r e n t  s t r a i n  
in c re m e n ts*  The e q u a t i o n s  (4*15) can th u s  be r e w r i t t e n  — 
1 / . . / . . . \ \  _ P
Yr t
0 cie P
o g )  -t e^,- t  de^ P
:‘(c;
(4 ,1 6 )
4 dY^o
The t h i r d  s t r e : c.'.n be e l i m i n a t e d  from tiii) f i r s t  t:/o
n a t i o n s  u s in g  th e  t h i r d  , nd , m u l t i  r j y in g  t h r o u g h  , .11
;q u a t ] o n s  by E, t h i s  g i v e s  
( l  )o'(. — v ( l- a 4- v ) O y  4  ( 1 ) B ( E t 2  4  d c ^ f )
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:= (1 - v ^ )a r v ( l 4 v)^^  4 (1 '-  v )E (e y  + d q i ) r
P 4 d e / ) (4.17)
= 2 (1  + \)) l r0 + E(Yr e '  + ^ ^ r e ' ) J
The s e e q u a t i o n s can be s i m p l i f i e d by th e  i n t r o d u c t i o n o f
th e  v a r i a b l e s a , b, c ,  P , X, y, z d e f i n e d by -
a = «6 + l î i  ( ' / 4 1
b «r •*■4  ! ' / 4 <Je/ ) y ( 4 .1 8 )
c = Us E2Cl+v) ( Y ^ y  + dY P) 1r0   ^ J
P ==
E d Uti i«i «re».* imex;
1 4 V ( 4 . 1 9 )
X -  -?:Tr + 0%)(f
,  .  r  < 4 . » )
n *
C o n s id e r  f o r  oxT.jnple, t h e  c i r c u m f e r e n t i a l  s t r a i n :  from t h e
Levy LIises e q u a t i o n s  and u s i n g  e e u a t i o n s  (i* 19) and (.1,20)
t h  0f o r  th e  i  l o a d  in c r e m e n t  -  p.Xy
and., s i n c e  d u r i n g  th e  p r e v i o u s  ( i  — 1) l o a d  i n c r e m e n t s
I ' lak-
= y i  and t h i s  r i l l  be
v a l u e s  o f  p and X v a ry
i - 1’Ç;—1
k = l
Thus
den o te d  by p p x .
E q u a t i o n s ' ( 4 ,18)  c, 
a, =
an th u
Or 4Xi
b —
- .0
(N ote : V ( a
I n  o r d e r  to ux brae t  to  ta.
k= l
y (4,21)
j
 4 b) 4 ( l  4 \)) ( 2 px 4 / ^ p y ) ) ,
s u r  1 > i n s  f  r  om :i , b ; aid c ,
62.
e q u a t i o n s  ( 4 ,1 7 )  may be r e w r i t t e n
Ee
Ee^ = (1 -  v^ )b  ~  v ( l  + v ) a  Y ( 4 .2 2 )
= 2 (1  + v ) c  ,
4 , 3 , 3  lion-dirae n s i o n a l i z i n g  and Simr I l f i c a t i o n  o f  
Var i a b l , es
I t  i s  c o n v e n i e n t  to  non—d i m e n s i o n a l i z e  t h e  symbols
7?
t h r o u g h o u t  b y  th e  f a c t o r  (where o^r i s  t h e  y i e l d
\ 1s t r e s s )  and b y  r e —d e f i n i n g  t h e  v a r i a b l e s  a s  f o l l o w s
A = — B = CO j  Gy Gy
A8 = B8 = ^  .08 = —
G y  G y  G y
p A
G y ( l 4 V )
S i m i l a r l y  f o r  Y and Z,
rThe r a d i u s  becomes R " —  wriere r  i s  th e  ra .d ius  o f  th e
oi n n e r  s i i r f e o e .  S im l lcv r ly  t h e  d i s p l a c e m e n t s  a r e  non—
zed to
E u
Ohr RX
a r e d e n o te d
XHi |  =--  a  H  « ÏK0 0 CJx
0  ^9Vr- 'f o— h X2I-I = X2R
à i V ~
'20 X
c o n s t rAY',3 i  n v . c onotcd a s  f o i l  ov/s —
7 3  =, 1  . . .  V® 7 4 *  = v ( l  + v )  7 5  =  2 ( 1  + v ) .
The e q u i l i b r i u m  e q u a t i o n s  ( 4 ,13)  t h u s  become
iuH 4  CSf 4  203 = 0
G S h  4  E 3 R  4  R 3 -  A3 =  0.
4 ,2 3 )
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The s t r e s s  s t r a i n  r e l a t i o n s  ( 4 .2 1 )  become 
A : t  PX'' 1
+ PY'f {•
A S
BS -I- r i  ' r
OS +  F z t  J
( 4 . 2 4 )
a n d  u s e  o f  t h e s e  i n  ( 4 . 2 3 )  e n a b l e s  t h e s e  e q u a t i o n s  t o  b e
e x p r e s s e d  i n  t e rm s  o f  s t r a i n s  A, 3 ,  G
v i a . AH 4 CÏÏ 4 2 0  
CH 4 BN 4 3 - A
P X H  4 P Z N  4 2 P Z  
P Z H  4 PYX 4 P Y - P X , ( 4 , 2 5 )
The s t r a i n  d i s p l a c e m e n t  e q u a t i o n s  (4 ,1 4 )  become w i t h  (4 ,2 2 )  
Es■0
Oy
E s r
a.
EY
y
r0
a
D 4 GH
DH 4 G-N
Y
V 3 A  -  7 4 3  
7 3 B -  7 4 A  
7 5 0 ,
( 4 . 2 6 )
a e r o ,
4 , 3 , 4  El  a  8 t i  0 C o nd i  t  i o n s
Under  e l a s t i c  c o n d i t i o n s  p l a s t i c  s t r a i n s  a r e  
Thus from e q u a t i o n s  (4 ,2 4 )
A =  A 6 B  =  3 8 uid 0 8 s i n c e  P -  0.
E q u a t io n s  ( 4 , 2 5 )  and ( 4 . 2 6 )  can now be v ^ r i t t e n  i n  t e r m s  o f  
A, B, 0, I) and G- —
iiH 4 ON 4 2 0  = 0 ]
OH 4 B N  4 3  -  A  =  0
D 4 GH =  7 3 A  -  7 4 3 r
( 4 .2 7 )
D 4 D N  
BH 4 ON
7 3 3  -  7 4 A  
7 5 0
These a r e  t h e  e l a s t i c  ce U'it i o n  i n  f i v e  v a r i a b l e s
?X, TY, I t  a r c  u sed  h e r e  ai-onr tot., .1 u u a t i  i l e s  A,
A3  ^ e t c ,  Puey st-und i 'o r  ulie sum. o i  ai.], t h e  j .e., a/Y
PZ [ r e d u c t s  o v e r  th e  t o t c . l  number o f  in c re m e n ts*  
Thus f o r  i. i n c r e m e n t s
-py —
64.
4 , 3 , 5  on to  J our  VariH.bles
The e(;uLitiüns  (4 ,3 7 )  ca,n be r ed u ced  to  f our  
eçLuatious i n  f o u r  unknowns by i n t r o d u c i n g  a f u n c t i o n  F 
and e l i m i n a t i n g  D and G, where
'7)13
The r e s u l t i n g  f o u r  e q u a t i o n s  i n  th e  v a r i a b l e s  A, B, 0 and 
F a r e  a s  f o l l o w s  where t h e  d e r i v a t i v e s  a r e  w r i t t e n  i n  th e  
u s u a l  form f o r  u s e  i n  t h e  c l a s s i f i c a t i o n  i n  p a r a g r a p h
4 . 3 , 6  below
•20
7)B
V3H H  
V5R
A B
« U - i  - n
3 F
ii(V3 + V4) -  A(V3 + V4) 
-Y5G.
4 . 3 .6  C l a s s i f ]  c a t i o n  o f  E q u a t io n s  ( 4 ,2 8 )
I t  i s  i m p o r t a n t  to  know i n t o  which c a t e g o r y  t h e  
s e t  o f  f i r s t  o r d e r  e q u a t i o n s  i s  c l a s s i f i e d .  The t e s t  
depends  on f i n d i n g  w h e th e r  t h e  c h a r a c t e r i s t i c s  o f  t h e  
e q u a t i o n s  a r e  r e a l  o r  im a g in a ry ,  D e t a i l s  o f  t h e  t e s t  can 
be found i n  C ouran t  and H i l b e r t  Vol,
E q u a t io n s  ( 4 ,2 8 )  a r e  r o - a r r a n g e d  .and w r i t t e n  i n
m a t r i x  forera.
R “0 0 1 0 " 3RR "1 0 0 0~
2 l
At A
0 0 V5 - 1 B V4 -V3 0 0 B
0 1 C 0 C q- 0 0 1 c 0
_V3 -V4 0 c ^ .1 ' ... , _G C 0 F
•20
•V5G
3
(V3 + V 4 ) ( B -  A)
OR
S in c e
A (W) q- Ù ( 4.. 29)
A ■aid B do n o t  depend on A, B, 0 o r  F and s i n c e
d e p e n d s  o n l y  l i n e a r l y  o n  A ,  B ,  a n d  C ,  Lh e  s y s t e m  i s
64a
c o n s i d e r e d  l i n e a r  (C o u re n t  and H i l b e r t  p 4 2 4 , 5 ) ,  E i t h e r  
A o r  B must  be non—s i n g u l a r  f o r  t h e  t e s t  t o  be c a r r i e d  o u t  
and i n  t h i s  c a se  B  i s  n o n - s i n g u l a r .
The c h a r a c t e r i s t i c  d e t e r m i n a n t  i s  Q = lAl — i ' ô l  
where t a r e  the  r o o t s  o f  t h e  e q u a t i o n  Q = 0. I f  t h i s  
e q u a t i o n  d oes  n o t  p o s s e s s  r e a l  r o o t s  t h e n  a l l  
c h c x ro -c te r i s t i c  c u r v e s  a r e  free® c o n t i n u a t i o n  i n t o  a s t e p  
o f  i n i t i a l  v a l u e s  i s  a lw ays  p o s s i b l e  and u n iq u e .  The 
sys tem  i s  t h e n  c a l l e d  e l l iq r t i jq  ( Couran t  and H i l b e r t  p 1 7 1 ) .
Thus
Tib T 0 R 0 = 0
TV/1 TV] RV5 -R
0 R —T 0
RV3 "RV4 0 T
g i v i n g  T iR ,  iR ,  iR ,  iR.
The sy s te m  i s  t h u s  e l l i p t i c .  I t  must  be 
remembered t h a t  th e  above c l a s s i f i c a t i o n  r e f e r s  o n ly  to  th e  
e l a s t i c  e q u a t i o n s  ( l ,  28) ® o, s i m i l a r  t e s t  w i th  s i m i l a r  
r e s u l t s  was c a r r i e d  o u t  on e q u a t i o n s  ( 4 ,2 7 )  f o r  the  f i v e  
v a r i a b l e  e q u a t i o n s .  Ho way can be found to  t e s t  t h e  
e l a s t o —x > las t ic  form o f  t h e  e q u a t i o n s .
4 . 3 . 7  R e d u c t io n  to  Three  V a r i a b l e
A f u r t h e r  r e d u c t i o n  to  t h r e e  e q u a t i o n s  i n  t h r e e  
v a r i a b l e s  can  be e f f e c t e d  by e l i m i n a t i o n  o f  F i n  ( 4 , 2 8 ) ,  
Re—i n t r o d u o i n g  th e  d i s t i n c t i o n  be tw een  s t r e s s e s  \AS e t c , )  
and s t r a i n s  (A e t c . )  and a l s o  th e  p l a s t i c  te rm s  vrlth the  
d e f i n i t i o n s  o f  e q u a t i o n s  ( 4 , 2 4 ) ,  Cfiuat ions  ( 4 .2 6 )  a r e  
f o r m u la te d  as  fo l low s®—
n q u i l i b r i u L i l C5H + A3E + 2C3 
B8H + C8H + B 8 -
OR CR + AH t  20 
OH ^ HR + B "
FfH + FXH + 2P2 
FZH + FYR 4- PY -  P%
(4 .30)
(4 .31)
( 4 . 3 2 ) f
( 4 . 3 3 ) t
Remember FT
ii=i
p q q  otc,
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S t  r  a i i i /D i  s p 1 a c era e n  t  ®—
i v 3AH -  V4BN ~  FH = (V3 + V4 ) (B  -  A) ( 4 ,3 4 )
I V5CN -  m  -  V3BH -f V4AH = -V5C ( 4 ,3 5 )
'N
O p e r a t i n g  on e q u a t i o n  ( 4 ,3 4 )  by Ryg and equant i o n  ( 4 . 3 5 )  by 
g i v e s  y on r e —a rran g em en t?
¥mi = V3A2H -  (2V3 4- V4 )AN -  V4B2N (V3 + 2V4 )BN
and FRH = V50NH + V5CH -  V3B2H V4A2H,
S u b t r a c t i n g  t h e s e  t o  e l i m i n a t e  FHÏÏ g i v e s  —
V3A2H + (2V3 + V4)AR -  V4A2H -  V4B2N -  (V3 + 2V4)BN
4- V3B2H -  V50HH -  V$GH = 0  ( 4 ,3 6 )
E q u a t io n s  ( 4 ,3 2 )  and ( 4 ,33 )  can be used  to
e l i m i n a t e  CIRÎ and OH from ( 4 ,3 6 )  to  g i v e
A2R 4 A2E 4 AIT 4 B2R 4 B2H 4 BIT
= F-BXIT 4 BX2H 4 2BYIT 4 BY2H 4 2B%#
4 2BZNH
( s a y ) ,  ( 4 , 37)
The l e f t - h a n d  s i d e  o f  ( 4 ,3 7 )  r e p r e s e n t s  {7 "(A 4 B ) ,
I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  th e  l e f t - h a n d  s i d e  o f  ( 4 ,3 6 )  
can be found d i r e c t l y  from t h e  s t r a i n  c o m p a t i b i l i t y  
e q u a t i o n  —
a s  fo j . low sh"
U s in g  th e  d e f i n i t i o n s  o f  o tp ra t io n s  ( 4 .2 2 )  i n  ( 4 , 38) g i v e s  
2(1 4 \ ; ^ ) r a  -  \ ; ( l  4 \ ) ) rb ]
i  2 r 1 o r
— (1  — v ^ ) b  — v ( l  4  v ) a  4  r  4 : "  ( b  — v ^ ) b  -  v ( l  4 v )
' d c i t  J
-  0
o r  i n  t h e  n o n - d i m e n s i o n -il. form
(1 -  v^)A2XI + [ 2(1  -  A )  + v ( l  + v)j YÎÏ -• v ( l  + v)A2H
-  v ( l  +  v ) B 2 Ï T -  [ 2 ' j ( l  + v) + ( 1  - -  \i)] Bî; + (X -  v ' t  B 2 H
~  2 ( 1  +  v ) 0 r : u - -  2 ( 1  +  v ) C H  =  0
which  i s  i d e n t i c a l  to  t h e  LUS o f  ( 4 »36) .
66,
The t h r e e  g o v e r n i n g  e q u a t i o n s  i n  t h e  t h r e e  s t r a i n  
f u n c t i o n s  A, B (.-.nd C a r e  t h u s
/ iH 4 CH 4  2 0  =  P Z N  4 P X H  4 2 P Z
OH 4 B N  4 B  -  A  := P Z H  4 P Y N  4 P Y  -  P X  ( 4 , 3 9 )
A 2 K  +  A 2 H  +  A N  +  B 2 N  +  B 2H +  BN =
( l ~ v )
E q u a t io n s  ( 4 ,3 9 )  can however  a l s o  he e x p re s s e d  i n  t e r m s  o f  
t h e  s t r e s s e s  AS, BS and CS,
I n  t h i s  c a s e  t h e  e q u i l i b r i u m  e q u a t i o n s  re m a in  
unchanged ( 4 , 3 0 ) ,  ( 4 ,3 1 )  w h i l e  e q u a t i o n  ( 4 , 3 7 )  must now be 
r e p h r a s e d  u s i n g  t h e  r e l a t i o n s  ( 4 , 24)* Thus
A32N 4 AS2H 4 ASN 4 BS2N 4 BS2H 4 BSN
=  ~  P ,  -  ( P X 2 N  +  P X 2 H  +  P X N
+ P Y 2 N ’+  P Y 2 H  +  P Y N )
=  — ■ f  ~ ( l - v ) P X 2 N  +  V P X 2 H  -  ( 2 - v ) P X H  ?
I -l-v P Y 2 N  -  ( l - v ) P Y 2 H  +  ( l + v ) P Y N  )■
I +  2 P Z H  +  2 P Z N H  ]
= XV-W h  ( s a y ) .
The t h r e e  g o v e r n i n g  e q u a t i o n s  i n  t h e  t h r e e  s t r e s s e s  A3, BS 
and 03 a r e  t h u s
[  A S H  4 C 3 N  4 2 0 3  =: 0
CSH 4 BSN 4 BS -  AS -  0 Pi
A 3 2 N  4 A S 2 H  4 A 3 N  4 B 8 2 N  4 B 8 2 H  4 B S N  =  ^ 5 : ^ 7
( 4 . 4 0 )
T}i e c l  a  8 8 i  12. c 11 b i  0 n 0 f  o qu r.. t  i  0 n s ( -t ,39 )  o nd ( 4 . 4O) 
d o e s  n o t  seem p o s s i b J . e  i n  t h a t  no t e s t  c o u ld  be found due 
t o  t h e  oorq l i c o / t i  on o f  h a v in g  two f i r s t  o r d e r  end 0112 s econd  
o r d e r  e q u a t i o n  and i n  a d d i t i o n  h av in g  a v a r i a b l e  P w h ich  
r e l a t e s  s t r e s s  and s t r ; . h n  t h r o u g h  a  n o r v - l i n e a r  s t r e s s —s t r a i n  
c u r v e .
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CHAPTER 5
F I R S T  A T T E M P T S  A T U S I N G  F I R S T  OR DE R E Q U A T I O N S  
FOR P L A N E  S T R A I N  P R O B L E M S
5 ®1 I n t r o d u c t i o n
Alien i t  was d e c i d e d  t o  i n v e s t i g a t e  t h e  u s e  o f  
t h e  f i v e  f i r s t  o r d e r  e q u a t i o n s ,  few g u i d e l i n e s  c o u ld  he 
fo u n d  i n  t h e  l i t e r a t u r e .  C o n s e q u e n t l y  much e f f o r t  w en t  
i n t o  m e th o d s  w h ic h  had  i n  t h e  l o n g  r u n  t o  he  s c r a p p e d .
S i n c e  t h i s  was t h e  f i r s t  t i m e  t h e s e  l o w e r  o r d e r  e q u a t i o n s  
h a v e  b e e n  u s e d  i n  s t r e s s  and s t r a i n  p r o b l e m s ,  t h o r o u g h  
s t u d y  was made i n t o  e a c h  a t t e m p t .  R e p o r t e d  b e lo w  i s  a  
b r i e f  summary o f  e a c h  s t u d y  i n  t h e  o r d e r  i n  w h ic h  i t  was 
u n d e r t a k e n .  The r e a s o n  f o r  t h i s  summary i s  to  g i v e  an  
i n d i c a t i o n  t o  f u t u r e  r e s e a r c h e r s  w here  n o t  t o  s t a r t ,
Thi s 5 t h  e n, i s  1 a r  g e l y  a ch a t  e r  o f  f  a.i l u  r  e s , 
d e s c r i b i n g  a  f a i r  pimount o f  v/o r k  ^ ,9,P..h If ,t j h  8 s, f  t i l  ch g) ne__by 
one h ad t o  be di s ctir d f d. E s s e n t i a l l y  t l i c r e  were f o u r
main a p p ro a c h e s  tackledh-™
( a  ) So l u  t  i  o n by e l  e m c: n t  s — s o o t i o  n 5, 2
(b)  S o l u t i o n  by i n t e r l a c i n g  g r i d s  — s e c t i o n  5 , 3 ,
( c )  S o l u t i o n  by e x t r a p o l a t i o n  and c o r r e c t i o n  — s e c t i o n
5 .4 .
( d ) 3 o '.11 ! 1 1.o n  b y  L a z —A o n d r o f f  m e  1:1 l o d  — o e c t i o n  5 . 5 .
The r e a s o n s  f o r  f a i l u r e  o f  each  method l e d  t o  
r e m e d i a l  :ari;ion b e in g  to k e n  i n  th?  f o r m u la b io n  o f  t h e  
n e .{t , ThiC cue e l u s i o n s  r e  \chcd on com l e t i o n  o f  c c c h  
method a r e  u m i g r l i n e d ,
Tlie e v e n t u a l  aim of  t h i s  work wus bo s tu d  v 
cl;as t o - ' p l a s t i  c s t r e s s  ; a d s t r .  . in  f i e l d s  ;.-.t t i ie  r o o t  o C a  
k e y h o le  n o t c h .  Ho ,c v c r  due to  th  f. c t  t h a t  t h e  r e  a a l t s  
f rom i;ha new me bhods would have to  be choc.kcd , ;. jiccwn 
ana l ,y t i c a l  c l a s b i o  s o l u t i o n  was u se d .  The ; r:oblera o f
68,
t h e  h o l e  i n  ;-'n i n f i n i t e  m e d ia  u n d e r  u n i a x i u J .  t e n s i o n  was 
s e l e c t e d  s i n c e  i d e n t i c a l  g r i d  c o o r d i n a t e s  c o u ld  be 
u t i l i z e d .  The o n l y  d i f f e r e n c e  i s  t h a t  i n  t h i s  c a s e  a  
s y i i im e t r i c a l  q u a r t e r  n ee d  o n l y  be c o n s i d e r e d  due  to  t h e  
t w o  a x e s  o f  symmetry  — f j .g ,  5 , 1 ,
Once t h e  s o l u t i o n  f o r  t h e  h o l e  had b e e n  f o u n d ,  
t h e  p ro g ra m  c o u ld  be r e —r u n  ( v / i t h  o n l y  s l i g h t  a l t e r a b J . o n  
o f  the  b o u n d a r y  c o n d i t i o n s )  w i t h  t h e  k e y h o l e  d a t a  f ro m  t h e  
s t r e s s  f u n c t i o n  s o l u t i o n .
S o l u t i o n  by E l e m e n t s  i n  t h e  E l c . s t i o  P h a s e
5, 2 , 1  I  rrb r  o d u c t  i  on
I n i t i a l l y  t h e  f i v e  e q u a t i o n s  were  a s  f o l l o w s h  
r e w r i t i n g  e q u a t i o n s  ( 4 , 1 3 )  a n d  ( 4 , 1 4 ) f o r  c o n v e n i e n c e
~Tc'
r
0
0
Equ i  l i b  r  i  u rn ( 5 , 1 )
r
Yr t
u ,
r
V'
j:
u p
3  0
D is p l a c e m e n t ( 5 . 2 )
R a t i o n a l i z e  t h e s e  by making  t h e  f i v e  e q u a t i o n s  STRAIN 
o r i e n t e d  and by u s i n g  t h e  d e f i n i t i o n s
d XU L
(d and g a r e  h e r e  s i m i l a r  to  D and G d e f i n e d  i n  
p ' . r u g r a .  h 4, 3, 3 ) ,
jupu i  , i . x b r : i .u rg  w m c e  j
■ p C v T c r s v ) ' I.— ) £, “I" e
I n  -\i
Y
r r
)Yi .;.PvT [0 . - - v)£.,, h- ve
-  2(T-0T
3)
69.
t h e n  e q u a t i o n s  ( 6 . 1 )  b e c o m e
(1—q  "^^ -6 V , fi c „  y
T1::2V) T 4  r C a P T  Z V  +  ^ ^ T Ï " '  + ^
1—v) , V n K
l~2v)  ^ 3r   ^ ri-27) I t  ' 1  ?:
r0
*f- £
= c
( 5 .4 )
r 0J
U sing  t h e  d e f i n i t i o n s  ( 5 ,3 )  i u  ( 5 ,2 )  g i v e s  w i t h  ( 5 . 4 )
%Gc _ 3E
' . O . S r ï S i . ï , ,1 — v )  t  V1 - 2 v7 W  1:1X 27  i
( X - v )  V V. j. n  qtT"27)-  ^ 7T5 ■*■ rVg’vT TT~ + S
r d + r
7)d
h r
Yr0
3 d  3ji;
-70' 3 3
0
0
I ( 5. 5)
I'h U B  t h e  f i v e  e q u a t i o n s  ( 5 . 5 )  h a v e  f i v e  u n k n o w n s  s ,
Y a ,  d , g.  The o r i g i n a l  i d e a  was to  d i v i d e  t h e  f i e l d  
i n t o  p o l a r  e le m e n t s  a n d  s o l v e  t h e s e  s u c c e s s i v e l y  o r  i n  
g r o u p s .
5 , 2 , 2  .S o lu t io n  o f  I jlomenta
Element  ct(]. ,  2, 3? 4) i s  f i r s t  so lv e d  as
follows®, ( r e f e r  to  f i g ,  5 ,2 ) Assume e ^ , e g i v e n  on
n o t c h  s u r f a c e  — Sp , £c , o , c known. From symmetryV -1 r) I. "I i-
_L (A ,L C
and th e  c o n d i t i o n  o f  no s h e a r  on t h e  n o t c h  s u r f a c e  —
: 0, Thus f o rYr0- Tv a n d  g^1 - T
e le m e n t  a t h e r e  a r e  t e n  unjcnov/ns d
'3
p, ü g ,  ,
e e  
4? \ 4 ,
0 
^^ 0
be
e x i s t s  f o r  YriU
d4
h d
M;
. 3 1 3
■3
g i v e s
0 ,  a n d  a c o n d i t i o n  o f  asymmet;ry
U i t h .  a l l  t h o s e  c o n d i t i o n s ,  a p p l i c a t i o n  o f  
e q u a t i o n s  ( 5 , 5 )  a l o n g  t h e  s i d e s  o f  t h e  e l e m e n t  y i e l d  o n l y
se v en  e c u a t i o n s  and t h r o e  more m u s t  bo found to  s o l v e  th e  
t e n  u n k n o w n s ,  A f u r t h e r  a s su m p t io n  Cc-.n be made —
70.
v i z  ( ]~ |)^  = 0 = q .
Also  two ' e s t i m a t e s ’ must  be made
v i z  e ^  =  0 . 9 4 5
4 3
and dg — d^ -  d^ — d^.
The t e n  e q u a t i o n s  were so lved  by an  e l i m i n a t i o n  
p r o c e d u r e  and n o t  s u r p r i s i n g l y  t h e  r e s u l t s  were n o t  v e r y  
g o o d .  N o n e t h e l e s s ,  e le m e n t  (3 w a s  so lv e d  w i t h  t h e  
v a l u e s  a t  p o i n t s  2 and 4 from a.
W i t h  b e i n g  g i v e n  a n d  =  0 ,
sl.ement ,6 had sev en  unknowns, d^ ,  g ^ ,  , Y^^g, d^ ,
g g .  S ix  e q u a t i o n s  can  be f , o u n d  f rom e q u a t i o n s  ( 5 , 5 )  
a p p l i e a  a lo n g  th e  s i d e s  o f  {3, T h e  s e v e n t h  e q u a t i o n  as  
above comes from t h e  ' e s t i m a t e '
dg -  d^ _ == dg -  dg.
The s o l u t i o n  o f  t h e s e  e q u a t i o n s  p roduced  bad 
r e s u l t s  f o r  (3 and t h i s  a p p ro a c h  was d r o p p e d .
A n  a t t e m p t  was made to s o l v e  e le m e n t s  cc and ;3 
t o g e t h e r  b u t  t h i s  a p p ro a c h  w a s  dropped f o r  s i m i l a r ,  r e a s o n s ,
215 o o ^ c i u s i o n ,  s o l u t i o n  _by  e l e m e n t s  w a s
abandoned due to  t h e  l a qlp o f  ecu x i t ions,.^  A 1  s o  th e  s t r a i n
boundary  c o n d i t i o n s  on th e  i n n e r  s u r f a c e  made i t  d i f f i c u l t  
t o u s e  t h e  s t r e s s  c o n d i t i o n s  =  0 ,  I t  w a s  f e l t ,
i n _ p . d d e i . i i i o n ,  f i f f l Ü f f J a l S B k i L .
e l e i a c n t  mn d e  t h e  ' l i n k i n g  ' o f  v a r i a b l e s  a b  o p f o s i t e  r o i n t s
d j i f f  i c q i l t  ( o , g , a o i n t s  ]. bo 4 ^hh_2^ to  3) a nd th e  u s e  o f
c e n t r e d  d i f f e r  en ce a r . -n i  on t  s i n a c c u r a t e .
5 ,3  s o l u t i o n  by I n t e r l a c i n p :  G r id s
I n  r e s p o n s e  to  t h e  above comment on bo u nd a ry
c o n d i t i o n s  the  e q u a t i o n s ' ( 5 , 2 )  wore GTRES3 o r i e n t e d  u s i  
t h e  e l a s t i c  s t r e s s  s t r a i n  r e l a t i o n s
ik :^  — ( l  V ^ ) o ' g  — v ( l  -'r ^ ) o y
(1 u " ) o ^  e ( l  -f v)o',t
EY^g. = 2(1 +
71,
At t h i s  s t a g e  t h e  v a r i a b l e s  were no r t -c l im e n s io n a l ize d  as
shown i n  p a r a g r a p h  4- h  3 where AS = —™ e t c .  and 
T. m  .  E v,D =  ,
Thus th e  f i v e  e q u a t i o n s  a r e  now
i>CS „ „ „+  2  CO 0 ( 3 . 6 )
U P *
| c s  3 3  _ AS =  0 ( 5 . 7 )
-  ( 1 -  ' d ) A S  -  V ( 1 1  v ) B S ( 5 . 8 )
= ( l  "-  v ^ ) B S  -  V (1 t  v ) A S ( 5 . 9 )
=  2 ( 1 1 V ) 08 . ( 5 . 1 0 )
6>
"3D ,  T) 7G
AR
I n  o r d e r  t o  a c h i e v e  some ’l i n k i n g ’ be tw een  p o i n t s  w hich  
a p p e a re d  t o  l a c k  i n  t h e  p r e v i o u s  m e th od , an i n t e r l a c i n g  n e t
was i n t r o d u c e d  as  shown i n  t h e  f i g .  5 .3 -  T h is  g r i d  sys tem
a l s o  a l lo w e d  b e t t e r  c e n t r i n g  o f  d i f f e r e n c e  g r a d i e n t  
f o r m u la e .  C o o r d i n a t e s  Iv,L d e f i n e  p o s i t i o n s  on t h e  g r i d s .
The bou n da ry  c o n d i t i o n  o f  z e ro  r a d i a l  and s h e a r  
l o a d i n g  on t h e  i n n e r  s u r f a c e  g i v e s
B8 ;= 08 = 0
and on t h e  t h e  symmetry g i v e s
G = 08 = 0,
The v a r i a b l e s  a r e  a s s i g n e d  a t  p a r t i c u l a r  i n t e r s e c t i o n s  on 
t h e  tv/o g r i d s ,  such  t h a t  e q u a t i o n s  ( 5 . 6 )  to  (5110) (u.ai be 
u sed  t o  a d v a n ta g e  a s  i s  shown below, assum ing  s o l u t i o n  o f  
t h e  f i e l d  p r o c e e d s  i n  t h e  p o s i t i v e  0 and p o s i t i v e  It 
d i r e c t i o n s .  Vxien v a l u e s  a r e  r e q u i r e d  a t  p a r t i c u l a r  
i n t e r s e c t i o n s ,  where  no v a l u e  i s  a s s i g n e d ,  t h e n  an 
i n t e r p o l a t i o n  i s  c a r r i e d  o u t  be tw een  n e i g h b o u r i n g  
i  n t  e r  s o c t  i  o n s ,
1) Use o f  e q u a t i o n  ( 5 . 6 )  to  d e te rm in e  [Cf| (K,L) — f i g .  5 .4  
The e q u a t i o n  i s  c e n t r e d  t : t  A  (K — 1, I )
t h e r e f o r e  ( ~ ~ )  + (H 4 ; p )  + 2C3,, , = 0,,
''v T - -, “f ^  lb i r  u *r n J-Jiw-.L 5 Jj xv.'-'r, n
i f )  Use of  o q u x l io n  ( 5 , 7 )  t o  d e te r m in e  [.dpi (K,L) — f i g ,  5 ,5
1 2 .
The e q u a t i o n  i s  c e n t r e d  a t  A  (îM-1,1))
t h e r e f o r e  (li 3 ^ )  4 (3™ ) i- (BS — AS),.  ^ ^ = 0,
I W , L  1^1,1,  A - l , ! .
( i i , i )  Use o f  e q u a t i o n  ( 5 ,8 )  to  d e t e r m i n e  ^  (h ,U) —
5 ,6 ,  The e q u a t i o n  i s  c e n t r e d  a t  A(K,B~“l )
t h e r e f o r e  %  ^ + ( | f )  = ( l - U ) A 8 g
( i v )  Use o f  e q u a t i o n  ( 5 .9 )  to  d e te r m in e  ( K , L ) , 
r a d i a l l y  — f i g .  5 . 7 .  The e q u a t i o n  i s  c e n t r e d  a t  A(N—1?B)
^ -  (1-V ')BS^_^^^ v( l+v)ASg_^^^ ,
(v)  Use o f  e q u a t i o n  (5,10.) to  d e te r m in e  [d] (K,L) , 
c i r c u m f e r e n t i a l l y  — f i g ,  5 ,8 ,  The e q u a t i o n  i s  c e n t r e d  a t
A ( K V ' l )
A t' T -, fii-,, y , ~ 2(l+,)G8g
,tv J 1;—i  iv , If—i
E s s e n t i a l l y  t h i s  method i s  s i m i l ; i r  to  t h e  l a s t  
one i n  t h a t  the  s o l u t i o n  p r o g r e s s e s  from one b o u n d a r y > i n  
t h i s  c ase  t h e  i n n e r  s u r f a c e  to  an o u t e r  boundary  a s  y e t  
u n d e f i n e d .  I n  o r d e r  to do t h i s  t h e  v a l u e  o f  A3 must  be 
assumed known on K = 2 and 4 (OR 2 and 3 ) ,  V/ith t h i s
a s s u m p t io n  and th e  a s s u m p t io n  t h a t  (^^ )  = 0 ,  t h e
2
s o l u t i o n  can p r o g r e s s  s u c c e s s i v e l y  from one K l i n e  to  t h e  
n e x t  h a v in g  f i r s t  s o lv e d  a l l  v a r i a b ] es  on t h a t  K l i n e  f o r  
0 = 0^ to  ,
I t  w i l l  be n o te d  above t h a t  t h e  u s e  o f  e q u a t i o n s
( 5 . 6 )  to  ( 5 .1 0 )  d ocs  n o t  show any way o f  p r o g r e s s i n g  A3
f o rw a rd .  T h is  must  be done i n  a s iraul  tan e o u s  f a s h i o n  as
f o l l o w s I —
73,
R e f e r r i n g  to  f i g ,  5 ,9 .
( a) i s  found a t  (K^L-hl) from ( 5 .1 0 ) ,
(b)  Assume AS h a s  a v a l u e  %,
( c )  (B ^  i s  found a t  (K,L) from ( 5 , 7 ) ,
(d)  @  i s  found  a t  ^IU*1,L) from ( 5 , 9 ) .
( e )  i s  found a t  (K,Lml) from ( 5 , 8 ) ,
M atch ing  o f  t h e  v a l u e s  o f  G from (d)  and (e )  
g i v e 8 X, 1 ,0 ,  AS ( K, L ) .
T h is  method p roved  r e a s o n a b l y  s u c c e s s f u l ,  a  t r i a l  f i e l d  
b e in g  s o l v e d ,  moving f rom  t h e  i n n e r  bo unda ry  K = 2 o u t  
t o  K = 1 4 , s o l v i n g  c i r c u m f e r e n t i a l l y  f rom 1 = 2  to  
L -  14 f o r  each  K l i n e  — f i g ,  5 ,1 0 ,
The r e s u l t s  a r e  shown b e l o w  f o r  u n i c x i o . l  t e n s i o n  a t  
i n f in i ty ® ,  t h e  b r a c k e t e d  v a l u e s  a r e  t h e  e x a c t  v a l u e s  f rom 
t h  e c- n a l y  b i  c a l  s o l u  b 10n ,
Note
74,
K
R ad iu s  
X r 0
L =
AS
2
BS
1 = 3
CS
1 =
A3
10
BS
L = 11 
08
2 1 .0 0
t
1 .1 2 5 0 , 0 0 0 .0 0  * 0 . 375’*’ o . c o ’^ 0 . 0 0
3 1 .0 6 0 .0 1 5(0 .0 1 5 )
0 .0 7 5
(0 .0 7 5 )
4 1 .1 3 0 .8 7 4 ^ 0 ,0 9 6(0 .0 9 4 )
0 . 3 3 6 t 0 .0 3 9
( 0 . 0 3 9 )
5 1. 20 0 ,0 3 4(0 ,0 3 4 )
0 .1 7 1
( 0 . 1 7 1 )
6 1* 27 0 ,7 0 3(0 .7 1 1 )
0 ,1 3 3
(0 .1 3 1 )
0. 298 
( 0 . 304)
0 ,0 7 1
( 0 . 071)
7 1 .3 4 0 .0 4 3  ' (0 ,0 4 3 )
0. 218 
(0 .2 1 8 )
8 1 ,4 2 O'. 589 (0 ,6 0 4 )
0 ,1 4 3
(0 .1 4 1 )
O', 270 
( 0 , 279)
0 .0 9 4
( 0 . 0 9 6 )
9 1 .5 1 0 .047  (0 .0 4 7 )
0. 238 
( 0 . 240)
10 1 .6 0 0. 512 ( 0 .5 3 4 )
0 .1 3 3
(0 .1 3 3 )
0. 246
(0 .2 5 1 )
0 .1 1 3
( 0 . 114)
11 1 .7 0 0,0.49 (0 .0 4 9 )
0 ,2 4 0  
( 0 . 246)
12 1 ,8 0 0, 458 ( 0 ,4 0 6 )
0 ,1 1 8
( 0 ,1 1 9 )
O'. 223
( 0, 2-{.b )
0 .1 2 8
( 0 , 1 2 9 )
13 1 .9 1 0 ,047(0 ,0 4 9 )
0 .2 3 1  
( 0 . 246)
14 2 ,0 3  { 0. 418 (0 ,4 5 4 )
O'. 099 
( 0 ,1 0 3 )
0, 201 
(0 ,2 3 3 )
0 ,1 4 3
( 0 . 143)
'ixod boundary  v r l u o s  o f a Y
Or ^ -0g i v e n  z e r o  b o u n d a r y  c o n u r t i o n o  f o r  a n d  - r ^  ,
°Y. ""T
;-4t N o t e  a l l  t h e  n u m o r i . u - . l L  r o o u l r s  g i v e n  i n  t h i s  c h a p t e r  
a r e  b a s e d  o n  t j - o  e J . a o  t i c  j -1 u n e  s t r .  I n  s o l u t i o n  o f  t h e  
h o l e  i n  t e n s i o n  ,^1 t h e  p o i n t  o f  y i c l u i n g , i . e .
0^2 = #Y'
7 5,
I n  c o n c l u s i o n ,  however ,  i t  was n o te d  t h a t  
ac  cu ra cy  d i n . i n i s h  us  ^ R raid 0 i n c r e a s e d. Th i s  would 
b e a 11: r i h u  t  ed to  t he dec  r e  u s i n g  e f f e c t  o f  t h  e_J] o uii cuiry' 
l i n es  K. = 2 and L -  2 , Ho heed was t a k e n  a.bout
me r g in g  t h e  K  l i npA. a t  _ ■l. v  I 4. i n t o  t h e  known
a n a l y t i c a l  s o l u t i o n , h e v e r t h e l G s s t h e  a p p a r e n t  s u c c e s s o f  
t h i s  met bod ,l e d , . on _to an a t t e m p t  a t  an e l a s t o —p l a s t i c  
s o l u t i o n ,  which  p roved  u n s t a b l e .  B e t t e r  methods were th u s
so u g h t  t o  im r r g v e  evaluat ion^^of^ s .
5 ^  4 S 0 l u  t  i p  II o f  jj'i e 1J by Ex t  r  ax ^ 01 a t  1 o n a nd C o r r e c t i o n
5 . 4 , 1  I n t r o d u o t i o j ?
The two s i m i l a r  methods d e t a i l e d  below e,t temp ted  
t o  e x t r a p o l a t e  from th e  o u t e r  boundary  c o r r e c t i n g  t h e  K 
l i n e s  s u c c e s s i v e l y ■ by, u s i n g  t h e  f i r s t  o r d e r  e q u a t i o n s  i n  a  
r e i t e r a t i v e  t e c h n i q u e .  The e q u a t i o n s  were STRESS o r i e n t e d  
v i z ,  e q u a t i o n s  ( 5 . 6 )  to  ( 5 . 1 0 ) ,
I n  t h e  f i r s t  method much u se  i s  made of  th e  
T r a p e z o i d a l  Rule  ( TR)® c i r c u m f e r e n t i a l l y  t h i s  r u l e  can be 
u se d  to  f i n d  t h e  v a l u e  o f  f u n c t i o n s  a t  n e ig h b o u r i n g  p o i n t s
from ( s e e  f i g .  5 .1 1 )  Xp ~ m -y( m XHp), I t  can  
a l s o  be used  r a d i a l l y .  I n  p l a c e  o f  t h e  g r a d i e n t s ,  
e x p r e s s i o n s  from e q u a t i o n s  ( 5 . 6 )  t o  ( 5 .10 )  can be u se d ,o
F i n a l l y  i t  i s  u sed  t o  f r n d  g r a d i e n t s , e .g .  XHp ~ ^ (
5 . 4 , 2  Method 1
Tj],e f i e l d  used  i s  a s  shown i n  f i g ,  5 ,1 2 .  The 
g e o m e t r i c  r a t i o  o f  r a d i i  won 1 .125  end th e  oqua], 
c i r c u m f e r e n t i a l  s p a c i n g , T h is  t im e  no i n t e r m e d i a t e
n e t  was u se d .  The r a t i o  1 , J .2 5 ja p a n s  thi-,b the r a d i j .  o f
a d j a c e n t  I  l i n - ' s n r o  such t h a t  —eh» =% 1 .12 5  -  T ,RI ■j
I n i t i . ; . l l y  t h e  aol  _i.owi;a,_; boundary  c o n d i t i o n s  were
f e d  i n ^
(a)  On tlie I  0 , 9  l i n e s  a h , Eh, 03, b ,  G - i f K ,  f a n ,  Goih
(b)  Cn t h e  I, == 1 0 ,1 1  l i n e s  AS, EG, 06, Û3H,
where iihh -  ..nd hOa -Rvv"  G tc ,d'\J OJ.
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The f o l l o w i n g  s t e p s  i n d i c a t e  t h e  g e n e r a l  
t e c h n i q u e  f o r  moving from a I  -h 1 l i n e  t o  a  I  l i n e ,
(1)  'Dj i s  found a t  1 = 1 0 ,1 1  u s i n g  t h e  TR and
e q u a t i o n  ( 5 .9 )
i s  found a t  L 10 ,1 1  from e q u a t i o n  ( 5 , 8 ) ,
(2 )  Gj i s  found a t  L = 11 w i t h  t h e  TR and e q u a t i o n
( 5 , 1 0 )
G^ a t  L -  10 i s  found by i n t e g r a t i o n  from L ~ 11
(3)  G.N-J. i s  found a t  L -  1 0 ,1 1  u s i n g  t h e  TR be tw een
I  and I  -i- 1
Dhy i s  found a t  L -  10 ,11  u s i n g  e q u a t i o n  ( 5 , 1 0 ) ,
( i )  AS, BS, CS, G a r e  e x t r a p o l a t e d  on to  l i n e  I  f o r
II -  2, 10 u s i n g  th e  v a l u e s  o f  e a c h  v a r i a b l e  a t
I  -1- 1 and 1 + 2 a n d  a l s o  t h e  norm al  g r a d i e n t  a t  
I  + 1, The e x t r a p o l a t i o n  f o r m u la  u se d  was
1
h  2 ( E  -  i ) X i  H-1 -  -  n x i p "J
(5) S in c e  t h e  v a l u e s  o f  t h e  v a r i a b l e s  i n  ( 4 ) w i l l  show a 
d i s c r e p a n c y  a t  L = 10,  a  c o r r e c t i o n  f a c t o r  i s  
a p p l i e d  a lo n g  t h e  I  l i n e  to  e ac h  o f  t h e  v a r i a b l e s  
bo e q u a t e  t h e  v a l u e s  a t  t h i s  boundary ,
(6)  i s  c a l c u l a t e d  f o r  L = 2 ,10  u s i n g  t h e  TR,
On t h e  I  l i n e  t h e  p o i n t s  a r e  sconned from 
L == 9 i n t o  35 -  3 and a t  each  p o i n t  t h e  f o l l o w i n g  
s t e p s  ( 7 ) to  ( 1 5 ) a r e  lo op ed  4 t i m e s , Also t h e  
o v e r a l l  c a l c u l a t i o n  a lo n g  th e  I  l i n e  i s  lo o ped  8 
biii.es i n  o r d e r  to  a c h ie v e  a c c u ra c y .
T h u s  f o r  e a c h  L p o i n t  on th e  I  l i n e
a - ( 7 )  ASHy i s  found u s i n g  e q u a t i o n  ( 7 , 6 ) ,
(8)  jiOj i s  o..A-culatcd b;y i n t e g r .  t i o n  usin.;.; l i e  TR
XrOIU t> 'I- 1 to  1;,.‘
(  C\ ^ h * vc A  -[-1 . . n w p ‘ 3" M 7  • ■ r i n ' * I 1 i:  v? o  ’ ’ ; A G p,
\  J  . 1 .  V V  L / .  )  ^  J .  I .  ^  ^  I J J . J .  . •  _ l  L  . 1 . .  J /  \  U w l ' . l  u  V T  I j .
( 5 . 7 ) .I
7 7.
( 1 0 ) , i s  found u s i n g  t h e  TH r a d i a l l y  and e q u a t i o n
( 5 . 9 ) ,
( 1 1 ) GHj i s  c a l c u l a t e d  u s i n g  e q u a t i o n  ( 5 , 8 ),
( 1 2 ) Gj i s  found by i n t e g r a t i o n ,
(13)  Ghj i s  c a l c u l a t e d  from t h e  TH r a d i a l l y  f rom  I  + 1,
( 1 4 ) CSj- i s  found from e q u a t i o n  ( 5 . 10 ) .
( 1 5 ) BH.J- i s  found by a c i r c u m f e r e n t i a l  d i f f e r e n c e  fo rm u la .
( 1 6 ) C o r r e c t i o n s  a r e  made f o r  t h e  1 = 2  boundary .
( 1 7 ) R a d i a l  g r a d i e n t s  ASH^, BSNj, CoN^ a r e  found u s i n g
t h e  TH r a d i a l l y ,  f o r  u s e  i n  th e  e x t r a p o l a t i o n  
f o r m u la e  when m o v i n g  on to  th e  I  — 1 l i n e .
D e s p i t e  a l l  t h e  c a r e f u l  f o rm u la t i o n  o f .qbhe 
t e c h n i q u e  t h i s  method l o s t  s t a b i l i t y  very" c u i c k l y ,  when
t h e  c a l c u l a t i o n s  a r e  s t a r t e d  o n  1 = 8 ,  th e  r e s u l t s ,  on
r e a c h i n g  t h e  I  = 6 and 1 = 5  l i n e s  s h o w  t h e  i n i t i a t i o n
o f  a v i o l e n t  o s c i 11a t i 0n ,
5 , 4 .3  M e t h o d  2
Method 2 i s  s i m i l a r  to  Method 1, Both  methods  
s t a r t  a t  an o u t e r  b o u n d a r y  assuming t h a t  a l l  t h e  v a r i a b l e s  
Ad , BS, CS, D, G and t h e i r  g r a d i e n t s  a r e  known, and b o t h  
' e nd ea vo u r  t o  m o v e  i n t o  t h e  i n n e r  boundary  s o l v i n g  a l l  
c i r c u m f e r e n t i a l  l i n e s  s u c c e s s i v e l y .  Method 2, however ,  
d i f f e r s  i n  4 a s p e c t s .  ^
*2( 1 ) The g r i d  d i m e n s i o n s  a r e  a l t e r e d ,  making T - ( 1 ,1 2 5 )
i n  t h e  hope o f  s t a b i l i z i n g  th e  advance  a lo n g  t h e  
r a d , i a l  l i n e s ,  The c i r c u m f e r e n t i a l  sp o v in g  i s  s t i l l
T2 ®
( 2 ) V a r io u s  forms o f  r a c i a l  g r a d i e n t  c a l c u l a t i o n  were used 
i n  the  hope o f  a c h i e v i n g  be b r e r  d i r e c t i o n a l  s t a b i l i  cy 
see  p a r a g r a p h  5 , 4»4.
( 3 ) Method 1 s o l  
i t e r a t i v e  t
od a l l  t h e  v a r i . c b l o s  a t  a  p o i n t  b y  ^ n
c h n iq u e  \ / h e r e a s  i n  Method 2, t h i s  i s
d o n e  D’/ a m a t r i x  e l i L m . n a t i o n  ; r o c c s s ,
7 8 ,
(4)  There  i s  a b e t t e r  k n i t t i n g '  e f f e c t  when w ork ing  
c i  r  cnmf e r e n t i a l l y .
R e f e r r i n g  to  ( l )  above ,  th e  f i e l d  d im e n s io n s  
a r e  a s  shown i n  f i g ,  5 ,1 3 ,  Due t o  t h e  change r a t i o  T, 
t h e  c i r c u m f e r e n t i a l  l i n e s  a r e  a g a i n  d en o te d  by K,
5 , 4 . 4  G r a d i 0n t  Dormulae
C o n s id e r  now t h e  f o r m u l a t i o n  of  t h e  g r a d i e n t  
f o r m u la e  and t h e  b e t t e r  e x t r a p o l a t i o n  fo r m u la  f o r  any 
v a r i a b l e  %,
( a ) Rad i a l  g r a d i e n t s ,
One o f  t h e  s i m p l e r  fo rm u la e  i s  based  on th e  
v a l u e s  X and g r a d i e n t s  XN a t  a d j a c e n t  p o i n t s  on an L
.m e The p o i n t s  a r e  on l i n e s  it + 1 and. K, i . e .  a t  r a d i i .
% + i (11 V ) 5.14, Denote  t h e  r a t i o
o f  r a d i i  by T, and t h e  d i s t a n c e  be tw een  th e  l i n e s  by Ho
t h e r e f o r e
and
U sing  th e  
Thus
T
H
X,T
'R
: ; + i
A t,1+1
K,.(ï -  1) .
'K+1
)
If
bi.nc(
and
Then
OR
i b i d K
AK+1
If
Ù
■? ' W i k i s ’ s . , ,
IT,5i-l
A ,U
u.
i ;+i
u: ( t o l l )
T h is  fo r m u la  however can 
the  v a l u e  o f  X c t  i. + 
t h e  c u b i c , v i z .
be ir:;/ roved upon by i n  c l  u s i  r 1 o f  
2, t h i s  making i t  a c c u r a t e  ue to
7 9 .
XNK
i
M h-2 - , p (  M a  -  M
( 5 . 1 2 )
While  e v a l u a t i n g  t h e  g r a d i e n t  i t  v/as found
t h a t  t h e  v a l u e s  o b t a i n e d  were a lways m o r e  a c c u r a t e  t h a n  f o r
th e  o t h e r  v ;q r ia b le s , I t  was concluded  t h a t  t h e  f i e l d
The e f f e c tv a r i a b l e s  must  b e a r  some r e l a t i o n s h i p  to  (g) 
o f  t h i s  c a n  be n u l l i f i e d  by t a k i n g  th e  g r a d i e n t s  o f  XR,
XR^ o r  XR^ i n s t e a d  o f  X, The v a lu e  o f  XN could  t h e n  be ' 
e x t r a c t e d  f rom t h e  r e s u l t i n g  r e l a t i o n s h i p ,
,2
XIIK
On an XR 
X.
b a s i s  t h i s  r e s u l t s  i n
T^ . $±1 V
^T-1 n c + i
21 j:2T+l 
T^-1
XliK+1
,3
( 5 .1 3 )
On on XR'*^  b a s i s  t h i s  r e s u l t s  i n  
(ji4
-.g—  + 1L_1
m fn2 \
J f " ' .L J '^ r .L. I L. T ^  /  -tr
^X+1 " ^
T(2+3'U ?O
Ï -1
-  ï ( ï + l )  (5.:.4)
As cl check on t h e  a c c u r a c y  o f  each  of  t h e s e  f o r m u l a ,  t h e■>jpq
g r a d i e n t  R —tu” a t  t h e  p o i n t  K = 13, L -  10 ,  c/as e v a l u a t e d2)R
u s i n g  e x a c t  q u a n t i t i e s  a n d  c o m p a r i n g  t h e  r e s u l t s  w i th  th e  
a n a l y t i c a l  s o l u t i o n
Method Value E r r o r
3 m a ly t ic o . l -0 .0 3 6 7 0 9 3 —
Formula  ( 5 .1 1 ) - 0 ,0 3 7 9 3 3 9 B. 2CV
fo rn .u la  ( 5 ,1 2 ) - 0 ,0370029 0.,75':'
R(.;riuula ( 5 , 1 3 ) - 0 ,0 3 6 7 8 2 6 0,20T
I'-ormula ( 'A l à ) - 0 ,0 3 6 7 2 3 6 0 ,0 4 6
Altl.
(5 .1
cugn
3 ) v.r
( i )
fo r m u la  ( 7, i f )  ^wlveo tin? b e s t  r e c u l . t ,  t h e  f o r m u la
;j soJ .ec teu 00me: iwu? cecinuiw s in c e
i t  \/as r ro], osod to  u s e  t h i s  formula, g e n e r a l l y  
f o r  C.11 v a r i . . , b l e s  and come v a r i / f o l e s  such  as
2 l i n e  do n o t  conform
to t h e  (iq) p a t t e r n ^
06 and B6 n e a r  uh
-la%
G0<
( i l )  any i n a c c u r a c i e s  would be e x a g e r a t e d  more by 
m u l t i p l y i n g  by R ,
C o n f i r m a t i o n  o f  t h i s  c h o ic e  i s  shown i n  p a r a g r a p h  5 , 4 , 6 .
( b ) Ci r cum fe re n t i  a l  g rad  r e n t s ,
Two t y p e s  o f  c i r c u m f e r e n t i a l  g r a d i e n t  fo rm u la e  
were r e q u i r e d ,  d e p e n d in g  on t h e  p o s i t i o n  o f  a v a i l a b l e  v a l u e s .  
I f  H i s  t h e  c i r c u m f e r e n t i a l  s p a c in g  — f i g ,  5 . 1 5 ,  t h e  tv/o 
f o rm u la e  a r e
-  5q) -  2Xip.,i (5. 15)
and
lap = n ( 2 , 5  -  2 Xx ~ 0.5 x-^p -  0.5
( 5 . 1 6 )
These f o r m u la e  a r e  o f  u se  when t r a v e r s i n g  t h e  K 
l i n e  i n  a  n e g a t i v e  0 d i r e c t i o n .  When t r a v e r s i n g  i n  a 
p o s i t i v e  0 d i r e c t i o n ,  s i m i l a r  g r a d i e n t s  can be found ,
(c )  Exbro/Gola t ion  fo rm u la .... ' ——
U sing  t h e  XB b a s i s ,  a  b e t t e : /  f o r m u la  can be 
found f o r  e v a l u a t i n g  an e x t r a p o l a t e d  v a lu e  on a K l i n e  
from p ^
M  4. ( E + m . ) X j .^2  -  A  M 4-3
-  m n  ( 6 . 1 7 )
5 - 4 . 5  Method _2 — h o t n od o f  G o l u t ig n
The s o l u t i o n  ox a n y  K l i n e  s t a r t s  a t  L = 1 1  
and works i n t o  th e  96 ,
As an exxamplc o f  t h e  gon e r ;R  method a d 0 3c r i p  t i o n  
i s  g i v e n  below o f  t h e  s o l u t i o n  o f  t h e  v a r i a b l e s  a'b th e  
o i n t  ( R , I )  — f i ^ ,  7 .1 6 ,
7o.r co n v en ien c e  th e  e u . . t icus  ( 5 . 6 )  to  ( 5 .10 )  a rc  r e - " . ; r i t t en 
h' . re
^ch  + Cdh + 2CS = 0 ( 7 . 6 )
33W + Clh + 33 -  Co = 0 ( 5 . ? )
D + GIi = (l-v^)AS -  v(l+v)BS (5.6)
.i) - I -  3 s  = ( 1—V ) 3-J — V( 1 + v ) AS ( 7 a:.')
81
BH + GH = 2 (1+ m)CS (5 .1 0 )
I n  s o l v i n g  t h e  v a r i a b l e s  AS, BS, CS, D, G each  o f  t h e s e  
e q u a t i o n s  i s  e v a l u a t e d  a t  p o i n t  (IC,L), Look a t  e ac h  i n  
t u r n
( 5 . 6 ) The g r a d i e n t  ASH canno t  be d i s c r e t i z e d  u s i n g  a
c e n t r a l  d i f f e r e n c e  f o r m u la  s i n c e  . ha s  n o t
y e t  been  so lv e d  and so fo r m u la  ( 5 .1 5 )  i s  u s e d .  
G r a d i e n t  CSH u s e s  one o f  t h e  fo rm u la e  ( 5 . 1 2 ) ,
( 5 . 1 3 )  o r  ( 5 , 1 4 ) .
( 5 . 7 ) BSN l i k e  CSN u s e s  one o f  t h e  f o rm u la e  ( 5 , 1 2 ) ,
( 5 . 1 3 ) o r  ( 5 , 14). CSH can l i k e  ASH u s e  fo r m u la
( 5 . 1 5 ) ,  However b e  coring i n  mind t h a t  c e n t r a l  
d i f f e r e n c e  f o r m u la e  a r e  more a c c u r a t e ,  f o r m u la
( 5 . 1 6 ) v / a s  u sed  v / i th  t h e  v a lu e  o f  CS a t  L - l ,  
O r i g i n a l l y  t h i s  v a lu e  o f  OS was found th r o u g h  
th e  normal  g r a d i e n t  CSN by, a p p ly i n g  e q u a t i o n
(5 , 6 ) a t  t h e  p o i n t  (K+1,L—1 ) ,  Later ,  however  th e  
e x t r a p o l a t i o n  f o r m u l a  ( 5 , 1 7 )  was u se d ,
( 5 . 8 ) G r a d l e n t  GH s i m i 1a r l y  to  CSH above u sed  th e
c e n t r a l  d i f f e r e n c e  fo r m u la  ( 5 , 1 6 )  v/i th  th e  v a l u e  
o f  G c,t L-1 b e in g  found o r i g i n a l l y  from 
e q u a t i o n  ( 5 .1 0 )  a p p l i e d  -at p o i n t  ( K + 1 , L - 1 ) ,
F i n a l l y  t h e  e x t r a p o l a t e d  v a l u e  was found u s i n g  
fo r m u la  ( 5 , 1 7 ) ^
( 5 . 9 ) T h e  g r a d i e n t  B N  i s  d i s c r e t i z e d  b y  u se  o f  f o r m u l a
( 5 . 1 2 ) , ( 5 , 1 3 ) o r  ( 5114)5 \ / i t h  t h e  v a l u e  o f  BN 
a t  (jC-rl,L) b e in g  rerd .aced by | ( l —v^)BB^^^ x
-V ( -L+V ) /".g+x , I  -- 4 c + l , I'] ' ■
( 5 .1 0 )  BH l i k e  C8E anci GH above u s e s  a  v. ;.lue a t  p o i n t
L—1, T h is  v - l u o  ox j/ n.-n o r i '^ in ; . . l ly  e x t r a p o l a t e d  
t h r o u g h  Bh i n  e q u a t i o n  ( 5 . 9 )  whi,oh wv.s o p , l i e d  a r  
(k+1 ,L-1) cue wva:; l i n a l l y  found u s i n g  fcwLiUia ( p , 1 7 ) 
GN i s  d i s c r o t i n o d  by u se  o f  fo rm u la  ( 5 . 1 2 ) ,  ( 5 ,1 3 )  
o r  ( 5 , 1 4 ) ,
H.iving a ] 'p l i e d  t h o s e  ovg-uitlons, th e  v. . l u e s  o f  AC, 33 ,  CS,
B and G a t  (h ,L )  a r e  soi: i n  t e rm s  of  t h e  o t h e r  known 
ve.ci .b].es and g r a d i e n t s  a t  tiie e c i n t c  shown on f i g ,  5 ,1 6 .
82,
The f i v e  e q u a t i o n s  a r e  t h e n  s o lv e d  by a m a t r i x  e l i m i n a t i o n  
p r o c e s s .
At p o i n t 8 ( K, L+1 ) , (E ,L+2) , (K+1 , L) and (El-2 ,1 )  
a l l  v a l u e s  a r e  known w hereas  a t  t h e  p o i n t  ( E , M -i) t h e  v a l u e s  
o f  08, D, G a r e  e x t r a p o l a t e d  from VcJ-ues a t  ( E + l , L - l )  and 
( E+2 5L - 1 ) ,  However on p r o g r e s s i n g  t o  p o i n t  ( E , L - 1 ) ,
s o l u t i o n  o f  OS, 1), G' a l l o w s  v a r i a b l e s  a t  ( K , l )  to  be more 
a c c u r a t e l y  c a l c u l a t e d ,  i n  t h i s  way a b e t t e r  ’k n i t t i n g ’ 
e f f e c t  i s  a c h i e v e d .
7 , 4 , 6  Method 2 — R e s u l t s
To compare t h e  r e l a t i v e  e f f e c t s  o f  t h e  v a r i o u s  
g r a d i e n t  fo r m u la e  ( 5 . 1 2 ) ,  ( 5 / 13 ) and ( 5 , 1 4 ) ,  t h e  rad roR  l i n e  
L = 7 was s e l e c t e d  s i n c e  i t  i s  i n  t h e  c e n t r e  o f  t h e  f i e l d .  
V a lu es  a t  t h e  p o i n t s  ( 1 4 ,7 )  and ( 1 3 ,7 )  a r e  compared w i t h  
t h e  e x a c t  v a l u e s
f e i n t  ( 1 4 , 7 )
E x ac t
Form ula(  7,12) 
? o rm u la (  5,13) 
Formula  ( 5 ,l..l)
AS
0 .3 55 80
0 ,35559
0 ,3 55 61
0 .35 5 61
BS
0.12060
0 .12064
O . I 2O64
O . I 2O64
CÎ
O .2O4C8
0,20409
0 , 2 0 4 0 8  
0.20406
r G
0.53100
0 ,53096
0 .53096
0 ,53096
- 0 .0 6 32 8  
- 0 .0 6 3 2 8  
R . 0 6 328  
" 0 .0 6 3 2 8
l o i n t  ( 1 3 , 7 ) A3 B3 03 D G
E x ac t 0 .39041 0 ,12264 0 ,2 06 2 1 0 .56494 - 0 ,7 4 4 1 9
.Eormul.a, ( 5112) 0 , 36608 0 .12274 0 ,20726 0 .56498 - 0 .74456
Formulai ( 5.13) 0,, 366O4 0.12278 0 .2 0 69 3 0 .56498 - 0 , 7 4 4 3 8
Formula  ( 5 R-4) 0 ,36604 0 .12278  I 0 ,20698 0 ,5 6 4 9 8 j - 0 ,7 4 4 3 8
A l th o u g h  i t  i s  no t  v e r y  cMwvrly shown, t h e  f o r m u la  (5 -1 3 )  , 
g i v e s  s l i g h t l y  b e t t e r  r e s u l t s  o v e r  c i t h e r  ( 5 , 1 2 ) o r  ( 5 , 14 ) ,
ho / .ever  i t  c an  bo cloc-.rly ce oil thuh  t h e  e r r o r ,  : a t  p o i n t  
(13 >7 ) a r e  g rcvC or  t h e n  a t  ( I 4 , 7 ) ,  I t  i s  t h i s  b u i ld  ui o f  
e r r o r  a s  tv-; , r o c c d u r e   ^ r é g r e s s e s  r- c i ;  i  l y  i n , / ia iuh c a u s e s
t n e  ins t . , ; ,b iJ . i ty .  f  
o f  A8 on h = 7 a r  
c h a r  c
i rs  0... seen ÙC 1.0 V. h u e s
a v e r  r u  c o n t r ^ c r ~h ( \ ■ f 'o rno oxac V  a . i  r e s
e r i s t i c  oF a l l une 0 t h c r  v a r i a b l e s
83,
V alu es  o f  AS on L = 7 i n  f i e l d
K h e d i u s
^0
E x ac t G u lc u lu t e d
14 2 .0 3 Q. 3558 CU 3556
13 1 .9 1 0 ., 3 6 6 4 0. 3660
12 1 ,8 0 0 . 3 7 9 1 0 .3 7 9 3
11 1 ,7 0 0 . 3 9 4 1 0 .3 9 3 6
10 1 ,6 0 0 . . 4 1 2 2 0 .4067
9 1. 51 0 . 4 3 4 0 0 . 4 0 4 9
8 1 ,4 2 0 .46 0 2 0 ,3 3 6 4
7 1 ,3 4 0 . 4 9 2 0 0 ,1 9 8 0
6 1, 27 0 . 5 3 0 5 - 1 . 1 4 2 9
5 1 ,2 0 0,. 5775 - 5 , 0 3 7 5
4 1 ,1 3 0 .6349 - 1 7 .  3899
i 1 .0 7 0 . 7 0 5 3 .-54., 8406
2 1 . 0 0 0 . 7 9 1 7 - 1 6 2 . 5 7 4 1
Method 1 a n d 2 t h u s l ack s t a b i l i t y , I n i t i a l l y
t h e y  stær'b^ 9ut  t h e re  i s  a bui l d  up of  e r r o r  which
i s  n o t  s e l f - c o r r e c t i n g .  Some v a r i a t i o n  of  t h e  r a t i o  T
was a t t e r n " t e d  b u t  t o  no a v a i l .  I t  was f i n a l l y  d e c i d e d
t h a t  t h e  i n s t a b i l i t y  was e s s e n t i a l ] . /  due to  t h e r e  b e in g  no 
second o r d e r  c u r v a t u r e  te rm  in v o lv e d  i n  th e  r^ u i l c l  r o g r e s s — 
ioyn^  ^  ^ ^Iyi.iyls.Rly . . th is  jy; is 117 t . . ,cont od _^be
Rdi e iu i a t i p n s .
The r e l a t i v e  s t a b i l . i t y  o f  t h e  method u s in g  
i n t o i l s u i n g  n e t s  must  be m en t ioned .  A l though  t h i s  d id  
a p p e a r  to  show s t a b i l i t y g  i t  was n o ted  a t  t h e  t im e  t h e  s l i g h t  
b u i l d  up i n  e r r o r .  T h is  method c e r t a i n l y  h a s  some j / io r i t s  
b u t  o v e r a l l  i t  ,appeo.rs t h a t  even kne e r r o r s  h e r e  a r e  no t  
s o j . f -"C or rec t in g ,
I t  was a t  t h i s  oinU i n  t h e  s tu d y  t l u . t  i t  was 
d e c id ed  to  ■. r o c  cod on two f r o n t  As lias been p o in  i.ad o u t
e a r l i e r  t h e  o-uo,y.or\s  c f  i  J r .  s to-_.dw.  s  l ; i c i t y  a r c  o i l ;h e r  
e l l i p t i c a l  o r  hy^ : r b o l i c  o r  a m ix tu r e  of  b o th .  Thus the
two atw'.roa.ches aL tcm  to d  were .'.long, t h e c c  .li.rios
8 4 ,
(a )  h y p e r b o l i c
(b)  e l l i p t i c .
The e l l i p t i c  o r  boundary—v a lu e  a p p ro a c h  p roved  to  
be t h e  c o r r e c t  one ,  and t h e  .development o f  t h a t  method i s  
o u t l i n e d  i n  t h e  n e x t  c h a p t e r .
The h y p e r b o l i c  o r  i n i t i a l —v a lu e  a p p ro a c h  i s  
b a s i c a l l y  an e x t e n s i o n  o f  t h e  methods a lreo .dy  a t t e m p t e d ,  
e x c e p t  t h a t  a  c u r v a t u r e  te rm  i s  now inc luded , .  As i t  i s  
an e x t e n s i o n  o f  t h e s e  p r e v i o u s  methods i t  i s  d e t a i l e d  i n  
t h i s  c h a p t e r — s e c t i o n  5-5 below,
5 ,5  S o l u t i o n  by Lax—f e n d r o f f  Method
The Lax“Avendroff  a p p ro a c h  to  i n i t i a l  v a l u e  
p ro b lem s  i s  to  expand th e  f u n c t i o n - i n  t h e  d i r e c t i o n  o f  
s o l u t i o n  a s  o, T a y lo r  s e r i e s  up t o  th e  c u r v a t u r e  t e rm  and
a p p ly  t h i s  a t  t h e  l a s t  e s t i m a t e d  p o i n t .  For exam ple ,
c o n s i d e r  any f u n c t i o n  X = f ( x , y )  and i t s  e x p a n s io n  i n  t h e  
X d i r e c t i o n  betv/een p o i n t s  1 and 2 a t  a  d i s t a n c e  k a p a r t  
( f i g ,  5 , 1 7 ) .
Thus P P
" b  =  M  +  T b X E q  +  2 7 ^ / 2 -----------  •
The s e r i e s  i s  t r u n c a t e d  a t  t h e  c u r v a t u r e  term, how suppose
t h a t  t h e r e  e x i s t s  a f i r s t  o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
r e l a t i n g  th e  g r a d i e n t s  o f  X i n  t h e  x and y d i r e c t i o n s  
t h e n
( A )  = , ( E 2 )  )
7Jx'- '  1 ? y ‘- 1
and th e  cxaa .nsion  can  bo w r i t t e n
..L
wnoro a-j 5 a.-., a r e  c o n s t a n t  c o e f f i c i e n t s ,
b u on bhG y d e r i v a t i v e s  a r e  d i s c r e t i z e d , u s ing  veJuoo  o f
X r.,t ! o i n t s  j  and 4? a i  s t a n c e  ii i .y -v t  pbhon e;. n be
8  5<
e x p r e s s e d  a s  a  f u n c t i o n  o f  th e  v a l u e s  o f  X a t  1 ,  3 and 4 
and th e  c o n s t a n t s  h  and k
Xg = f (X ^ ,  X , k ,  h ) .
I n  h y p e r b o l i c  e q u a t i o n s ,  t h e r e  cini be  found a 
r e l a t i o n s h i p  be tw een  k and h ,  w i t h i n  which  th e  s o l u t i o n  .is 
s t a b l e  b u t  o u t  o f  w hich  i n s t a b i l i t y  v/il3. u l t i m a t e l y  o c c u r .
The r e l a t i o n s h i p  i s  found by e v a l u a t i n g  t h e  c h a r a c t e r i s t i c s  
o f  t h e  sy s te m  o f  e q u a t i o n s .  I n  o u r  e q u a t i o n s ,  how ever ,  t h e  
c h a r a c t e r i s t i c s  a r e  aJ-1 im a g in a ry  ( s e e  p a r a g r a p h  4» 3» 6 ) ,
The meaning o f  t h i s  c a n n o t  be e x p la in e d  i n  p r a c t i c a l  te rm s .  
However., i n  h y p e r b o l i c  p ro b le m s  i t  i s  good g u i d e l i n e  t o  keep  
around o r  l e s s  t h a n  1, With a c h a r a c t e r i s t i c  f i x e d ,  l i n e
3 ,2  f o r  example ,  t h e  s o l u t i o n  must work w i t h i n  t h i s  t o  r e t a i n  
s t a b i l i t y .  Thus w i t h  p o i n t  3 b e in g  a bound a ry  v a l u e  th e  
s o l u t i o n  t o  p o i n t s  6 and 7 w i l l  n o t  v i o l a t e  t h i s  s t a b i l i t y  
c o n d i t i o n .
5 , 5 , 2  F i e l d  S i z e s
The d im e n s io n  o f  t h e  f i e l d  used  i s  shown i n  fig..  
5 .1 8 .  1 
The I?ad ia l  r a t i o  T = I.,. 125^
= 1 .06066 ,
The c i r c u m f e r e n t i a l  s p a c i n g  i s  H =
= 0 ,9 8 1 1 ,
■it any r a d i u s  r  t h e  r a t i o  o f  ’-a' d i f f e r s  w h e th e r  moving 
r a d i o l i . y  o r  o i r c u m f e r e n t i a J . l y  — f i g .  5 R 9, R a d i a l l y
1" Ic
( =  0 . 6 2 ,  Oircumf o r ont  i n l l y  (p^)  = = 1. b 1,
5 . 5 .3  to  rmul; 7 hicTi  o f  T y l o r  8 c r i e s  f e r  Grid  
Dipynmm.cyis
ilio p ro p o se d  d i i - e c t i o n  o f  so l u t  i o n  i s  ci. t h c r  i n  
th e  ne^yutivc c o r  zicg . Live R d c r  j c t i o u s ,  'aic fo rm el  .e 
be low c/j:c For any v . . r i a b f e  X,
( a) Circumf o r e n t i ; . l ly f  —
The s c r i e s  u x / a n s i o n  from p o i n t  (E ,1 + ]J  Uo (h /L )
8 6
y/b d i s t a n c e  H a p a r t ,  f i g .  5 .20  i s  
V  = ^lH-1 -
= Xj-^1 -  + A  Ï 2 q ^ l .  ( 5 .1 8 )
(b)  R a d i a l l y  t —
The s e r i e s  ex j /ans ion  from %)oint (K+1,L) t o  (KjL) 
a t  d i s t a n c e  ( a pa r t ,  f i g .  5 .20  i s
Yv ( B-'ir , -, R-,r ) " '%2y
K+l E+i
But %v+3 ~ T. Rg-7 t h e r e f o r e  — Rj-^  = R^ . ( T—1 ) ,
2
Tberefore ^&+l ^^%+l'
However remembering t h e  b e n e f i t  g a in e d  i n  t h e  l a s t  method
' 2by d e v e l o p i n g  t h e  f o r m u la e  on an XR b a s i s  th e  above 
e q u a t i o n  i s  a l t e r e d  a s  f o l l o w s
f d  ■ (A
K+l 237 Sif K+
(lix)j, = (iROg+i -  lai^à^Mx)) p .
n-r T Git 
o
g i v i n g  : q  = + ( ' A 2 ) ('.C-I);aq^_^ + n / L l l  X2iq_j.^. ( 5 . 1 9 )
5 . 5 ,4  R e f o r m u l a t i o n  o f  E q u a t io n s  f o r  Iroc—V/endroff 
Il .91 hod
Fo r  t h i s  h y p e r b o l i c  a p p ro a ch  to  t h e  s o l u t i o n ,  th e
f i v e  f i r s t  o r d e r  e q u a t i o n s  were red u ced  to  f o u r  f i r s t  o r d e r  
e(j_uati('rjG by t h e  i n t r o d u c t i o n  o f  t h e  VL.riable  R,
From c h a p t e r  4 •> th e  e q u a t i o n s  (4=28) o r e  r e p e a t e d  
h e r e ,  c o n s i d e r i n g  o n ly  th e  e l a s t i c  c a se  where i-S = A e t c ,
OR + MI + 2 0  = 0
BR + Ch + B -  A = 0
V3/RT -  V4BR -  FR + (V3+V4)(A-.3) = 0
V5CR -  FIT -  V3BH + 747^1 + V5C = 0,
These eiuu t i e n s  hu.vo t o  be r e fo rm e d ,  t o  g i v e  th e  lah i iR .  o r
c i r c u m f o r e n t i a l  c u r v a t u r e  and gr,.r a i e n t  o f  any v a r i a b l .e  i n  
t e rm s  o f  bho f o u r  v a r i a b l e s  and t l i e i r  c i ro u i^ fc re iv b ia l  o r  
r a d i a l  c u r v a t u r e s  and g r a d i e n t s  r e s p e c t i v e l y ,
87,
A2N
B2IT
02N
P2E
The r a d i a l  g r a d i e n t s  and c u r v a t u r e s  a r e  t h u s
AIÏ = B -  A -  Y2CH + I I
BÎI = A -- B ~  CH
CH = -AH -  20
m  = - 7 5  C -  ( 75-74)  M  -  733K
3A -  3B -  ( H  + 1 -  4V2)CH -  I I -7 j
3A + 3B + (4 -7 3 )  CH -I- #  + A2H
4iJl
73
BH + 72C2H + - P  + 6 0
( 5 . 2 0 )
2A2H -  B2H
.3V5C -  (V3+2V4-3V5)AH- V4BH + (l+2V2)C2H
-  (2+V2)?2H
The c i r c u m f e r e n t i a l  g r a d i e n t s  and c u r v a t u r e s  a r e  t h u s
AH =  - O H  -  2 0
BH =  ( 4 + 2 7 2 - 7 5 ) 0  +  ( 2 + 7 2 ) CH
OH =  A  -  B  -  BH
BH =  ( 7 3 + 7 4 ) ( A - B )  +  7 3 A H  -
m
73
(5. 21)
( 5 , 2 2 )
A2H
B2H
02H
P2H
-2A + 2B -  AH + 4BH + B2H
- 6 A -  8B + 5BH -  A 2H - 2B2H
BH -  60 -  3(72+3)OH -  (2+72)02H +
(74-73)BH -  2(73+374)0 -  (4V3+37472 
-  (73+274+7472)C2H + 372BH -- 72B2H
-^H B2H
73
(5.23)
v/aere 72 V 73 = 1-v ' 74 = v ( l + ^ )  75 = 2 ( l+ v )
rorsson s ratio
5 , 5 .5  H i r s t  L^"ithed o f  Ool.u Lion, Big, 5 ,21
Two methods o f  s o l u t i o n  were a t t c i n  t e d , The
f i r s t  had c+ c o r  it .in m o u n t  o f  s o p h i s t i c a t i o n  and t h e  
C/p/or ience  g a in e d  from t h i s  l e d  to  th e  seco n d ,  v/hicli i s  
d e a l t  w i t h  i n  % arag raçh  5 . 5 , 6 ,
The a n a l y t i c a l  hound..•.ry v a l u e s  end g r a d i e n t s  a r e
fed  i n  on the K -  1 0 ,1 1  l i n e s  end t h e  L = 1 0 ,1 1  l i n e s .  
The s o l u t i o n  now e ro c o e d s  as  1 o l lov /s '  —
88,
(a )  Area  I, i s  f i r s t  so lv e d  by moving i n  r a d i a l l y  to  l i n e
K ~ 6, U s in g  t h e  c o n c e p t  o f  c h a r a c t e r i s t i c s  a r e a  I
o n ly  e x t e n d s  up t o  t h e  l i n e  p^Pg. The ^  i s  a l i n e  
o f  symmetry o r  asymmetry and so th e  s o l u t i o n  can 
move up t o  L ~ 2. On moving to  a !(' l i n e  from a
K+1 l i n e  t h e  f o l l o w i n g  s t e p s  a r e  u s e d ' —
( i )  On t h e  K+1 l i n e  t h e  c i r c u m f e r e n t i a l
g r a d i e n t s  and c u r v a t u r e s  o f  th e  v a r i a b l e s  
a r e  e v a l u a t e d .
( i i )  The norm al  g r a d i e n t s  and c u r v a t u r e s  o f
e ac h  v a r i a b l e  a r e  found a t  each  p o i n t
u s i n g  e q u a t i o n s  ( 5 .2 0 )  and ( 5 , 2 1 ) ,
( i l l )  The v a l u e s  o f  the  v a r i a b l e s  a r e  found a t  
e ach  p o i n t  on th e  K l i n e  (up  to  t h e
l i n e  p^Pg) u s i n g  th e  Lax—V/endroff
e q u a t i o n  ( 5 , 1 9 ) ,
(b) The d i r e c t i o n  o f  s o l u t i o n  now changes  and a r e a  I I  i s  ,
so lv e d  by moving o i . r c u m f e r e n t i a l l y  from l i n e  h  =- iO, 
The c h a r a c t e r i s t i c  l i n e s  a r e  now p-jP^ and PgPg,
On moving from o.n L+1 , l i n e  to  an fj l i n e  t h e  
e q u a t i o n s  ( 5 ,2 2 )  and ( 5 ,2 3 )  a r e  u s e d ,
( c) A reas  I I I  and IV a r e  c a l c u l a t e d  s i m i l a r l y  t o  s t e p  (a),
and v a l u e s  a t  p o i n t  ( 2 , 9 )  a r e  found by i n t e r p o l a t i o n .
I n  t h i s  way t h e  Lax—V endroff  p r o c e s s  can  p r o g r e s s
a c r o s s  t,he f ieJ .d  from i t s  o u t e r  boundL.ry i n t o  t h e  i n n e r
boundary ,
I^rUALt s
Comparison i s  made be tw een  th e  so lv e d  v a l u e s  and 
a n a l y t i c a l  v a l u e s  on ' fhe l i n e  K -  2 a t  p o s i t i o n s  
L " 2, 4. j 6 and 6, I t  should  be remembered t i n t  on th e
u -  2 l i n e ,  L and C shou ld  be s e ro .
Method
A n a l y t i c a l
(E x ac t )
V a r i a b l e  I
Lax— 
W endroff
A
B
C
E
A
B
G
E
1 ,1 2 5 1
0,0
0 . 0
0 . 0
1 ,1177
0 ,0053
0 , 0
0 , 0
II 4
1 .0680
0 , 0  
0,0
- 0 .2612
1 .0618
0 .0047
0 ,00 2 8
-0.2653
L
0 ,90 5 3
0,0
0,.0
-0 . 4 8 2 6
0 .9 1 0 1  
-0,0045 
0.0C24 
-0, 4356
89
L = 8
0 ,6619
0 . 0
0 . 0
- 0 .6306
0 ,66 2 3
- 0 . 0 0 1 3
0 ,0023
- 0 . 6 3 9 2
These va lue ,s  compare f a v o u r a b l y ,
5*5,6  The Second Method o f ' So l u t i o n
A l th o u g h  t h e  r e s u l t s  above lo o k  f a v o u r a b l e ,  t h e  
o v e r a l l  f i e l d  s h o w e d  g r e a t e r  e r r o r s  i n  t h e  a r e a  I I  n e a r  t h e  
r a d i a l  L = 9 ,1 0  l i n e s .  I t  w i l l  be r e m e m b e r e d  t h a t  i n  
t h i s  r e g i o n  t h e  s o l u t i o n  i s  p r o g r e s s i n g  c i r c u m f e r e n t i a l l y  
and d u r i n g  t h i s  p r o c e s s  t h e  r a t i o  ( ^ )  = 1 ,6 1  a s  c a l c u l a t e d  
i n  t h e  p a r a g r a p h  5 , 5 . 2  on f i e l d  s i % e 0 .  T his  i s  an 
u n f a v o u r a b l e  r a t i o  f o r  t h e  L a x —W e n d r o f f  m e t h o d .  Two ways 
o f  overcom ing t h i s  a r e
( i )  t o  r e - s h a p e  t h e  g r i d  s i s e  to  g iv e  
k k
( p O
r
( S)
" c
1
o r  ( i i )  to  - r o g r e s s  p u r e l y  i n  a r a d i a l  d i r e c t i o n .
S in c e  t h e  f i o l d  w a s  c l r e a d y  s e t  up t h e  l a t t e r  way 
was c h o s e n .  The d i f f i c u l t y  o f  p r o g r e s s i n g  o n ly  r a d i a l l y  i s  
tln-.fc the  f i e l d  i s  s u c c e s s i v e l y  c o n t r a c t i n g  due to  th e  
c h a r . . . . o t o r i s t i c  l i n o s ,  T h i s  ho\;- ; V c r  was o v e r c o m e  i n
j. j, oroj V sL,0 ho..LO ..iis uac ■0.1 0 :
( a )  C o n s id e r  f i r s t  Ihv h o le  , roc]  cm — f i ^ ,  5 '2 2 .  Luc t o
e / j . I * > y U .1. b-icn r.’on t io no d  , t h e  v a l u e s  o f ji
and B o re  sp o im e t r ica l  . nd 0 c.no E s .symr.e tr ic .A o v e r  th e  
boundarv ,  however Aieso c o e d i t i o n s  a l s o  e x i s t  o v e r  t h e
Of,; boundory  and so the  s o l u t i o n  can p ro ceed  from t h e
9 0 ,
K = 11 boundary  i n t o  t h e  K = 2 bo u n d a ry ,  s o l v i n g  a l l
p o i n t  L = 2 t o  18 on each  K l i n e ,
(b)  Fo r  .the k e y h o le  ( f i g ,  5 ,23 )  t h e  above symmetry does
n o t  e x i s t .  However s t a r t i n g  on t h e  o u t e r  K -  11
boundary  and u s i n g  t h e  f u l l  sy m m e t r i c a l  h a l f  (L ~ 2 to  34)? 
t h e  s o l u t i o n  can s t i l l  p ro ceed  i n t o  t h e  i n n e r  K -  2 
boundary .  The c h a r a c t e r i s t i c  l i n e  PgPp nieans t h a t  a r e a  
IX re m a in s  u n s o l v e d .  T h is  a r e a  i s  s m a l l ,  t h e  p o i n t  Pp
h a v in g  c o o r d i n a t e s  ( 2 , 2 5 ) ,  t h e  n o tc h  s u r f a c e ,  l i n e  L = 34,
h a s  p r e s c r i b e d  s t r e s s  c o n d i t i o n s .
Thus i n  o r d e r  t o  m atch  a r e a  I I  i n t o  a r e a  I  w i t h  a  
v iew  t o  r e v e r s i n g  t h e  d i r e c t i o n  o f  s o l u t i o n ,  sm ooth ing  
fo r m u la e  were d e v e lo p e d .  These f o r m u la e ,  a l t h o u g h  
d e v e lo p e d  h e r e  f o r  t h i s  p a r t i c u l a r  a p p l i c a t i o n ,  a r e  u sed  i n  
t h e  e l l i p t i c a l  e l a s t o —p l a s t i c  s o l u t i o n s ,  which  a r e  d e a l t  
w i t h  i n  C h a p te r  7,
The p r o c e s s ,  when used  i n  r e v e r s e  ( f i g ,  5 , 2 4 ) ,  
can  s o l v e  a r e a  I I I ,  s t a r t i n g  from t h e  smoothed K -  2 
boundary  v a l u e s  and r e s t r i c t i n g  th e  s o l u t i o n  to  w i t h i n  t h e  
c h a r a c t e r i s t i c  l i n e  p ^ p , .  On r e a c h i n g  th e  K = 11
boundary  t h e  a r e a  IV can be smoothed i n  be tw een  a r e a  I I I  and
t h e  L = 34 b oundary .
Once a g a i n  t h i s  s o l u t i o n  gave f a v o u r a b l e  r e s u l t s  
on t h e  K -  2 boundary  a s  w e l l  as  i n  th e  f i e l d ,
5 . 5 . 7  Con c l u s i o n
I f ,  a s  i n  t h e  c,bove c a s e s ,  t h e  v a l u e s  and g r a d i e n t s  
on t h e  o u t e r  boundary  a r e  known t h e n  c e r t a i n l y  th e  s o l u t i o n  
u s i n g  h a x - h e n d r o f f  w i l l  p ro du ce  good r e s u l t s ,  l o s s i b l y  t h e  
nun-Koro v a l u e s  o f  B and C on K ~ 2 could  be r e v e r s e d  
and t h e  p r o c e d u r e  a t t o r n ; t e d  i n  t h e  o p p o s i t e  d i r e c t i o n ,  on an 
i n c r e m e n t a l  b a s i s ,  t h e  ; %'ooesj i s ,  however ,  n o t  s e l f  
c c r c e o t i n g  — e r r o r s  i n  i n i t i a l  v a l u es w i l ]  t e nd _to bo 
(vu .'..gera t e d , I f  one r e v e r s e d  th e  s i g n  o f  B and G on 
h  - 2,  t h e  v a l u e s  o f  A eind k v-ould a l s o  r e q u i r e  a 
c o r r e c t i v e  i n c r e m e n t  aie g i n  th e  e ] .as to—p l . i s  t i  c s o l u t i o n
9 1 ,
c o n te m p la te d ,  A and E c an n o t  be assumed t o  be known. 
G o n seo u e n t ly  a p o l y i n a  th e  p r o c e d u r e  i n  r e v e r s e  i s  u s e l e s s .
T h is  means t h a t  th e  p r o c e d u r e  can o n ly  be a p p l i e d  
one way. I n  'hie e l a s t i c c a s e , t h i s  a p p e a r s  t o  g i v e  a 
r e a s o n a b l e r e s u l t .  The s o l u t i o n  t o t h e e l a s t o —p l a s t i c  
problem  i s  a  d i f f e r e n t  m a t t e r  b e c a u se  t h e  i n i t i a l  boundary  
v a l u e s  c an n o t  r e f l e c t  t h e  p r e s e n c e  o f  a \a le lded  zone w i t h
d i f f e r e n t  g o v e r n i n g  e q u a t i o n s .  T his  wi].l  t h u s  t e n d  to  
minimi s e  t h e  ex t e n t  of  ul a s t i
S i n c e  t h e  s o l u t i o n  depends  so much on t h e  i n i t i a l  
boundary  v a l u e s  and g r a d i e n t s ,  an a t t e m p t  was mad.e to  a l t e r  
t h e  v a l u e s  o f  A and Au on t h e  o u t e r  boundary  f o r  t h e  
e l a s t o —p l a s t i c  s o l u t i o n .  The a l t e r a t i o n  o f  A  and AH was 
a t t e m p t e d  u s i n g  ci p e r t u r b a t i o n  t e c h n i q u e  which  was i n t e n d e d  
t o  m i n i m i s e  t h e  v a l u e s  o f  o and T . on t h e  i n n e r  s u r f a c e .  
The c o m p l e x i t i e s  o f  t h i s  t e c h n i q u e  mounted w i t h o u t  showing 
much b e n e f i c i a l  r e s u l t  a n d ,  w i t h  th e  e l l i p t i c a l  a p p ro a c h  a t  
t h i s  t im e  showing h o p e f u l  r e s u l t s ,  i t  w a s  d e c id e d  t o  suspend 
any f u r t h e r  a t t e m p t  a t  a  h y p e r b o l i c  e l a s t o —p l a s t i c  s o l u t i o n .
The enormous e f f o r t  t h a t  went i n t o  t h e  work
d e t a i l e d  i n  t h i s  c h a p t e r  d id  p ro d uce  some u s e f u l  r e s u l t s ,
?T h e  i d e a  o f  a p p l y i n g  a Z "R b a s i s  f o r  g r a d i e n t s  d e v e lop ed  
i n  p a r a g r a p h  5 . 4 . 4  a r e  a p p l i e d  d i r e c t l y  i n t o  th e  e l l i p t i c a l  
a p p r o a c h .  S i m i l a r l y  t h e  sm ooth ing  f o r m u l a e ,  b o th  r a d i a l  
and c i r c u i i f  e r e n t i a l , \AiicIi were d e v e lo p ed  and found 
n e c e s s a r y  to  g iv e  t h e  h y p e r b o l i c  m e t h o d  any c h an c e ,  a r e  a l s o  
o f  u s e  i n  t h e  e l l i p t i c a l  ap p ro ach ,o s , e s p e c i a l l y  t h e  
e l l J . a  t i c a l  e l a s t o —p l a s  bio p r o b l e m .
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CHAPTER 6
E L L I P T I C A I '  A P P R O A C H  TO THE E L A S T I C  P R O B L m i
6 ,1  I n t r o d u c t i o n
I n  c o n t r a s t  to  t h e  l a s t  c h a p t e r ,  v/h: ch  e s s e n t i a l l y  
d e a l t  w i t h  a t t e m p t s  a t  i n i t i a l - v a l u e  s o l u t i o n s ,  t h i s  
c h a p t e r  d e a l s  w i t h  t h e  e l l i p t i c a l  o r  b o u n d a r y - v a lu e  a p p ro a ch .  
' , / i th  i n i t i a l - v a l u e  p ro b le m s ,  a l l  t h e  n e c e s s a r y  i n f o r m a t i o n  
i s  amassed on one boundary  from which  t h e  soD.ution 
p r o g r e s s e s .  On t h e  o t h e r  hcU id /boundary-va lue  p ro b lem s  
have  t h e  n e c e s s a r y  boundary  i n f o r m a t i o n  d i v i d e d  among i t s  
e n c l o s i n g  b o u n d a r i e s .
I n  e l l i p t i c a l  p ro b lem s  t h e r e  a r e  two main 
su b p ro b le m s  which must  be r e c o g n i s e d ! -
( a) t y p e s  o f  boundary  c o n d i t i o n s  ™ 6 , 1 . 1
( b ) f i e l d  e q u a t i o n s  — 6 , 1 . 2 ,
B e fo re  d e c l i n g  w i t h  t h e s e ,  c o n s i d e r  t h e  u s u a l
method o f  c l a s s i f y i n g  second o r d e r  p a r t i a l  d i f f e r e n t i a l
( 22^e q u a t i o n s ,  e . g .  h i t c h e l l '  b
DUpv.-ose tho, t R  i s  o, bounded r e g i o n  i n  the  
(x j  ,Xp) p i  une w i t h  t h e  boundary  BR , The e q u a t i o n
( 6 , 1 )
i s  s a i d  to  be e l l i p t i c  i n  R  i f  b^ — ac 0 f o r  r J l  
p o i n t s  (x-, , Xg) i n  JI , I t  r s  , /o r th  n o t i n g  t h e  i m p o r t a n c e
01 t h e  s i g n s  o f  tiie c o e f f i c i e n t s  a and -c b e c a u s e  i f
ac 0 t h e n  b /  — ac  0 and th e  e q u a t i o n  i s  th en  c l a s s i f i e d  
a s  h y p e r b o l i c '  i f  b'^ -  ac i t  i s  s a i d  to  be p a r a b o l i c .
6 , 1 . 1  Typos o f  Bound(.,rv C o n d i t i o n s
Two d i s t i n c t  p rob lem s  i n v o l v i n g  e q u a t i o n  ( 6 . 1 )
3 »
a r i s e  d e p en d in g  on t h e  boundary  c o n d i t i o n s  p r e s c r i b e d  on
( i )  t h e  f i r s t  b o u n d a ry  v a lu e - p r o b le m  o r  h i r i c h l e t  
p ro b lem ,  r e q u i r e s  o n ly  a  s o l u t i o n  o f  e q u a t i o n  
( 6 . 1 )  w hich  t a k e s  on p r e s c r i b e d  v a l u e s
U  ~  f ( X n
on t h e  bo un d a ry  M l ,
( i i )  t h e  second  b o u n d a ry ” v a l u e  p rob lem ,  o r  Hermann 
p ro b lem  r e q u i r e s
^  = gCx^^.Xg)
on 3 R  , Here  y -  r e f e r s  to  d i f f e r e n t i a t i o n
a lo n g  t h e  norm al  t o  d i r e c t e d  away from t h e
i n t e r i o r  o f  %  .
As an example  o f  t h e  u s e ' o f  t h e s e  c o n d i t i o n s ,  i f  
one l o o k s  back  to  t h e  s o l u t i o n  o f  th e  b ih a rm o n ic  e q u a t i o n  
(w h ich  i s  e l l i p t i c ) , i t  can  be s e e n  t h a t  two boundary  
c o n d i t i o n s  were r e q u i r e d  on each  boundary  s i n c e  i t  was a 
f o u r t h  o r d e r  e q u a t i o n .  The e q u a t i o n  r e q u i r e d  t h e
f u n c t i o n  4 and i t s  norm al  g r a d i e n t  to  be s p e c i f i e d  on each  
b o u nd a ry  — D i r i c h l e t  and Heumann I r o b l e m s .
6 , 1 , 2  F i e l d  E q u a t i ons
U s in g  a g a i n ,  a s  an  example,  t h e  b ih a r m o n ic  
s o l u t i o n  i t  was s e e n  how t h e  -  0 e q u a t i o n  was
d i s c r e t i z e d  i n  su ch  a way t h a t  t h e  v a lu e  a t  a  n o d a l  p o i n t  0 
cou ld  be e x p r e s s e d  i n  t e rm s  o f  t h e  v a l u e s  ;at i t s  tw e lv e  
n e i g h b o u r i n g  p o i n t s  — se e  f i g ,  ( 6 ,1 )
q j  |o(ip^-Hu2-i4’3 + v ,p - -■
(6 , 2 )
yî O _
I f  one l o o k s  a t  t h e  h a rm on ic  e q u a t i o n  y 'O -  0 ( L a p l a c e ' s  
E q u a t i o n ) , i n  c a r t e s i a n  c o o r d i n a t e s  —
= 1 %  + A  = 0
Dx" ^y"
t h i s  can  be d i s c r e t i z e d  to  g i v e  th e  v a lu e  a t  a  n o d a l  p o i n t  
0 i n  t e rm s  o f  t h e  v a l u e s  a t  i t s  f o u r  n e i g h b o u r i n g  p o i n t s  
( . f ig ,  6 . 1 ) viz..
9 4 .
= ^'(4 2 + 4 2 1 4 2 + 4 ^ ) .  ( 6 .3 )
I n  b o t h  o f  t h e s e  exam ples  t h e  e f f e c t  o f  e q u a t i o n s  (6,2) and (6.3) i s  
to  ' b a l a n c e ’ t h e  v a l u e s  a t  0 f rom i t s  n e i g h b o u r i n g  p o i n t s .  
T h is  however  c a n n o t  be e f f e c t i v e l y  done w i t h  a f i r s t  o r d e r  
e q u a t i o n .  Fo r  exam ple ,  t h e  e q u a t i o n
dx  by
would be s im p ly  d i s c r e t i z e d ,  to  g i v e  ( s e e  f i g .  6 .1 )
4 3 I  4 2 41 4 ^  — 0
w i t h  no 4g  te rm  p r e s e n t .
I t  was t h i s  a b sen c e  o f  4^  thaï:  prompted t h e  u se  
o f  second o r d e r  f i e l d  e q u a t i o n s  based  on t h e  d i f f e r e n t i a t i o n  
o f  t h e  f i r s t  o r d e r  e q u a t i o n s .  I t - s h o u l d  be p o i n t e d  o u t  
h e r e  t h a t  t h e  f i r s t  o r d e r  e q u a t i o n s  do g i v e  v a l u e s  o f  
f u n c t i o n  g r a d i e n t s  o v e r  t h e  f i e l d  and t h e s e  i n  f a c t  can be 
i n t e g r a t e d ,  b u t  t h i s  i s  n o t  t h e  e l l i p t i o c v l  f i e l d  e q u a t i o n  
a p p ro a c h .
The q u e s t i o n  now a r i s e s  a s  t o  h o w  t o  
s i m u l t a n e o u s l y  s o l v e  s e v e r a l  v a r i a b l e s .  I n  th e  exam ples  
j u s t  quo ted  t h e r e  was o n ly  one v a r i a b l e  4 and so i t  cou ld  
be c o n t i n o u s l y  and m e t h o d i c a l l y  r e c a l c u l a t e d  t h r o u g h o u t  t h e  
f i e l d  u n t i l  c o n v e rg e n c e  was a c h i e v e d .  I f  t h e r e  a r e  s e v e r a l  
f i e l d  v a r i a b l e s  t h e n  t h e r e  must  be an i n t e r a c t i o n  a m o n g  them 
s i n c e  each  e q u a t i o n  i s  a f u n c t i o n  o f  two o r  m o r e .  I f  
co n v e rg en c e  i s  a c h i e v e d  w i th  one v a r i a b l e ,  w h i l e  t h e  o t h e r s  
a r e  h e l d  c o n s t a n t ,  t h e n  a s  soon a s  any o f  t h e s e  o t h e r  
v a r i a b l e s  a r e  r e c a l c u l a t e d  t h i s  d i s r u p t s  t h e  s o l u t i o n  o f  
t h e  f i r s t .  The an sw e r  to t h i s  d i f f i c u l t y  i s  t o  s c a n  th e  
f i e l d  a  f e w  t i m e s  r e c a l c u l a t i n g  one v a r i a b l e  w h i le  h o l d i n g  
t h e  o t h e r s  c o n s t a n t  and t h e n  s c a n  t h e  f i e l d  a few t im e s  
a g a i n ,  r e c a l c u l a t i n g  a n o t h e r  v a r i a b l o  w i t h  t h e  b e t t e r  v a l u e s  
o f  t h e  f i r s t ,  and t h e  most  r e c e n t l y  c a l c u l a t e d  v a l u e s  o f  
t h e  r e s t  b e in g  h e ld  c o n s t a n t . And so o n  t h r o u g h  - 31  t h e  
v a r i a b l e s  and b a c k  t o  t h e  f i r s t .  I t  was f e l t  t h a t  be tw een  
5 and 10 s c a n s  o f  t h e  f i e l d  f o r  each  v a r i a b l e  sh o u ld  _ l l o w  
t im e  f o r  anv d i s t u r b a n c e s  i n  t h e  f i e l d  to  t r a n s m i t  t h e i r
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I n  v iew  o f  t h e  r a p i d  i n c r e a s e  i n  th e  number o f  
i n t e r a c t i o n s  w i t h  i n c r e a s i n g  number of  v a r i a b l e s ,  i t  was 
d e c i d e d  t o  r e d u c e  t h e  number from f i v e  t o  f o u r  by . , .
i n t r o d u c i n g  th e  v a r i a b l e  F ( d e f i n e d  i n  p a r a g r a p h  1 , 3 . 9 ) ,
S in c e  t h i s  was a  new method o f  s o l u t i o n ,  once 
a g a i n  t h e  e l a s t i c  s o l u t i o n  was e x h a u s t i v e l y  i n v e s t i g a t e d  
u s i n g  t h e  a n a l y t i c a l  s o l u t i o n  o f  t h e  h o l e  u n d e r  t e n s i o n  a s  
a  check  on a c c u r a c y .  C o n se q u e n t ly  a l l  t h e  v a r i a b l e s  can 
be s i m p l i f i e d  by i n s e r t i n g  i n t o  t h e  e q u i l i b r i u m  e q u a t i o n s
AS = A, BS = B and 08 = G
( d e f i n e d  i n  4 . 3 , 3 ) .  The f o u r  v a r i a b l e s  a r e  now A, B, C
end F,
6 ,2  Bound any C o nd i  t  i  on s
S in c e  o n ly  t h e  s o l u t i o n  i n  t h e  v i c i n i t y  o f  t h e  
h i g h  s t r e s s  p o i n t  i s  s o u g h t ,  t h e  sm a l l  h a t c h e d  a r e a  i n  
f i g .  6 . 2  i s  t h a t  o f  i n t e r e s t .
For  a b s o l u t e  f reed o m  o f  th e  b o u n d a r i e s ,  th e  
îfiinimum bo u nd a ry  c o n d i t i o n s  a r e  a s  f o l l o w s  — f i g ,  6 .3
( i )  K = 2 b o u nd a ry .  S in c e  t h e r e  i s  no norma],
o r  s h e a r  s u r f a c e  l o a d i n g
( i i )  K = K2. For  e q u i l i b r i u m  w i t h  t h e  s u r r o u n d i n g
f i e l d  to  be m a i n t a i n e d , on t h i s  bo u nd - ry  th e  
v a l u e s  o f  o and must be f i x e d ,
( i i i )  L -  LE, F o r  e q u i l i b r i u m  w i th  t h e  s u r r o u n d i n g
f i e l d  t o  be. m a i n t a i n e d ,  on t h i s  bounc.^ry th e  
vaJ.ues o f  end T ^ must be f i x e d ,
( i v )  I i = 2, From a rg u m e n ts  o f  sym m etry , ~ F -  C<
Also  co r id i . t ions  o f  symmetry f o r  o and and
asy :m ie t ry  f o r  % and F e x i s t  o v e r  t h i sr r
bound a r y ,
The above b o undary  c o n d i t i o n s  a l s o  e x i s t  f o r  t h e  k e y h o le  
n o t c h  geom e try ,  ho w ev er ,  f o r  t h e  h o l e  i n  t e n s i o n ,  i f  t h e
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LE b o unda ry  c o i n c i d e s  w i t h  t h e  c e n t r e l i n e  ^ ^ , t h e  
c o n d i t i o n s  o f  symmetry and asymmetry w i l l  e x i s t  o v e r  t h i s  
boundary  a s  i n  ( i v ) .
These b o u n da ry  c o n d i t i o n s  e x p r e s s e d  above a r e  t h e  
minimum c o n d i t i o n s .  I t  i s  c o n c e i v a b l e  t h a t  i n  a d d i t i o n  to  
t h e  abo v e ,  two more c o n d i t i o n s  could  be added a s  f o l l o w s
(v)  K KE — f i x e d ,
( v i )  L = LE — f i x e d .
The e f f e c t  o f  t h e s e  two a d d i t i o n s  i s  t o  a p p ly  
r e s t r a i n t s  to  t h e  sy s te m ,  r e s u l t i n g  i n  a c o n c e n t r a t i o n  of  
e f f e c t s  i n  t h e  f i e l d  due to  t h e r e  b e in g  no p o s s i b i l i t y  o f  
b ou n da ry  r e l a x a t i o n .  The o n ly  a rgum ent  i n  f a v o u r  o f  t h e  
a d d i t i o n  o f  t h e s e  two c o n s t r a i n t s  i s ,  t h a t ,  i f  t h e  e f f e c t  
o f  any d i s t u r b a n c e  such  as  p l a s t i c i t y  i n  t h e  f i e l d  d i e s  
away q u i c k l y ,  t h e  change on t h e  boundary  v a l u e s  wilJ. be 
m in i m a l ,
The r e a s o n  why t h e  above i s  c o n te m p la te d  i s  t h a t  
u n l e s s  t h e s e  s t r e s s e s  (v)  and ( v i )  a r e  known th e  bo un d a ry  
v a l u e  p rob lem  goes  f rom t h e  s i m p l e r  D i r i c h l e t  t y p e  t o  t n e  
much more complex heumann t y p e .  B e fo re  a p p l y i n g  t h e  (v) 
and ( v i )  c o n s t r a i n t s  however  an a t t e m p t  was made to  s o l v e  
t h e  f i e l d  u s i n g  f o u r  v a r i a b l e s  and th e  minimum b o undary  
c o n d i t i o n s  ( i )  t o  ( i v )  — c a l l ed h e r e a f t e r  f r ee b ou n d i i r i eg  i n  
pQfhkiysi t o  f i x e d  b o u n d a r i e s w i t h  c o n d i t i o n s  ( i )  t o  ( v i ) .
6, 3 E l l l p t i c G l  S o l u t i o n wi t h  Four Yarirdol e s  and^ F r e e
Bound c r i e s
6. 3 .1  F i e l d  E c u u h ions
The e q u a t i o n s  f o r  f o u r  v a r i a b l e s  a r e  r e p e a t e d  h e r e  
f o Æ q u i l ib r iu m cc  ( s e e  C h a p te r  i )
r AH + CH + 20 = G ( 6 .1 )
Eciai libriuj ii  [ BE -i- CÏÏ + B -  A = 0 ( f i . j )
O t r - l n /  1 V5CH -  H-r -  T3HH + V-U'M » -V5C ( 6 ,6 )
B i G p l f  l i c n t  [v3Al': -  V4I3K -  ï ï i  = (V3+V4-) (B-A) ( 6 .7 )
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These above e q u a t i o n s  a r e  d i f f e r e n t i a t e d  and added i n  such  a 
f a s h i o n  as  t o  g i v e  a  cross*™curvature
r e l a t i o n s h i p  f o r  e ach  v a r i a b l e  — a  s i m i l a r  form to  t h e  
h a rm on ic  l o o k i n g  a t  each  v a r i a b l e  i n  t u r n  —
(a)  For  A, d i f f e r e n t i a t i n g  ( 6 , 4 ) w. r .  t ,  and ( 6 ,7 )
w . r .  t ,  R , t h e n  ad d ing ,  g i v e s
A2K 1 V3A2N 1 (2V3 4- V4 )AH
-  V4B2H + (V3 + 2V4)BH FHH -  CM -  2CH,
( 6 . 8 )
n o t i c e  t h a t  t h e  two e q u a t i o n s  a r e  added g i v i n g
c o e f f i c i e n t s  a ,  b ,  c o f  e q u a t i o n  ( 6 . 1 ) a s  a  = 1 , b = 0 ,
0 = V3
t h e r e f o r e  b^ — ac = —V3 <("0 e l l i p t i c a l .
I f  t h e  two e q u a t i o n s  a r e  s u b t r a c t e d  t h e  c o e f f i c i e n t s  would
be a — 1 , b = 0 . c = —V 3
2and b — ac  = fV3 > 0 h y p e r b o l i c .
The s u b t i l i t i e s  o f  t h i s  were n o t  i n v e s t i g a t e d  and 
t h e  a d d i t i v e  form o f  e q u a t i o n  ( 6 . 6 ) was t a k e n .
(b)  F o r  B, d i f f e r e n t i a t i n g  ( 6 , 5 ) w , r . t .  R and ( 6 . 6 )
w, r .  t .  -6 , t h e n  a d d in g ,  g i v e s
V3B2H + B2H + 2BN = AH + V5CH -  FHH
+ V4A2H + (V5 -  1 )GHH, ( 6 . 9 )
(c )  For  G, d i f f e r e n t i a t i n g  ( 6 , 4 ) w , r . t .  R and ( 6 . 5)
w , r . t .  ^ , t h e n  a d d i n g , g i v e s
G2H + C2H + 3GH = -AHH + AH.- BH -  BBH,
( 6 , 1 0 )
(d) F o r  F, d i f f e r e n t i a t i n g  ( 6 , 6 )  w . r . t ,  R and ( 6 . 7 )
w . r . t .  t , t h e n  a d d in g ,  g i v e s
F2H 4* F2h + Fh = (V3 + V4 )(;Hm -H AH -  BRH -  BE)
+ (V5 + 1 ) OH t  V502H,
( 6. 11)
E q u a t io n s  (G,b)  to  ( 6 . 1 1 ) t h u s  form t h e  f o u r  f i e l d  e q u a t i o n s
f o r  t h e  f o u r  v a r i a b l e s .  These have  to  be d i s c r e t i z e d  to
e x p r e s s  tlic v a l u e s  o f  n o d a l  p o i n t s  i n  te rm s  o f  t h e  v a l u e s  a t  
t h e  f o u r  n e i g h b o u r i n g  p o i n t s  and t h e  c o n s t a n t  r i g h t  hand 
s i d e s .
9 8 ,
For  .example, any v a r i a b l e  X 
a t  0 ( f i g ,  6 ,1 )  can be w r i t t e n
= f (X ^ ,X 2 ,X j ,X
lere  X. i s  the  v a l u e s  o f  
and BH8X i s  t h e  v a l u e ,  a t  p o i n t  0^ o f  t h e  c o n s t a n t
wh X a t  t h e  n e ig h b o u r i n g  p o i n t  i
r i g h t  hand s i d e , -  which i s  a  f u n c t i o n  o f  a l l  
t h e  o t h e r  v a r i a b l e s ,  t h e i r  g r a d i e n t s  and 
th e  i  r  c u r v a t u r es .
I n  t h i s  fo rm  t h e  e q u a t i o n  i s  s i m i l a r  t o  t h e  s t r e s s  
f u n c t i o n  b ih a r m o n ic  d i f f e r e n c e  e q u a t i o n  and c o n s e q u e n t l y  
t h e  same method o f  s o l u t i o n  i s  used  v i z .  S u c c e s s i v e  Ov,e:u- 
R e l a x a t i o n ,  Tiis  e n t a i l s  t h e  u s e  o f  an a c c e l e r a t o r  q.
The above e q u a t i o n  t h u s  becomes
Xq = q ,f(Xj_ ,X2,X3,X.
The optimum v a l u e  o f  q i n  t h e  b ih a r m o n ic  f i e l d  
was a p p r o x i m a t e l y  1 ,7  and t h i s  v a l u e  i s  a l s o  u sed  f o r  e ach  
o f  t h e  v a r i a b l e  f i e l d  e q u a t i o n s  a l t h o u g h  some v a r i a t i o n  
was made to  check  i t s  e f f e c t  on t h e  s o l u t i o n ,
6 , 3 , 2  Hew Gradie .n t  and C u r v a tu r e  Formulae
The g r a d i e n t  and c u r v a t u r e  f o r m u la e  d e v e lo p e d  i n
t h e  l a s t  c h a p t e r  have  a  ’ s p r e a d '  o f  t h r e e  p o i n t s  and a l s o
i n c ] u d e  a g r a d i e n t  o f  a n e i g h b o u r i n g  j n i n t ,  For  t h e
e l l i p t i c a l  a p p ro a c h  t h e  f i e l d  e q u a t i o n s  r e q u i r e  s i m p l e r
compact fo r m u la e .  These a r e  now shown below. I n  a d d i t i o n
to  t h e  c e n t r a l  d i f f e r e n c e  f o r m u la e ,  backward and fo rw a rd
d i f f e r e n c e  fo r m u la e  a r e  g i v e n  as  t h e s e  a:ce r e q u i r e d  a t
b o u n d a r i e s .  The r a d i a l  g r a d i e n t s  and c u r v a t u r e  a r e
2e x p r e s s e d  on a. R X b a s i s  a s  p r e v i o u s l y .  A l l  t h e  fo rm u la e  
: . re  e x p r e s s e d  i n  t e r m s  o f  any v a r i a b l e  X,
(a )  R a d i a l  G - r a d io n t s i -  see  f i g .  6 , 4 ,
C e n t r a l  D i f f e r e n c e  —
= RCl Xy_^  ^ -  RC2 ( 6 ,1 2 )
p2 1
wlierc RCl "—%—- and RC2 -
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where RI'l
Forward D i f f e r e n c e  —
RFl Xg ^^  -  EF2 X^ ^^ g -  RF3 X^^
-\\f m 1 1 \ m JT RP2 1' -
(Ë -1 )
E?'3
( 6 , 1 3 )
1( 21+1 ) 
( i b l )
Where
Xîp
EBl
Backward D i f f e r e n c e  —
R BI. X^ + RB2 Xg__2 -  RB3 X^ __^
RB2 19 , H33
ï ( l  - 1 )
( 6 . 1 4 )
i U l L
ï ( l - l )
(b) Hadli.il C u r v a t u r e ; —
C e n t r a l  D i f f e r e n c e
X2HX
where RCGl
RGG2
EC01 Xg+3 + RCC2-Xj^ + RCC3 ( 6 . 1 5 )
2 T I 2- Ï )
( I ' h l )  (IL.I)
2 ( l 'h .3 T + l )
RCC3
(T - l ) '^  
2 ( 2 T - 1 )____
( o d -1 )  (11--1)
The backward and fo rw a rd  d i f f e r e n c e  form s were n o t  e x p l i c i t l y  
d e v e lo p e d  s i n c e  t h e r e  was l i t t l e  u s e  f o r  them. However,  i f  
r e q u i r e d ,  t h e y  cou ld  be found by u s i n g  e q u a t i o n s  ( 6 ,1 3 )  o r  
( 6 , 1 4 ) t w i c e ,  e , g .
X2H
E | | )  = p , p2 <5'-X4E "
XX + X2E
t n e r o i o r e X2D Ai'i,
T h e r e f o r e  u s i n g  e q iu i t io n  ( 1 4 )  \ h t h  
r i v e
g r a d i e n t s  w i l lhr;
RDi;.H/ + RB2X11.. _iv lV"S R33XH
1 0 0 ,
( c) C i r c u m f e r e n t i a l  G r a d i e n t s  -- see  f i g ,  6 ,5  
C e n t r a l  ' .D ifference  —
' ( 6 .1 6 )
f o rw a rd  D i f f e r e n c e  —
^L+2 ' ( 6 . 1 / )
Backward D i f f e r e n c e  —
= à ^ - 4 V 1 + V 2  3X.^). (6.1%)
( d ) C i r c u m f e r e n t i a l  C u r v a tu r e ! —
C e n t r a l  D i f f e r e n c e  —
X2Ht = - t (XT,T + %T T ~  2Xr). ( 6 .1 9 )
L  Jjc l j b + i  J j™ l Xi
I’he comments e x p re s s e d  f o r  t h e  r a d i a l  c a se  
r e g a r d i n g  backward and fo rw a rd  c u r v a t u r e  f orimiH ae s i m i l a r l y  
a p p ly  h e r e ,
I h e  f o r m u la e  ( 6 ,1 2 )  t o ( 6 , I f )  are  t h e  ones  chosen  
Jl9. . 5L b i e r e p f t e r  i n  b o th  e l a s t i c  and e l a s t o —p l a s t i c  
s o l u t i o n s .
6 , 3 , 3  Boundary C o n d i t i o n s  f o r  Each o f  th e  V a r i a b l e s
Having f o u r  f i e l d  e q u a t i o n s , means t h a t  t h e r e  
a r e  f o u r  s e t s  o f  bo u nd a ry  c o n d i t i o n s .  U s in g  th e  boundary  
c o n d i t i o n s  m en t io n ed  i n  ' s e c t i o n  6 , 2 ,  ( i )  t o  ( i v )  , c o n s i d e r  
e ach  v a r i a b l e  s e p o n a t e ly ^  r e f e r e n c e  should  be jaodo to
f i g .  6 .3 .
(u)  Dor A ( o r  On).
On t h e  L ™ LE boundary i s  h o ld  end so t h i s
i s  a Dirich.lü 'b  Boundo.ry c o n d i t i o n .  Due to  syrms-ehrj o v e r
t h e  ^  L " 2 bound, ry  IE I 0 end j  *
On b o t h  K bound m i  e s , l.LO\;cver, no f i x e d  o .  v a l u e  e x i s t s
and so t h e  boundary  c o n t r o l  comes from AIT, evalu.-..bed from
e q u a t i o n  ( 6 , 7 ) ,  These a r e  11 eumann Boundary c o n d i t i o n s .
(b) Dor B ( o r  o ^ ) .
On bo'bh, K ™ 2 and K -  A.3, t h e  v a l u e  o f  o',^ .
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i s  f i x e d ' ,  in d e e d  on K = 2,  = 0,
L ik e  i s  s y m m e t r i c a l  o v e r  t h e  c e n t r e l i n e .
On L -  LE, however ,  a N e u m a n n  houndo.ry c o n d i t i o n  e x i s t s  
f o r  B, c o n t r o l  can  be e x e r c i s e d  o n l y  by BH, e v a l u a t e d  from 
e q u a t i o n  ( 6 , 6 ) ,
( c) Dor G ( o r  t ^ ^ ) .
The s h e a r  s t r e s s  h a s  by f a r  bhe b e s t  boundary
c o n d i t i o n s  and i s  c o n s e q u e n t l y  t h e  most  n u m e r i c a l l y  s t a b l e  
v a r i a b l e .  On t h e  K = 2,  IC = KE and L = LE boundary  
B i r i c h l e t  c o n d i t i o n s  e x i s t  and on t h e  K = 2 b o u n d a r y  T ^=0, 
D u e  t o  a s y m m , e t r y , = 0 on t h e  ^  L = 2 b o unda ry  and
n —^L-1 -  ^L=3'
( d )  F o r  ?  ( o r  | | ) ,
,In c o n t r a s t  t o  0 above ,  D h a s  t h e  w e a k e s t  o f  
b o u n d a r i e s ,  A B i r i c h l e t  c o n d i t i o n  e x i s t s  on t h e  ^  L = 2 
boundary  where  P = 0 ,  b u t  t h e  o t h e r  t h r e e  a r e  norm al  
g r a d i e n t  c o n t r o l l e d  Neumann c o n d i t i o n s ,  , On t h e  K -  2 and 
K = ICE b o u n d a r i e s ,  PN i s  found from, ( 6 , 6 )  and on t h e  
L = LE boundary  PH i s  found from ( 6 . 7 ) ,
A s  f a r  a s  t h e  attem%)ts a t  a  f r e e  b oundary  f o u r  
v a r i a b l e  s o l u t i o n ,  t h e  v a l u e s  o f  K and L a t  t h e i r  o u t e r  
bound a r t e s  were
KE =  9  L E  =  1 2 .
6 . 3 .4  heumann JBoundary^^^
how s e v e r a l  ways e x i s t  o f  s o l v i n g  t h e  ITcumann 
Boundary B r o b l e m .  S e v e r a l  methods were t r i e d  and t h e s e  a r e  
l i s t e d  below u s i n g  as  .an ex ample any v a r i a b l e  X a t  a  K
boundary  c e f i n e d  b y  Xh — f i g ,  6 , 6 ,  ( S i m i l a r  formul.ae
can be found f o r  any v a r i a b l e  X a t  an L bo un d a ry  d e f i n e d
b y  X H ) ,
( 1 ) Using  c e n t r a ] ,  d i f f e r e n c e  fo r m u la  a t  p o i n t
(K—1 , L ) ; from c q u a u ic n  ( 6 , 1 2 )
V f "naa V I VI-'' \
J . . ,  -, . . . .  " V f  r i "  V ^ O  •“ 'T/'’ 1 """" r . i i T , -  J  •>ii, .Ü.'-./J. I'.r-c .
( 2 ) U s ing  backw ards  d i f f e r e n c e  for ir iu la  a t  p o i n t
( K , L ) , from e q u a t i o n  ( 6 , 1 4 )
a  = -  EB2 xs.,)-
1 0 2 ,
Llethods (1) and (2) imply  t h e  u se  o f  t h e  f i e l d  
e q u a t i o n  f o r  X up to  th e  l i n e  K—i  and t h e n  th e  u se  o f  
one o f  t h e  above e v a l u a t i o n s  f o r  X^, However, t h e  c o n c e p t
o f  an  e x t e r n a l  p o i n t  can  be u t i l i s e d  i n  o r d e r  t h a t  t h e  
f i e l d  e q u a t i o n  be u se d  up to  t h e  l i n e  K,. The e x t e r n a l  
p o i n t  i s  t h e n  c a l c u l a t e d  from (3) below,
(3) U s in g  an e x t e r n a l  p o i n t  w i t h  t h e  c e n t r a l
d i f f e r e n c e  f o r m u la  a p p l i e d  a t  p o i n t  (IC,L) g i v e s
& + 1  h - 1  h  “  '
6 , 3 , 5  Attempits a t  t h e  S o l u t i o n  v à t h  Dour V a r i a b l e s  
and F re e  B o u n d a r ie s  
C o n s id e r  f i r s t  t h e  g e n e r a l  framework o f  t h e  method 
o f  s o l u t i o n ,
(a)  Boundary v a l u e s  a r e  f ed  i n  on a l l  f o u r  b o u n d a r i e s ,
(b) The f i e l d  e q u a t i o n s  ( 6 . 8 )  to  ( 6 /1 1 )  a r e  u s e d ,  th e
f i e l d  b e in g  scanned  10 t im e s  f o r  e a c h  v a r i a b l e  
to  a l l o w  a  c e r t a i n  amount o f  s e t t l i n g ,
(o) C o r r e c t i o n s  a r e  made on t h e  BE boundary  f o r  B
and F u s i n g  BH and FH,
(d)  C o r r e c t i o n s  a r e  made on t h e  1C -  2 and KE
b o u n d a r i e s  f o r  A and F u s i n g  AN and FN,
( e )  At t h e  p o i n t s  ( 2 , BE) and (KE,LE) th e  v;0.ue o f  F
i s  found as  t h e  mean o f  t h e  v a l u e s  o b t a i n e d  by
e x t r a p o l a t i n g  F a lo n g  K = 2 and B ~ BE and
IC ~ KE and L -  BE r e s p e c t i v e l y ,
( f )  R e tu r n  t o  s t e p  (b) u n t i l  c o n v e rgence  i s  a c h i e v e d .
The v e r y  f i r s t  r u n  o f  t h e  program  was to  s e a r c h  
f o r  e r r o r s  i n  t h e  f i e l d  cq u a t ic .n s .  For  t h i s  o i l  t h e  
b o u n d r t r ie s  f o r  a l l  t h e  v a r i a b l e s  ho,d ^ B i r i c h l e t  c o n d i t i o n .  
Convergence  v/as a c h ie v e d  w i t h i n  10 m;.ln i t e r a t i o n s  o f  t h e  
f i e l d .  Accuracy  was good a s  con be s e en  by compar ing  th e
a n a l y t i c a l  v a l u e s  w i t h  th e  c a l c u l a t e d  v a l u e s  o f  ^flC and F
a t  t h e  ocmiplo } o i n t  ( 6 , 7 )  — c e n t r a l  i n  t h e  f i e l d .
1 0 3 ,
Note ^
I le t l ic cT ^^ ^ , A (6 ,7 ) B(6 ,7 ) 0 ( 6 ,7 ) F ( 6 , 7 )
A n a l y t i  c a l 0 .5 3 0 5 3 O.IO46I 0 .16828 - 0 .1 3 5 5 3
N um er ica l 0 .5 3 0 6 8 0.10449 0 .16798 - 0 ,1 3 6 2 9
The b o u n d a r i e s  were  now f r e e d .  The boundary  c o r r e c t i o n s  i n  
s t e p s  (o) and (d)  above could  be c a r r i e d  o u t  i n  t h r e e  ways 
v i z .  Method ( l ) , (2)  o r  ( 3 ) .
Each o f  t h e s e  ways v/as t r i e d  i n  p rogram s i n  which 
1000 main i t e r a t i o n s  were c a r r i e d  ou t  and th e  f o l l o w i n g  a r e  
t h e  r e s u l t s / ' "
Method ( l ) I  A f t e r  1000 i t e r a t i o n s  t h e  f i e l d  was n o t  
s e t t l e d ,  e . g .
A (2 ,2 ) A (6 ,7) B (6 ,7 ) 0 ( 6 ,7 ) ^ F ( 6 ,7 )
'—— ;in;.il y t  i  c 0.I
vuiEcssJvtvsitTBJao'^aaAMuu.a '^s
-1 -I- m 1  ^ --——  IllTrWINumber o.t . t t o r a t i o n s 1 ,12510 0 .53053 0 ,10461 0 .16 8 28 - 0 .13553
900 1 .29593 0.49446 0 ,11258 0 .20558 - 0 . 4 9 0 6 5
999 — 0 .47991 0 .11618 0 .22043 - 0,, 62471
1000 1 .37 9 70 0 .47983 0 .11621 0 ,22059 - 0 . 6 2 6 2 7
The v a l u e s  o f  F were w e l l  o u t .
Method (2)* M t e r  1000 i t é r â t ; !  o n s , once a g a i n  t h e  f i e l d  was 
n o t  s e t t l e d ;  e . g .
"  Analy t i c a l
Humber o f  I L e r a t i o n s
900
999
1000
A (2 ,2 ) A (6 ,7) B (6 ,7 ) 0 ( 6 , 7 ) F ( 6 ,7 )
1 ,12510 0 .53053 0 .10461 0 .16828 - 0 ,13553
0 ,99737 0.52819 0 .10071 0 . 1 5 7 2 2 ,- 0 ,00405
0 ,52841 0 . ICO33 0 . 15666 +0.06351
0 ,99227 0 .52841 0 .10031 c „15664 +0,06456
The most  d i s t u r b i n g  f e a t u r e  i s  th e  e r r o r  i n  F<
-JkiK Note a l l  t h e  n u m e r i c a l  r e s u l t s  g i v e n  i n  t h i s  chay i te r  a r e  
based on t h e  e l a s t i c  p l a n e  s t r a i n  s o l u t i o n  o f  t h e  h o i e  
i n  t e n s i o n  on t h e  p o i n t  o f  y i e l d i n g ,  i . e .  o,p g ~ Oy,
1 0 4 ,
Method ( 3)1 T h is  method r e s u l t e d  i n  v i o l e n t  o s c i l l a t i o n  
l e a d i n g  t o  d i v e r g e n c e .
I t  was d e c id e d  a t  t h i s  s t a g e  t o  l o o k  more c , lo se ly  
a t  A and F,  b o t h  o f  which  have weak boundary  c o n t r o l s .  
A n o the r  method o f  e v a l u a t i n g  a  boundary  p o i n t  was used  v i a .  
by a  T a y l o r ’ s e x p a n s io n  from i t s  n e i g h b o u r i n g  p o i n t  i n  t h e  
f i e l d .  V/hen l o o k i n g  a t  e ach  o f  t h e s e  v a r i a b l e s ,  t h e  
e x a c t  v a l u e s  o f  a l l  t h e  o t h e r  t h r e e  v a r i a b l e s  were f i x e d .  
C o n s id e r  A f i r s t .  The f i e l d  was scanned 500 t im p s  f o r  A 
a lo n e  and s t i l l  con v e rg en c e  was n o t  a ch ieved ^  e . g .
/m a l  y 'b i  c 
numb e %' oj^ T t  e r^ ilxL o h s
400 
500
A(2 ,2)
1 .12510
1,08129
1.08137
A (6 ,7 )
0 .5 3 0 5 3
0,. 51283 
0 ,51287
With F, n o t  o n ly  was conv erg en ce  n o t  a c h i e v e d  b u t  
th e  f i e l d  vaJ.ues were  moving a w a y  from t h e i r  c o r r e c t  v a lu e s ,  
With t h e s e  t r e n d s  i n  A and F i t  was d e c id e d  to  l o o k  a t  
t h e  e f f e c t s  o f  f i x i n g  v a r i o u s  b o u n d a r i e s .  F o r  F, t h e  
e f f e c t  on t h e  p o i n t  ( 6 , 7 )  i s  shown f o r  v a r i o u s  f i x e d  
boundary  c o n d i t i o n s  — ( f o r  r e f e r e n c e  see  f i g ,  6 , 3 ) ,
Boundary Cond i t i  one F ( 6 ,7 )
Number o f
I t e r a t i o n s  
t o G e t t i e
A n a l y t i c a l - 0 . 1 3 5 5 3 —
I j = I F  f i x e d - 0 .12714 170
K ~ 2, KE f i x e d - 0 .13757 30
A l l  f i x e d - 0 .1 3 6 2 4 30
From th e  a b o v e , th e  e f f e c t  o f  b o u n d a r i e s  on t h e
t a b i l i t v  o f  num er ica p r o c e d u r e s  i s  o d v i o u
■fitii th e  knowledge t h a t  F hap th e  w e a k e s t  
b o u n d a r i e s  and t h a t  F can be é l i m i n â t . ,d , two ap; r o a c h e s  
p r e  s e n t  ed r h e n s  e lv  e s / -
(a )  S in c e  F cox n o t  be r e s t r a i n e d  p h y s i c a l l y  on 
o f  i t s  f r e e  b o u n d a r i e s ,  th e  e x t r a  boundary  
c o n d i t i o n s  f o r  o m d  — (v) and ( v i )  o f  
s e c t i o n  6 .2  — could  be i n t r o d u c e d .
;;.rr
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OR (b)  F cou ld  be e l i m i n a t e d  and t h e  s o l u t i o n  be a t t e m p t e d  
i n  t e rm s  o f  t h e  t h r e e  v a r i b l e s  A, B and C.
The f i r s t  a p p ro a c h  i s  d e a l t  w i t h  i n  s e c t i o n  6 ,4  
be low and t h e  second a p p ro a c h  i n  s e c t i o n  6 , 5 ,
6 ,4  E l l i p t i c a l  S o l u t i o n  w i t h Fou r  V a r i a b l e s  and F ixed  
■Bound a r i e s
6„ 4-. 1 I n t r o d u c t i o n
E s s e n t i a l l y  t h i s  s e c t i o n  i s  v e r y  s i m i l a r  t o  s e c t i o n  
6 . 3 , The f i e l d  e q u a t i o n s  a r e  i d e n t i c a l  a s  a r e  t h e  g r a d i e n t  
and c u r v a t u r e  f o r m u la e .  The main d i f f e r e n c e  l i e s  i n  th e  
s i m p l i f i c a t i o n  o f  t h e  0 ^ and boundary c o n d i t i o n s  on 
t h e  l i n e s  LE and KE r e s p e c t i v e l y .  I n s t e a d  o f  t h e  d i f f i c u l t  
ileumann c o n d i t i o n  we now have  t h e  s i m p l e r  B i r i c h l e t  c o n d i t i o n ,  
The method o f  s u c c e s s i v e  o v e r - r e l a x a t i o n  i s  used  a g a i n  f o r  
t a c k l i n g  f i e l d  e q u a t i o n s .
However t h e  above does  n o t  a l l e v i a t e  t h e  d i f f i c u l t y  
o f  d e a l i n g  w i t h  F w h ich  s t i l l  h a s  i t s  z e ro  v a l u e  on th e  
L = 2 and t h r e e  Neumann Boundary c o n d i t i o n s .  Also  A s t j . i l  
h a s  i t  Neumann Boundary c o n t r o l  on t h e  K = 2 boundary .
I t  was f e l t  t h a t  a  d i f f e r e n t  approach  so u ld  be t a k e n  to  F 
and t h i s  l e d  to  t h e  c i r c u m f e r e n t i a l  i n t e r a t i o n  method which  
i s  shown i n  p a r a g r a p h  6 . 4 , 2 ,
6 , 4 ,2  C i r c u m f e r e n t i a l  In t e p p ra t io n
C o n s id e r  t h e  v a r i a b l e  a  a lo n g  K l i n e  — f i g ,  
6 , 5 . I f ,  a t  a l l  p o i n t s  a lo n g  t h a t  l i n e ,  t h e  v t l u e  o f  XH,
9 i s  known t h e n  by i n t e g r a t i o n  one can f i n d  X
-X = ] ( | | )G -a ,
T h is  n u m e r i c a l  i n t e g r a t i o n  o f  th e  g r a d i e n t s  XH be tw een
p o i n t s  (!+].) and ( L-1 ) w i l l  g iv e  the  r  e l  a t  3. on s h ip  between 
Xt and X-. -1 , v i z ,  u s i n g  th e  Jim. s o n ’ s R u le ,L-ra.
X-r -, k r  -, •"-"(ail-p -, +  iX H -p  +  i u l j  'I ) e ( 6 - 2 0 )
.b-hj. j  lH ‘.h J j . u  - r
Or be tw een  p o i n t s  1 -nd L-1. u s i n g  t h e  T r a p e z o i d a l  .Rule
g i v e s  rr /  ^ \
-  Ay , = #(:UL,- + XllT n ) ,  (bFl)
1 0 6
Thus f o r  ]?, FH can he found from e q u a t i o n  ( 6 .7 )  
MI = V3AN -  V4BN + (V3+V4)(A-B)
and a lo n g  any K l i n e  — f i g ,  6 , 7 ,  s i n c e  = U
I’ -  i ( ™ 2
= 2(FHg +
+ 4BH, + FHr)5 3 3 3 4 5
e t c .
T h is  cou ld  s i m i l a r l y  be done f o r  A by i n t e g r a t i n g  A 
f rom i t s  g i v e n  v a l u e  on I E ,  n e g a t i v e l y  i n t o  t h e  L ~ 2,
6 . 4 , 3  A t t e m p ts  a t  t h e  C o l u t i o n  v . i th  Four  V a r i a b l e s  
and Fj.x cd Bound a r i  e ;
The g e n e r a l  f ramework of. t h e  method o f  s o l u t i o n  
was a s  f o l l o w s
( a) Boundary v a l u e s  a r e  fed  i n  on a l l  f o u r  b o u n d a r i e s ,
(b)  The f i e l d  e q u a t i o n  ( 6 ,1 0 )  i s  u s e d  f o r  C and t h e
f i e l d  i s  scanned  10 t im e s ,
(c)  The f i e l d  e q u a t i o n  ( 6 .9 )  i s  us.ed f o r  3 and
t h e  f i e l d  i s  scanned 10 t i m e s ,
(d) The f o l l o w i n g  s t e p s  a r e  exec u te d  10 t im e s  f o r  A
— v a l u e s  o f  AIT and A2ÎT a r e  c a . l c u l a t e d  on t h e
l i n e  K = 3
— v a l u e s  o f  A on K ~ 2 a r e  c a l c u l a t e d  a s  a
T a y lo r  s c r i e s  e x p a n s io n  from K -  3
— th e  f i e l d  i s  s c a n n e d  c a l c u l a t i n g  A ( e x c l u d i n g
v a l u e s  on K =- 2) u s i n g  f i e l d  e q u a t i o n  ( 6 , 8 ) ,
(e )  V.-.lues o f  FH L.rc CcJ.cula.tcd o v e r  t h e  . .hole f i e l d
ax/i t h e  v a l u e s  o f  ” f  found by c i r c u m f c r e n t i a l  
i n t e g r a t i o n  f r o m  L =  2 ,
( f ) A c t u r n  t o  s t e ;  ( b )  u n t i l  c o n v e r g e n c e  i s  a t t a i n e d .
' .n\ ;  Gulurgod t o  KE
T h r e e  a t t e m p t s  a r c  worthy  o f  n o t e .  I n  e a c h  o f  
t h e m  a  d i f f e r e n t  method o f  c a l c u l ;  . t in g  A on t h e  l i n e
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K = 2 i s  iisecU The f i r s t  i s  a s  d e t a i l e d  above.  The 
second e v a l u a t e s  A on K = 2 by i n t e g r a t i n g  t h e  v a l u e s  o f  
AH on t h a t  l i n e  from. L ~ LE back i n t o  ^  L -  2 —
u s i n g  e q u a t i o n  ( 6 , 2 0 ) ,  The t h i r d  m ere ly  e x t r a p o l a t e s  t h e  
v a l u e s  o f  A on t h e  l i n e s  K = 3? K = 4» N -  5 o n to  th e  
l i n e  K = 2 u s i n g
Ag = ( î h T + l ) ! ^  -  T ( ' j ;hT+l)A .  + E A j , ( 6 ,2 2 )
The f i x ' s t  p rogram  o p ly  e x e c u te d  th e  main lo o p  80 t im e s  v / i th  
an a c c e l e r a t o r  o f  1,7» The l a s t  two p rogram s e x e c u te d  t h e  
main lo o p  200 t im e s  w i t h  th e  same a c c e l e r a t o r .  The r e s u l t s  
a r e  a s  f o l l o w s .  Once a g a i n  sample  p o i n t s  ( 2 , 2 )  and ( 6 ,7 )  
a r e  shown
Method o f  
G a l c u l a t i n g
A n a l y t i c a l
V a lu es
T a y l o r  
S e r i e s
T a y l o r  
S e r i e s
I n t e g r a t i o n
I n t e g r a t i o n
E x t r a ­
p o l a t i o n
E x t r a ­
p o l a t i o n
Humber 
o f  intext-- 
c i t i o n s
70
80
l i ô
200
ISO
200
A,2 , 2
1 .12510
0 ,99266
0 ,99212
1.11624
1.11624 
1 .12194  
1 .11947
A , .7
0 .53053
0 ,52254
0,52528
0,54026
0 .54028
0 ,54486 
0 ,54285
, «  u l - ' X n - v
B6,7
0 ,10 4 61
0 ,0 50 0 1
0 ,0 45 7 3
0 .0 85 8 0
0 .08580
0 .08651  
0 ,08790
'6,7
0 ,1 68 2 8
0 ,16335
0 .16 3 50
0 ,1 67 3 4  
0 .16 7 34
0 ,16729
0 .16714
6 ,7
-0,13553
"0.03341
-0.02968
0 .1 3 3 7 8
-0.13378
0 .1 3 7 6 8
-0,13791
From th e  above i t  can  be s e en  t l i a t  t h e  f i r s t  s e t  
o f  r e s u l t s  r u l e s  o u t  t h e  T a y l o r  S e r i e s  e x p a n s io n  method on 
b o th  c o nv ergen ce  and a c c u ra c y  g ro u n d s .  The i n t e g r a t i o n  
a lo n g  K -  2 gave  a c o n v e r g e n t  r e s u l t  i / a i c h  had r e a s o n a b l y  
good agrecmen u w i t h  t h e  a n a l y  t i c a l  so l u t 3 on. The 
ex traT)o i ; .h ion  m e th o d , by 200 i t e r a t i o n s , had n o t  q u i t e  
co n ve rg ed .
I n  p a r a l l e l  to  t h i s  s tu dy  o f  f o u r  v a r i a b l e s  w i th  
f i x e d  b o u n d a r i e s , a  s t u d y  o f  t h e  t h r e e  v a r i a b l e  f i e l d  v/as 
b e in g  u n d e r t a k e n ,  t h e  d e t a i l s  o f  which now f o l lo w .
1 0 8
6, 5 El 1 i  p t i c  a l  S o l u t i o n  wi t  li l l i r  e e Vuri  a b l  e s and F i  x e d
Bound a r i  e s
6 , 5 , 1  I n  broduc t  i  on
On aban d on in g  t h e  f o u r  v a r i a b l e  f r e e  b oundary  
a t t e m p t s  a s  l a c k i n g  s t a b i l i t y ,  two a p p ro a c h e s  were p ro p o se d .  
These were tack l .ed  i n  p a r a l l e l ^ w i t h  t h i s  t h r e e  v a r i b l e  
a p p ro a c h  s t a r t i n g  s l i g h t l y  l a t e r  t h a n  t h e  f o u r  v a r i a b l e  
f i x e d  boundary  a p p ro a c h  ( S e c t i o n  6 , 4 ) ,  C o n s e q u e n t l y ,  t h e  . 
i d e a  o f  i n t e g r a t i n g  v a r i a b l e  g r a d i e n t s  had b een  e s t a b l i s h e d .  
O r i g i n a l l y  i t  had n o t  been  d e c id e d  w h e th e r  o r  n o t  to  f i x
t h e  b o u n d a r i e s  i n  t h i s  c ase  and so t h e  i d e a  o f  u s i n g  a
r a d i a l  i n t e g r a t i o n  f o r  B w a s  c o n s i d e r e d ,  I t  wJ1 1  be 
remembered t h a t  f o r  f r e e  boundary  c o n d i t i o n s  o'^ ( o r  B i n  
t h e  e l a s t i c  case )  i s  q u o t e d  oihi.y on t h e  K -  2 and K = KE
b o u n d a r i e s  — f i g ,  6 . 3 ,  I n  t h e  f i x e d  boundary  c a s e  B i s
a l s o  q uo ted  on t h e  L = BE boundary .
However a  r a d i a l  i n t e g r a t i o n  cou ld  be p e r fo rm ed  
ou tward  from K. = 2 where -  0 -  B u s i n g  th e  f o l l o w i n g  
S im p s o n ' s  Rule  f o r m u la  a lo n g  t h e  L l i n e  ( f i g ,  6 , 4 )
= 1 - 1  + + kl+ii lBKj, .  + ) ,
( 6 .2 3 )
Due t o  n u m e r i c a l  a p p r o x i u ia . t i o n s  t h e  v-vlue o f  B o b t a i n e d  
a t  K -  KE Vv'ouf'd d i f f e r  s l i g h t l y  f ro m  t h e  g i v e n  b o u n d a r y  
v a l u e ,  b u t  t h i s  c o u ld  be  c o r r e c t e d  b y  a d j u s t m e n t  bojck a l o n g  
t h e  L l i n e .
T his  a p p r o a c h  was i n i t i a l l y  t r i e d  b u t  found  t o  
l e a d  t o  i n s t a b i l i t y .  C o n s e q u e n t l y  i t  was d r o p p e d  and t h e  
bounda r i e s  f i x ed,
6 , 5 ,2  F i e l d  l ie u 'U io n s
The e l a s t i c  Goia / t i c n s  f o r  t h r e e  v a r i a b l e s  r e  
r e p e a t e d  h a r e  f o r  c o n v e n i e n c e  ( s e e  e q u a t i o n s  (4 * 3 9 )  w i t h  
z e r o  P t e r m s )
E q u i l i b r i t t u  ^  (->.24)
I  HR + CH + B -  A = 0 ( 6 , 2 5 )
Str-Gi.n/Disv'lo.cor.ient
A2K + A2H + AE -i- S2E -I- E2H + BE = 0 ( 6 . 2 6 )
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I n  a s i m i l a r  f a s h i o n  t o  th e  f o u r  v a r i a b l e  c a s e s  above ,  , the 
f i e l d  e q u a t i o n s  r e q u i r e  a c r o s s —c u r v a t u r e  r e l a t i o n s h i p .
I n  e q u a t i o n  ( 6 .2 6 )  can be found t h e  f i e l d  e q u a t i o n s  f o r  A 
and B i n  an  e l l i p t i c a l  form. Thus
(a )  Fo r  A t h e  f i e l d  e q u a t i o n  i s
A2N + A2H -i- AN = -B2H -  B2N -  BN. (6 .2 7 )
(b)  Fo r  B t h e  f i e l d  e q u a t i o n  i s
B2N + B2H + BN = -A2N -  A2H -  AN,
To b r e a k  t h e  o b v io u s  i n b r e e d i n g  o f  i h i s  e q u a t i o n  
and ( 6 , 27) t h e  A2H te rm  i s  r e p l a c e d  by 
—( CNH + 2CH) which i s  found from e q u a t i o n  ( 6 .2 4 )  
by d i f f e r e n t i a t i o n  w . r , t .  t., t h e r e f o r e
B2N + B2H + BN = -A2N -  AN + ONE + 2CH. (6,28)
( c) For, C t h e  two e q u i l i b r i u m  e q u a t i o n s  ( 6 .2 4 )  and
( 6 . 25) a r e  d i f f e r e n t i a t e d  w , r , t .  R and ^ 
r e s p e c t i v e l y  and t h e  two e q u a t i o n s  added to  g iv e
02N + C2H + 3CN = -ANN + AH -  BNH -  BH. (6.29)
E q u a t io n s  ( 6 .2 7 )  t o  ( 6 . 29) t h u s  form t h e  t h r e e  
f i e l d  e q u a t i o n s  f o r  t h e  t h r e e  v a r i a b l e s  A, 3 and G, As 
f o r  t h e  f o u r  v a r i a b l e  c a s e , t h e s e  e q u a t i o n s  a r e  d i s c r e t i z e d  
to  e x p r e s s  the  v a l u e s  o f  n o d a l  p o i n t s  i n  t e rm s  o f  bhe v a l u e s  
a t  t h e  f o u r  n e ig h b o u r i n g  p o i n t s  and th e  c o n s t a n t  r i g h t  hand 
s i d e s .  The mebhod o f  s o l v i n g  t h e s e  e q u a t i o n s  i s  once, a g a i n  
S u c c e s s i v e  O v e r - re lax a t i i .o n  u s i n g  an a c c e l e r a t o r  o f  1 , 7 .
6 , 5 ,3  Fixed  Boundary C o n d i t i o n s  f o r  Three  V a r i a b l e s
The o u t e r  b o u n d a r i e s  a r e  l o c a t e d  a s  i n  t h e  f o u r  
v a r i a b l e  f i x e d  boundary  c a se  a t  K = 11 and L 1 7 ,
h ' i th  - the  f i x i n g  o f  t h e  b o u n d a r i e s  t h e  boundary  
c o n d i t i o n s  ( i )  to  ( v i )  o f  s e c t i o n  6 ,2  a r e  e n f o r c e d .
C o n s id e r  each  v a r i a b l e  i n  burn — f i g .  6 .8 ,
(a )  For  A ( o r  o .
On b o t h  t h e  L -  17 end K -  11 b o u n d a r i e s  t h e  
s im p le  B i r i c h l e t  c o n d i t i o n  h o l d s  and on t h e  1 -  2
1 1 0 ,
bou n da ry  symmetry e x i s t s .  However t h e  K -  2 bo u nd a ry  
s t i l l  r e m a in s  a  p rob lem  s i n c e  e s s e n t i a l l y  i t  i s  a  Neumann 
b oundary  c o n d i t i o n  w i t h  AN b e in g  t h e  contro l* ,  s e v e r a l  
d i f f e r e n t  methods  a r e  u sed  t o  overcome th e  d i f f i c u l t y ,
(b)  Dor B ( o r  o'^).
Symmetry e x i s t s  o v e r  t h e  B 2 boundary  
o,nd t h e  s im p le  B i r i c h l e t  c o n d i t i o n  c o n t r o l s  t h e  o t h e r  t h r e e  
b o u n d a r i e s .
( c) Fo r  G ( o r  ,
S i m i l a r l y  to  B, B i r i c h l e t  c o n d i t i o n s  c o n t r o l  
t h e  L = A, K = 2, K -• 11 b o u n d a r i e s .  However, asymmetry
e x i s t s  f o r  C o v e r  t h e  ^  7j ~ 2.
These t h e n  a r e  t h e  boundary  c o n t r o l s  f o r  t h e  t h r e e  
v a r i a b l e s  f o r  a l l  t h e  s o l u t i o n s  r e f e r r e d  to  below,
6 , 5 .4  S o l u t i o n s  f o r  Three  V a r i a b l e s  and F ixed  
Boun d a r i e s
With  t h e  o b v io u s  weakness  o f  t h e  K -  2 boundary  
f o r  A a l l  e f f o r t  was c o n c e n t r a t e d  on s e a r c h i n g  f o r  t h e  
b e s t  way o f  s o l v i n g  t h i s  boundary .  B e a r in g  i n  mind t h e  
r e s u l t s  i l l u s t r a t e d  i n  p a r a g r a p h  6 , 4 . 3 , o n ly  two m ethods  o f  
s o l v i n g  A on K -  2, were c o n s i d e r e d .  These were  —
( 1 ) by i n t e g r a t i n g  AH c i r c u r . f e r e n t i a l l y  a lo n g
K = 2 from L = 17 t o  4l b -  2 u s i n g  e q u a t i o n
( 6 . 20 ) ,
( 2 ) by e x t r a p o l a t i o n  from v a l u e s  o f  A on t h e  K -  3,
4 and 5 l i n e s  u s i n g  e q u a t i o n  ( 6 . 2 2 ) .
However, s i n c e  A on K = 2 i s  found  by 
i n t e g r a t i o n  why sh o u ld  a l l  t h e  o t h e r  K l i n e s  n o t  be s o lv e d  
by t h e  same way? T h is  was t r i e d  and found s u c c e s s f u l .  To 
i r o n  o u t  any d i s t u r b a n c e s  due to  t h e  i n t e g r a t i o n  a
c i r c u m f e r e n t i a l  sm oo th ing  was i n t r o d u c e d  f o r  A. a f t e r  every
50 i t e r a t i o n s .
The g e n e r a l  f r am c v o rk  o f  t h e  method o f  s o l u t i o n
i s  thus* —
(a)  Boundc.ry v a l u e s  a r e  fed  i n  on a l l  f o u r  bounda r ie s ' ,
I l l ,
(b)  The f i e l d  v a l u e s  o f  A a r e  c a l c u l a t e d  i n  one 
o f  th e  t h r e e  f o l l o w i n g  ways
Method ( l )  t h e  f o l l o w i n g  s t e p s  a r e  e x e c u te d  10 
t im e s
— v a l u e s  o f  A o r  K = 2 a r e  found
by e x t r a p o l a t i o n  u s i n g  e q u a t i o n  
( 6 . 22)
— t h e  f i e l d  i s  scanned  c a l c u l a t i n g  A 
( e x c l u d i n g  v a l u e s  on K ~ 2) u s i n g
f i e l d  e q u a t i o n  ( 6 . 2 7 / ,
OR Method (2)  v a l u e s  o f  A on K ~ 2 a r e
c a l c u l a t e d  by i n t e g r a t i o n  a lo n g  
t h a t  l i n e  u s i n g  e q u a t i o n  ( 6 ,2 0 )  and 
t h e n  th e  f i e l d  i s  scanned  10 t im e s  
c a l c u l a t i n g  A ( e x c l u d i n g  v a l u e s  on 
K -  2) u s i n g  f i e l d  e q u a t i o n  ( 6 . 2 7 ) .
OR Method (3)  v a l u e s  o f  A on a l l  K l i n e s  a r e
c a l c u l a t e d  by i n t e g r a t i o n  a lo n g  
t h e s e  K l i n e s  from I  = 17 to  
L ™ 2. V a lu es  o f  A on each  
K l i n e s  a r e  smoothed c i r c u m f e r e n t i a l l y ,
(o) The f i e l d  e q u a t i o n  ( 6 .2 9 )  i s  u sed  f o r  0 and t h e
f i e l d  i s  scanned  10 t im e s .
(d) The f i e l d  e q u a t i o n  ( 6 ,2 8 )  i s  used  f o r  B and t h e
f i e l d  i s  scanned  10 t im e s ,
(e )  R e tu r n  to  s t e p  (b  ) u n t i l  c o n v e rg en c e  i s  a t t a i n e d .
The o r d e r  o f  s o l u t i o n  o f  v a r i a b l e s  i n  s t e p s  ( b ) ,
( c ) ,  (d) i s  A, C; and t h e n  B s i n c e  f i e l d  e q u a t i o n s  ( 6 . 2 7 )
and ( 6 .2 8 )  a r e  v e ry  s i m i l a r  a s  }!ointed o u t  i n  p a r a g r a p h
6 , 5 , 2 .
The r e s u l t s  be].ow i n d i c a t e  t h e  a c c u r a c y  and speed  
o f  c o n v e rg en c e .  Once a g a in  t h e  v a l u e s  o f  A a t  p o i n t  
( 2 , 2 )  and A, B end 0 cih", p o i n t  ( 6 ,7 )  g i v e  a  good i n d i c a t i o n  
o f  f i e l d  b e h a v i o u r .  The method number r e f e r s  t o  th e  method 
o f  s o l v i n g  t h e  A f i e l d  a s  i n d i c a t e d  i n  s t e p  (b)  above and 
t h e  column ' I t e r a t i o n s '  r e f e r s  t o  th e  number o f  main
1 1 2 ,
i t e r a t i o n s  a t  vvhioli t h e  v a l u e s  o f  A, B, G a r e  g i v e n
Method I t e r a t i o n s A (2 ,2 ) A(6 ,7) 3 ( 6 , 7 ) 0 ( 6 , 7 )
A n a l y t i c a l 1 ,12510 0, 53053 0 .10461 0 ,16828
( 1 )
990
1000
1,11026
1 ,11005
0 ,52943 
0 ,52948
0 ,10011
0 .0 99 9 8
0 ,16 7 12
0 ,16 7 12
( 2)
90
100
1 ,08418
1 .08439
0 ,52973
0 .53978
0.08893
0,08897
0 ,16 6 18
0 ,16 6 20
(3)
190
200
1.08925
1.08926
0 .53053  
0 .53053
0 ,09 0 41
0,09041
0 ,16 6 46
0 ,16646
Method (1)*,
Method (2)%
Even a f t e r  1000 main i t e r a t i o n s  i t  h a s  n o t  q u i t e  
s e t t l e d ,  a l t h o u g h  th e  v a l u e s  a t  t h i s  s t a g e  
a r e  r e a s o n a b l y  a c c u r a t e .
T h is  p rogram  v/as on ly  ru n  f o r  100 i t e r a t i o n s ,  
b u t  f rom t h e  r e s u l t s  o b t a i n e d  a t  100 
i t e r a t i o n s ,  i t  a p p e a r s  t h a t  t h e  v a l u e s  a r e  
n o t  q u i t e  so a c c u r a t e .  However, q u i c k e r  
c o n v e rg e n c e  was a c h ie v e d  u s i n g  t h e  i n t e g r a t i o n  
o f  AH on K = 2 to  g i v e  A boundary  
v a l u e s .
The f i e l d  s e t t l e d  a f t e r  200 i t e r a t i o n s ,  th e  
p rogram  b e in g  ru n  f o r  a few hundred  more to  
check  t h i s  c o nv ergen ce .  A l though  some o f  
t h e  v a l u e s  a r e  n o t  a s  a c c u r a t e ,  i t  a p p e a r s  
t h a t  t h i s  method i s  a good compromise be tw een  
m ethods  ( l )  and ( 2 ) as  f a r  as  a c c u r a c y  and 
speed o f  convergence  a r e  con ce rn e d .
To show t h e  e f f e c t  o f  t h e  l le th o d s  ( l )  and ( 3 ) ,  
bhe d i s t r i b u t i o n s  o f  A(= on K = 2, a r e  p l o t t e d  a g a i n s t
Method ( 3)
t h e  e x a c t  v; l u e  on f i g .
Y
11 from i  L ua to  I 10 ,
T his  i n d i c a t e s  c l e a r l y  t h a t  th e  mæcimum e r r o r  e x i s t s  a t  t h e  
p o i n t  ( 2 , 2 ).
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I t  .was o f  i n t e r e s t  to  check t h e  aoo n ra cy  o f  
l a r g e r  f i e l d s .  Two l a r g e r  f i e l d s  were s o lv e d  u s i n g  
method ( 3) .
(a )  F ig ,  6 . 9 — t h e  o u t e r  boundary  was talc en o u t  to
K = 20 ( o r  2 .89  r ^ ) .
(b) F ig ,  6 .1 0  — t h e  r a t i o  o f  r a d i i  T was i n c r e a s e d
t o  1 .1 2 5  from a / i , 1 2 5  (= 1 ,0 6 0 6 6 ) .  The same 
number o f  r a d i a l  d i v i s i o n s  ( s a y  KK l i n e s )  were 
u s e d .  Thus th e  o u t e r  boundary  v/as a t  KK = 11 
( o r  2 .89  r^ )  l i k e  ( a ) .
The o u t e r  L boundary  was m a in t a in e d  a t  L = 17 w i t h  th e
c i r c u m f e r e n t i a l  d i v i s i o n  H s t i l l  a t 32
Both o f  t h e s e  s o l u t i o n s  s e t t l e d  w i t h i n  th e  200 
i t e r a t i o n s  and th e  v a l u e s  be low  compare t h e  r e s u l t s  o f  t h e  
a n a l y t i c a l  w i t h  t h o s e  o f  methods ( 1 ) ,  ( 3) ,  ( 3 ) (a )  and ( 3) ( b )  
The l a t t e r  one having- a l a r g e r  T r a t i o  means t h a t  t h e  . 
p o i n t  KK
on t h e  f o l l o w i n g  t a b l e
4,  L ~ 7 c o r r e s p o n d s  to  p o i n t  K = 6, 1 = 7
Method I t e r a t i o n s A(2 ,2 )
A (6 ,7)
A (4 ,7)
4 o r ( 3 ) ( b )
3 ( 6 , 7 )  
3 ( 4 , 7 ) ,   ^
f o r ( 3 ) ( b )
0 ( 6 ,7 )  
0 ( 4 ,7 )  
l 'o r (  0 ) (b)
A n a l y t i c a l — 1,1250 0 .53053 O.IO46I 0 ,16828
( 1 ) 1000 1,11006 0 ,52948 0 .09998 O . I 6712
(3) S e t t l e d 1 .08926 0 ,53053 0 .09041 0 ,16646
(3) (a ) S e t t l e d 1 .08733 0.52637 0 .08946 0 .16551
( 3 ) ( b ) S e t t l e d 1 ,03620 0.52699 C .06139 0 .16320
From t h e  above i t  i s  o b v io u s  t h a t  th e  change of  
r a t i o  i s  d e t r e m e n t a l  to  a c c u r a c y  and t h a t  t h e  b e s t  v/ay to 
i n c r e a s e  f i e l d  s i z e  i; by i n c r e a s i n g  th e  number o f  K l i n e :
O'A
The d i s t r i b u t i o n  o f  A(-  — on K -  2 i s  u lo t t -ed  f o rOy
a g a i n s t  t h e  e x a c t  v a l u e s ,methods ( 1 ) ,  ( 3 ) ( a) and (37 (b )  
■S'
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6.6 Conclusion
The th o r o u g h  i n v e s t i g a t i o n  i n  t h i s  c h a p t e r  v/as 
e s s e n t i a l  i n  o r d e r  t h a t  e x p e r i e n c e  and c o n f i d e n c e  i n  
p r o c e d u r e  s t a b i l i t y  cou ld  be g a in e d .  The i d e a s  o f  
i n i t i a l l y  s o l v i n g  a f i e l d  h a v in g  f r e e  boundary  c o n d i t i o n s  
h a s  now been  r u l e d  o u t  b u t  t h e  q u e s t i o n  o f  u s i n g  t h r e e  o r  
f o u r  v a r i a b l e s  i s  n o t  y e t  s e t t l e d .  U ndoub ted ly  w ork ing  
w i t h  t h r e e  v a r i a b l e s  i s  much s i m p l e r  t h a n  w i t h  f o u r .
S in c e  t h e  f i e l d  e q u a t io ns ,  a r e  o f  second o r d e r  anyway, t h e  
e x i s t e n c e  o f  a  second o r d e r  g o v e rn in g  ecp ia t ion  i n  th e  t h r e e  
v a r i a b l e  c a s e  i s  n o t  a d i s a d v a n t a g e  w hereas  t h e  e x i s t e n c e  
o f  t h e  P w i t h  i t s  we oh boundary  c o n d i t i o n s  i s^
\7 i th  t h e  i n t r o d u c t i o n  o f  t h e  c o m p l e x i t i e s  o f  t h e  
p l . a s t i c i t y  r e l a t i o n s ,  i t  was f e l t  t h a t  u s i n g  t h e  s i m p l e r  
t h r e e  v a r i a b l e  a p p r o a c h  would m in im ise  t h e  d i f f i c u l t i e s  
and t h e  i n t e r a c t i o n  among t h e  v a r i a b l e s ,  The e l a s t o — 
p l a s t i c  method o f  s o l u t i o n  d e a l t  w i t h  i n  t h e  n e x t  c h a p t e r  
t h u s  u t i l i z e s  e x c l u s i v e l y  t h e  e l l i p t i c a l  t h r e e  v a r i a b l e  
f i x e d  boundary  a p p r o a c h .
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CHAPTER 7
ELAST0-PLA3TIC SOLUTIONS -  ELLIPTICAL PROCESS
7 .1  I  n 'b r  o d u o t  i. p n
The s o l u t i o n s  to  p rob lem s i n  p l a s t i c i t y  can be 
t a c k l e d  from t h r e e  a p p ro a c h e s
(a )  C o m p le te ly ,  This  i n v o l v e s  s a t i s f y i n g  a l l
c o n d i t i o n s  o f  e q u i l i b r i u m ,  c o m p a t i b i l i t y  and 
s t r e s s / s t r a i n  r e l a t i o n s  — s i m u l t a n e o u s l y .
(b) Energy Approach,  I n s t e a d  o f  s a t i s f y i n g  th e
c o n d i t i o n  o f  e q u i l i b r i u m  and c o m p a t i b i l i t y  
s i m u l t a n e o u s l y ,  one c o n d i t i o n  i s  s a t i s f i e d  
o v e r a l l ,  w h i l e  t h e  o t h e r  i s  s a t i s f i e d  i n  i s o l a t i o n ,  
Por  e x a m p le , i f  a s o l u t i o n  s a t i s f y i n g  e e u i l . i b r i u m , 
i s  combined w i th  ajiy c o m p a t ib le  s o l u t i o n ,  t h e  
answ er  w i l l  p r o v i d e  a lo w er  bound to  t h e  p r o b l e m .  
The c l o s e r  th e  c o m p a t ib le  s o l u t i o n  comes to  th e  
c o r r e c t  one ,  th e  h i g h e r  w i l l  be t h e  lo w e r  bound 
and so c l o s e r  t o  t h e  answer.  The a l t e r n a t i v e  
a p p r o a c h  i s  bo c o m b i n e  a c o m p a t i b l e  s o l u t i o n  v/ith 
any e q u i l i b r i u m  s o l u t i o n  and h e n c e  a c h i e v e  an
t o  t h e  p r o b l e m .  O p t i m i s a t i o n  o f  th e  
t w o  a p p r o a c h e s  shou lc  converge  to  t h e  r e q u i r e d  
s o l u t i o n ,  w h e n  t h e  u p p e r  a n d  lo w er  bounds a r e  
e q u a l ,
( c) b l i p  l i n e  f i e l d s .  This  a p p r o a c h  i s  s i m i l a r  to
( b ) ,  i n  g e n o ia '.1 l e a n i n g  bo an u p p e r  bound on t h e  
; p ' l i o d  l o a d , Lower b o u n d  s o l u t i o n s  h._ve been 
a t t emp b e d  bub arc; t a r  f r o m  numerous and 
c o ; . t : . r e r i o n s i ' l f l  o. T h i s  up,pr o a c h  i s  most],y  u s . e d  f o r  
metal, fo rm ing  problems where a n  u p p e r  b o u n d  o n  t h e  
. i cd  load  g i v e s  a d e s i g n e r  t h e  m a x i m u m  r e q u i r e d  
GUI a c i t y  o f  th e  forming: m a c h i n e r y .  H o w e v e r  \.hen
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t h e  a p p ro a c h  i s  a p p l i e d  t o  n o t c h e s  e t c ,  i t  i s  t h e  
lo w e r  hound which i s  r e q u i r e d  t o  keep  t h e  maximum 
s t r e s s  w i t h i n  t h e  p r e s c r i b e d  f a c t o r  o f  s a f e t y , 
t h i s  bound i s  v e ry  d i f f i c u l t  t o  f i n d  due to  th e  
d i f f i c u l t y  o f  m a tch in g  s t r e s s e s  o v e r  t h e  plastic™- 
r i g i d  boundary .  I n  a d d i t i o n ,  i t  sho u ld  be 
remembered t h a t  the  s o l u t i o n  i s  o n ly  a p p l i c a b l e  
f o r  l a r g e  s c a l e  y i e l d i n g  where t h e  e f f e c t s  of  
e l a s t i c  s t r a i n s  can  be n e g l e c t e d .  I n  a d d i t i o n  
t h e  m a t e r i a l  c h a r a c t e r i s t i c s  a r e  assumed t o  be 
r i g i d  p l a s t i c  w i t h  t h e  u n r e a l  c o n d i t i o n  o f  z e ro  
work—h a r d e n i n g .  B e a r in g  t h e s e  l a t t e r  r e s t r i c t i o n s
i n  mind,  a  s l i p  l i n e  s o l u t i o n  can be c o n s i d e r e d  as  
one e x t r e m e ,  t h e  o t h e r  one b e in g  t h e  e l e v a t e d  
e l a s t i c  so lu t ion* ,  be tw een  b o th  o f  t h e s e  e x t re m e s  
shou ld  be t h e  work—h a r d e n i n g  e l a s t o —p l a s t i c  
s o l u t i o n ,  For  t h e s e  r e a s o n s ,  a s l i p  l i n e  s o l u t i o n  
i s  g i v e n  f o r  th e  k e y h o le  n o t c h  i n  C h a p te r  10,
Of t h e  t h r e e  a p p ro a c h e s  m ent ioned  i t  i s  t h e  com ple te  
s o l u t i o n  which i s  a t t e m p t e d  h e r e .  I n  t h e  l a s t  ch;'vpter, t h e  
e l a s t i c  s o l u t i o n  was o b t a i n e d  b y  e m p l o y i n g  t h r e e  s t r a i n  
v a r i a b l e s  A,  B, 0  ( d e f i n e d  i n  s e c t i o n  I - . 3 )  i n  th e  t h r e e  
g o v e r n i n g  e q u a t i o n s  ( two e q u i l i b r i u m  and th e  t h i r d  
e s s e n t i a l l y  s t r a i n —d i s p l a c e m e n t ) .  The s t r e s s  s t r a i n
r e l a t i o n s  were i m p l i c i t  i n  t h e  f o r m u l a t i o n  o f  t h e s e  
e q u a t i o n s ,  which  were so lve d  s i m u l t a n e o u s l y  w i t h  f i x e d  
b o und a r y  c o nd i t i  on s ,
The e l a s t o —p l a s t i c  g o v e rn in g  e q u a t i o n s  a r e  s i i . i i l a r ,  
t h e  o n ly  d i f f e r e n c e  b e in g  t h e  i n c l u s i o n  o f  p l a s t i c  terms*, 
a s i m i l a r  a . p r o a c h  can t i n s  be t a k e n  to t h e i r  s o l u t i o n *
The f i e l d  g r i d  s i z e  r em a in s  t h e  came s t h e  e l a s t i c  s o l u t i o n  
a l t h o u g h  t h e  o u t e r  r a d i a l  boundary was t a k e n  as  L -  18 
( f i g ,  7 . 1 )  , t o  t a k e  cdva.ntcge of th e  sgkm etry  o v e r  t h i s  
c e n t r e  l i n e  i n  t h e  c a se  o f  th e  h o l e  i n  t e n s i o n .
The c irc iu i  f o r  e n t r a i  b o u n d a r i e s  \ /c re  a l s o  t r e a t e d  
sÎT:iil.a.rly to  t h e  c l a s t i c  s o l u t i o n s ^  th ey  wore ch o sen  t o  be
IB ( now inc r e . . so d )  I f ,
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7 . 2  The Complete  S o l u t i o n  A ttem pt  t o  E l o s t o —p l a s t i c  
P rob lem s
C o n s id e r  f i r s t ,  t h e  i t e r a t i v e  p r o c e d u r e  f o r  
d e t e r m i n i n g  p l a s t i c  s t r a i n  components . I n  most  c a s e s  th e  
s o l u t i o n  o f  e l a s t o —p l a s t i c  p rob lem s  i s  by t h e  method o f  
s u c c e s s i v e  a p p ro x i m a t i o n .  The f o l l o w i n g  o u t l i n e s  t h e  
m e t h o d , t h e  s t r e s s  and s t r a i n  components  b e in g  r e f e r r e d  to  
t h e  more f a m i l i a r  c a r t e s i a n  c o o r d i n a t e s  a s  i n  th e  f i r s t  
p a r t  o f  c h a p t e r  4*™“
The l o a d i n g  p a t h  i s  d i v i d e d  i n t o  a  number o f  lo a d  
i n c r e m e n t s ,  i f  t h e  i n c r e m e n t a l  t h e o r y  o f  p l a s t i c i t y  i s  b e in g  
u s e d .  I f  th e  d e f o r m a t i o n  t h e o r y  i s  u s e d ,  i t  i s  assumed 
tho,t  be tw een  y ie i .d  and th e  r e q u i r e d  lo ad  t h e  r a t i o s  o f  th e  
s t r e s s e s  r e m a in s  c o n s t a n t  and on ly  one l a r g e  lo ad  in c r e m e n t  
need be c o n s i d e r e d  i n  th e  s o l u t i o n .  I n  what f o l l o w s ,  on ly  
t h e  i n c r e m e n t a l  t h e o r y  i s  employed.
For  t h e  f i r s t  load  i n c r e m e n t ,  g u e s se d  v a l u e s  o f  
de " I e t c ,  a r e  u s e d ,  s t a r t i n g  from zero  v a l u e s  o f  e. Î  e t c .  
Thus de-*-, and ,  f rom t h e  s t r e s s  s t r a i n  c u r v e , a  can be f o u n d .  
E q u a t io n s  ( 4 .1 )  t o  ( 4 . 3 )  a r e  so lv e d  as  f o r  an e l a s t i c  
p rob lem  e x c e p t  w i t h  n o n - z e r o  v a l u e s  f o r  de  ^ ^ e t c .  Thus a 
f i r s t  a p p r o x i m a t i o n  o f  s t r e s s e s  a n d  t o t a l  s t i v i i n s  i s  
o b t a i n e d .  From t h e s e  s t r e s s e s  and th e  o r i g i n a l  Vciluos o f  
d"Ë^ and a ,  t h e  new v ; / lu e s  o f  ds,,/-  ^ e t c ,  as  a  c r o f o r b i o n  o f  
d"e^ can b e  e v a l u a t e d  u s i n g  e q u a t i o n s  ( 4 , 4 ) .  These f i r s t  
a p p r o x i m a t i o n s  to  de e t c ,  v / i l l  g i v e  t h e  new v a l u e  o f
 -Q „„ ^
de^ and so o can be found as  b e f o r e  from t h e  s t r e s s —s t r a i n  
c u rv e .  Also s u b s t i t u t i o n  o f  dc^p e t c ,  i n t o  e q u a t i o n s
dsqP "  c u r r e n t ,  v a lu e  o f  x - c o m r o n e n t  o f  p l a s t i c  s t r a i nX
in c r e m e n t  e t c .
^ -  t o t a l  v a l u e  o f  a—component o f  p l c u t i c  str-a.in up to
b u t  n o t  i n c l u d i n g  t h e  c u r r e n t  s t r ; h .n  i n c r e m e n t  e tc
nd e ^  =  e f f e c t i v e  p l a s t i c  s t r a i n  i n c r e m e n t
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( 4 , 1 )  t o  ( 4 , 4 ) w i l l  g i v e  new v a l u e s  o f  t h e  RH.S,  The 
p r o c e s s  p r o c e e d s  u n t i l  two c o n s e c u t i v e  a p p r o x i m a t i o n s  g iv e  
a s m a l l  enough change i n  component v a l u e s  f o r  t h e  p r o c e s s  
tu  be c o n s i d e r e d  a s  h a v in g  converged t o  a s o l u t i o n ,
F o r  second and su b s e q u e n t  lo ad  i n c r e m e n t s ,  t h e  
v a l u e s  o f  e e t c ,  a r e  no l o n g e r  z e r o  b u t  have  f i x e d
"Ov a l u e s  w h i l e  new v a l u e s  o f  t h e  c u r r e n t  de^i  e t c ,  a r e  
g u e s se d  and t h e n  s u c c e s s i v e l y  app rox im ated  a s  above u n t i l  
co n v e rg en c e  i s  a c h i e v e d .  The complete  s t r e s s  s t r a i n  
h i s t o r y  f o r  any l o a d i n g  o r  u n l o a d i n g  p a t h  i s  t h u s  o b t a i n e d .
C o n v e r g e n c e  i s  o f  p a ra m o u n t  i m p o r t a n c e  and 
c o n s e q u e n t l y  c o n s i d e r a t i o n  s h o u ld  be g i v e n  t o  p o s s i b l e  
s o u r c e s  o f  d i v e r g e n c e  i n  t h e  u s e  o f  t h e  s t r e s s  s t r a i n  c u r v e .  
I n  t h e  d i s c u s s i o n  a b o v e ,  t h e  V c lu e  o f  a was e v a l u a t e d
"P"\ w.ifeR»
from de-*^  — OKLM on th e  b i l i n e a r  . s t r e s s —s t r a i n  c u rv e  
shown — f i g .  7 . 2 .  O f t e n ,  however ,  t h e  g o v e r n in g  e q u a t i o n  
o r  e q u a t i o n s  a r e  i n  t e rm s  o f  s t r e s s e s  and i t  would be more 
c o n v e n i e n t  to  c a l c u l a t e  "o and t h e n  f i n d  d'e-  ^ by iaLKO,
I f  one l o o k s  a t  r e a l  m a t e r i a l s ,  once t h e  r ] . a s t l c  
r  e g i me h as  f  i r m ly  e s t  a b l i  s h e d  i t s e l f , t h e  v /ork-hard  cn in g  
i n d e x  m l i e s  b e tw ee n  0 . 0  and 0 ,1 ,  Thus i n  th e  l a t t e r  
m ethod ,  s m a l l  e r r o r s  i n  *c would p r o d u c e  v e r y  l a r g e  e r r o r s  
i n  dê^ .  I t  i s  t h u s  a lw ays  b e t t e r  t o  e v a l u a t e  dc^ ;md
e x t r a c t  a  f rom t h e  c u r v e .  T h is  i s  n o t  t o  say  t h a t  
d i v e r g e n c e  w i l l  n o t  o c c u r .
The m agn i tu d e  o f  lo a d  in c r e m e n t  i s  of  g r e a t  
im p o r t a n c e  f o r  t h e  f o l l o w i n g  r e a s o n .  S t a r t i n g  w i t h  th e  
g u e s se d  v a l u e s  o f  de e t c ,  , t h e  v a l u e s  o f  d"e^ a n d  o
a r e  f o u n d .  Trie v a l u e s  o f  d e  1 e t c ,  a l s o  en-fo le  e q u a t i o n sP
( 4 , 1 ) to  ( 4 , 4 ) to  be so lv e d  5 g i v i n g  v a l u e s  o f  o'_ e t c .
These s t r e s s e s  co u ld  be used to  ev:/I.uato a agaJ n b u t  t h i s  
o v / i l l  n o t  i n  g e n e r a l  o . g r c e  w i t h  th e  f i r s t  v a lu e  o b t a i n e d  
f r o m  t h e  s t r c s s —s t r a i n  cu rv e  — vj th ou g h ,  i f  bhe i n i t . i n i  
g u e s s  were e x a c t , t h e  v a l u e s  o f  "o would be i d e n t i c a l .
T h is  d i s c r e p a n c y  i n  a w i l l  p roduce  c n i n c o n s i s t e n c y  rn  
th e  bevy h i s  es e q u a t i o n s  ( 4 . 4 ) ,  v/hich w i l l  p roduce  l a r g e  
e r r o r s  i n  the  s t r a i n s .  I f  the loen  and t h u s  t h e  s t r e s s e s
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a r e  l a r g e ,  t h i s  i n i t i a l  e r r o r  can be enough t o  i n i t i a t e  
d i v e r g e n c e ,
E l a s t o —p l a s t i c  p rob lem s shou ld  t h u s  be f o r m u la t e d  
t o  determine a f rom  d*e  ^ w i t h  c a r e  b e in g  t a k e n  to  l i m i t  
l o a d  i n c r e m e n t s .  i l e n d e l s o n  and Hanson^’ ' r e f i n e d  t h e  
above p r o c e d u r e  o f  d e t e r m i n a t i o n  o f  p l a s t i c  s t r a i n s  from 
t o t a l  s t r a i n s  a s  v/as shovm i n  C h a p te r  2.
The i l e n d e l s o n  i lanson p r o c e d u r e  i s  t h e  one which 
i s  used  h e r e  — se e  p a r a g r a p h  7 . 3 , 5 ,  I t  r e q u i r e s  th e  i n p u t  
o f  t o t a l  s t r a i n s  f rom  which t h e  p l a s t i c  s t r a i n s  a r e  e x t r a c t e d .  
The t o t a l  s t r a i n s  a r e  made up o f  e l a s t i c  and p l a s t i c  s t r a i n s '  
t h e  e l a s t i c  p a r t  can  be o b t a i n e d  d i r e c t l y  f rom the  c u r r e n t  
s t r e s s e s .
T\/o a p p ro a c h e s  to  t h e  method o f  e l a s t c —p l a s t i c  
s o l u t i o n  t h u s  p r e s e n t  t h e m s e lv e s  —
(a)  t h e  s t r e s s  o r i e n t e d  ap p ro a ch  d e a l t  w i t h  i n  
s e c t i o n  7 , 3  below,
OR (b) t h e  s t r a i n  o r i e n t e d  a p p ro a ch  d e a l t  w i t h  i n  
s e c t i o n  7 . 4  below.
7 , 3  S t r e s s  O r i e n t e d  Aoproc,ch
7 , 3 , 1  Ixi hrpd u c t i p n
V/bat i s  i n t e n d e d  by ’ s t r e s s  o r i e n t e d  a p p roach '  i s  
t h a t  t h e  g o v e rn in g  e q u a t i o n s  a r e  i n  t e rm s  o f  t h e  s t r e s s  
components O b v io u s ly  t h i s  a p p ro a c h  i s  a
f a v o u r a b l e  one where s t r e s s  boundary  c o n d i t i o n s  a r e  
d i r e c t l y  a p p l i c a b l e  and t h u s  g i v e  h i r i c h l e t  Boundary 
c o n d i t i o n s .  The c o m p l i c a t i o n  l i e s  i n  th e  u s e  o f  t h e  s t r e s s -  
s t r a i n  c u r v e , where low work—ha,rdcning r a t e s  p ro d u ce  l a r g e  
e r r o r s  i n  d e t e r m i n i n g  e f f e c t i v e  p l a s t i c  s t r a i n  from 
c:pproxim:wbo e f f e c t i v e  s t r e s s  v a l u e s .  T h is  was d i s c u s s e d  
more f u l l y  i n  th e  s e c t i o n  7 , 2 .
how ever ,  r e f e r r i n g  back t o  t h e  C h a p te r  2, k h o re in  
w i l l  be found th e  s o l u t i o n  t o  th e  above d i f f i c u ] t y .  ( S t e p s  
(a3 )  t o  (g3) i n  s e c t i o n  2 , 3 ) ,  The s t r e s s  f i e l d  v a l u e s  .at
1 1
120
t h e  end o f  any i t e r a t i o n  a r e  used  to  g i v e  t h e  e l a s t i c  
s t r a i n s  t o  which  a r e  added th e  t o t a l  p l a s t i c  s t r a i n s  
c a l c u l a t e d  b e f o r e  t h e  c u r r e n t  i t e r a t i o n  t h u s  g i v i n g  a new 
v a l u e  o f  t o t a l  s t r a i n .  T h is  t o t a l  s t r a i n  i s  t h e n  fed  
i n t o  t h e  i l e n d e l s o n  Manson p r o c e d u r e  which p ro d u c e s  th e  
c u r r e n t  p l a s t i c  s t r a i n  i n c r e m e n t ,  to  which can  he added th e  
v a l u e s  a t  p r e v i o u s  lo a d  s t a g e s ,  t h u s  g i v i n g  a  c u r r e n t  
e s t i m a t e  o f  t o t a l  p l a s t i c  s t r a i n s .  These t o t a l  p l a s t i c  
s t r a i n s  a r e  now added to  th e  c a l c u l a t e d  e l a s t i c  s t r a i n s  
f o l l o w i n g  t h e  f i e l d  i t e r a t i o n .
The u s e  o f  t h i s  d e v i c e  a l l o w s  t h e  s t r e s s  o r i e n t e d  
s o l u t i o n  t o  d e a l  s u c c e s s f u l l y  w i t h  t h e  t y p i c a l  low w ork-  
h a rd  e n in g  mat e r i  a l .
7 , 3 , 2  O u t l i n e  o f  I 're  gram f o r  St r e s s  O r i e n t ed 
S o l u t i o n
I t  i s  p r o b a b l y  b e t t e r  a t  t h i s  s t a g e  to  g i v e  an 
o u t l i n e  o f  t h e  method o f  s o l u t i o n  and t h e n  t o  d e a l  w i th  
p o i n t s  o f  d e t a i l  l a t e r .  T h is  t h e n  i s  t h e  program o u t l i n e ’,
( a )  C o n s ta n t  c o e f f i c i e n t s  and f i e l d  p a r a m e t e r s  a r e
fed  i n  o r  a s s i g n e d ,
(b)  The e l a s t i c  f i e l d  v a l u e s  o f  th e  s t r e s s  components
a r e  r ea d  i n ,
(o)  An i n i t i a l  e s t i m a t e  i s  made o f  P ,  X, Y, and Z
( d e f i n e d  i n  p a r a g r a p h  4 , 3 , 3 )  and t ïie  y i e l d  s t r e s s  
SY i s  f i x e d  a t  th e  v a lu e  o f  a o l  t h e  p o i n t  o f  
maximum s t r e s s  (o ) ,
*------ ^ ( d )  The lo ad  i s  in c re m e n te d  by a  f i x e d  ; .'.mount a n d ^ a s  a
f i r s t  c s t i m . a t e g a l l  the  s t r e s s e s  a r c  in c r e m e n te d  by 
t h e  same amount, ,
( e )  I n i t i a l  e s t i m a t e s  o f  t o t a l  s t r a i n s  a r e  made u s i n g  
P ’-r Y v'.1..  ^ J.  ^ .J »
^ ^ ( f )  The v;'3.iies o f  t o t a l  s t r a i n s  a r e  f ed  i n t o  t h e
Li end e l s o n  L! an son p r o c e d u r e  , from which cue found 
v a l u e s  o f  X, Y, Z and t h e  p l a s t i c  i n c r e m e n t  P,
(g)  The component p l a s t i c  s t r a i n  i n c r e m e n t s  cmi now.be
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 ^  ^ found u s i n g  P ,  X, Y, Z — f o r  example
ds^P S P ( l+ v )X .
(h)  '.the p l a s t i c  s t r a i n  g r a d i e n t s  r e q u i r e d  i n  th e
s t r e s s  f i e l d  e q u a t i o n s  a r e  now found o v e r  th e  
whole  f i e l d  and t h e n  ze roed  a t  non—p l a s t i c  ■ 
p o i n t s .
p K i )  The f i e l d  i s  scanned t e n  t im e s  e v a l u a t i n g  BS ^
a t  each p o i n t  u s i n g  i t s  f i e l d  e q u a t i o n .
( j ) The f i e l d  i s  scanned t e n  t im e s  e v a l u a t i n g  C8 ^ a t
each  p o i n t  u s i n g  i t s  f i e l d  e q u a t i o n .
(k) V a lues  f o r  A8 ^ a t  each  p o i n t  i n  t h e  f i e l d  a r e
found hy i n t e g r a t i n g  ASH^ c i r c u m f e r e n t i a l l y  from 
t h e  h = IE  boundary .
1 ) S t e p s  ( i )  to  (l )^  a r e  perform ed 50 t im e s  to  s e t t l e
t h e  AS, BS, CS f i e l d s  u s i n g  th e  c u r r e n t
e s t i m a t e s  o f  t h e  p l a s t i c  s t r a i n s  and g r a d i e n t s .
(m) The v a l u e s  o f  AS, BS and CS a r e  smoothed
c i r c u m f e r e n t i a l l y  a lon g  t h e  K l i n e s  to  i r o n  o u t  
any second o r d e r  r i p p l e s  e s p e c i a l l y  i n  AS,
(n)  From t h e  s t r e s s e s  AS, BS, CS ( ev ;J .ua ted  i n  t h e
( i )  t o  ( l )  lo o p )  and th e  v a l u e s  o f  p l a s t i c
strr . . . ins,  b o t h  c u r r e n t  ( s t e p  ( g ) )  and from p r e v i o u s  
l o a d  s t a g e s  ( i f  a n y ) ,  t h e  v a l u e  o f  o can be 
c a l c u l a t e d  o v e r  th e  f i e l d ,
(o) The component e l a s t i c  s t r a i n s  a r e  e v a l u a t e d  from 
th e  s t r e s s e s  and added t o  th e  c u r r e n t  c l a s t i c  
s t r a i n  i n c r e m e n t s  ( f rom s t e p  (g ) )  and any 
accumula.tcd i n c r e m e n t s  from p r e v i o u s  lo.ad s t a g e s .  
T h is  g i v e s  new v a l u e s  o f  t o t a l  s t r a i n s  — f o r  
example ,, e., =- r  de.^-  ^ -f where
_  : n ^ l  ^ ^ ^
So -  f -1 dCo, d u r i n g  th e  n f  load  s t a g e ,  k— 1
Of C T A
AS i s  d e f i n e d  as  ( ~ )  9 BS a s  ( ~ )  and CS as  ^o Y o Y Y
/ \ rt \ ^   ^O (q /O Y \
ASH i s  d e f i n e d  i n  p a r a g r a p h  4*3 .3  a s  - h ’~ „  _
1 2 2 ,
' lYith th e  new v a l u e s  o f  t o t a l  component s t r a i n s  th e
■program r e t u r n s  t o  s t e p  ( f )  and s t e p s  ( f )  t o  (p) 
a r e  p e r fo rm ed  enough t im e s  t o a l l o w  conv e rg e n c e  
a t  any p a r t i c u l a r  l o a d  s t a g e .
(q) T o ta l  p l a s t i c  s t r a i n  q u ^ m t i t i e s  and t h e i r
g r a d i e n t s  a r e  u pd a te d  by t h e  c u r r e n t  i n c r e m e n t s ,  
which  a r e  t h e n  s e t  to  z e r o ,
I r )  S t e p s  (d) t o  ( r )  a r e  pe rfo rm ed  u n t i l  t h e  o p r r e o t
number o f  lo a d  s t a g e s  h a s  been  e x e c u te d ,  a f t e r  
which t h e  p rogram s t o p s .
C e r t a i n  p o i n t s  o f  d e t a i l  a r e  a m p l i f i e d  i n  t h e  f o l l o w i n g  
s e c t i o n s ' —
(1) The f i e l d  e q u a t i o n s  f o r  BS and CS and t h e
i n t e g r a t i o n  o f  AS — see  p a r a g r a p h  7-3*3? 
s t e p s  ( i ) , ( j ) and (k) o f  t h e  o u t l i n e ,
(2) The g r a d i e n t s  o f  p l a s t i c i t y  P — s e e  p a r a g r a p h .
7 , 3 , 4 ;  s t e p  (h)  o f  th e  o u t l i n e ,
(3)  The e x t r a c t i o n  o f  p l a s t i c  s t r a i n s  from t o t a l
s t r a i n s  u s i n g  th e  k e n d e l s o n —k an so n  p r o c e d u r e  — 
se e  p a r a g r a p h  7 ,3 *5 ?  s t e p  ( f )  o f  t h e  o u t l i n e .
(4) The eva l u a t i o n  o f  th e  s t r e s s  o'^ — see  p a r a g r a p h
7 ,3 ,6 *  s t e p  (n) o f  t h e  o u t l i n e ,
(5) The c a l c u l a t i c n  o f  t o t a l  s t r a i n s  — see
p a r a g r a p h  7 * 3 * 7 Î s t e p  (o) o f  t h e  o u t ­
l i n e .
7 . 3 .3  St  r  e s s F i  o 1 d .2 rax a t  10 n s
Re—w r i t i n g  idio e q u a t i o n s  (t.'l-O) f rom C h a j ' t e r  4
AÜ2N + ASH + AS2H + BS2h + BSk + B32R = ^ 2 ^  ^4
CSI: + ASH + 2C3 = 0 " f  ( 7 ,1 )
B3H + CSH + BS -  AS = 0
The s i m i l a r i t y  o f  t h o s e  .d. Lh th e  o l l i j . t l c a . l  
c l a s t i c  t h r e e  v . . r i a b l e  g o v e rn in g  ogin. t i o n s  i s  o b v io u s ,
The only  d i f f e r e n c e  i n  form i s  t h a t  t h e  f:1 r s t  e ; u a t i o n  h a s  
now a n o n - z e r o  r i g h t . h a n d  s i d e .  C o n sequ en t ly  t h e  same
123.
form o f  f i e l d  e q u a t i o n s  i s  used*
(a)  f o r  BS, t h e  f i r s t  e q u a t i o n  i s  used  and^as  i n  th e
l a s t  c h a p t e r ,  t h e  AS2H te rm  i s  r e p l a c e d  u s i n g  
t h e  d i f f e r e n t i a t e d  form of t h e  second e q u a t io n !  
t h u s
BS2K + BSff + BS2H = -AS2K -  ASH + CSIOÎ + 2CSH + p
( 7 .2 )
(b) f o r  GS, th e  l . a s t  two e q u a t i o n s  a r e  d i f f e r e n t i a t e d
w i t h  r e s p e c t  to  It and t  r e s p e c t i v e l y  and t h e n  
added to  g i v e
G82N + G32n + 3GSN = -A8NH -  B8NH + ASH -  BSH, ( ? , 3 )
For  AS j no f i e l d  e q u a t i o n  was used  s i n c e ,  a s  a compromise 
o f  a c c u r a c y  and speed  o f  c o n v e rg e n c e ,  i t  wo,s d e c id e d  from 
th e  t h r e e  v a r i a b l e  c l a s t i c  s o l u t i o n  to  i n t e g r a t e  AS 
c i r c u m f e r e n t i a l l y  i n t o  t h e  ^  L = 2,
The g r a d i e n t  ASH was e v a l u a t e d  from th e  second e q u a t i o n  
v i z ,
ASH = -GSH -  2GS, ( ? . 4 )
As b e f o r e  t h e s e  e q u a t i o n s  a r e  d i s c r e t i z e d  a n d  t h e  
m e t h o d  o f  s o l u t i o n  u sed  i n  s t e p s  ( i )  and ( j ) o f  t h e  program 
o u t l i n e  i s  one o f  S u c c e s s i v e  Over r e l a x a t i o n .
One f u r  bhcr p o i n t  must b e  m.sde r e g a r d i n g  t h e  
f i e l d  e q u a t i o n  f o r  B6. The r i g h t  h./.nd s i d e  c o n t a i n s  
w hich  i s  a  f u n c t i o n  o f  t h e  g r a d i e n t s  and c u r v a l u r e s  o f  
P ,  X, Y end Z, T h is  p o i n t  i s  now dea l t ;  w i t h  i n  pr- .ragrsph
7 , 3 , 4  b e l o w .
T h e  boundary  c o n d i t i o n s  a r e  s i m i l a r  to  t h o s e  used  
i n  t h e  ] as  b c h a p t e r  f o r  t h e  e l l i p t : !  c i l  t h r e e  v a r i a b l e  f i x e d  
boundary  a p ] , r o a c h ,  t h e  o n ly  d i f f e r e n c e  b e in g  t h a t  t h e  
b o u n d  .cry v a r i a b l e s  a r c  i n  t e r m s  o f  s t r e s s e s  AS, BS ; i,nd CS, 
Those b o u n d a r y  d e f i n i t i o n s  g iv e  t h e  v e r y  f a v o u r a b l e  
c o n d i t i o n  t h a t  a lo n g  t h e  i n n e r  K -  2 boundary  BS -  Co -  0,
7.  3, 4 Th-7 I r u d  1 e n t  s o f  P ] . s  1;i  c i  tv P 
I n  t h e  f i r s t  o f  cqu. t i o n s  ( 7 , 1 )  i s  t  
Th i s  when oxf/.ridcd a,s i n  cqua , t ion  ( 4 , 1 0 )  g i v e s
1 2 4
P. = ~( l~v)PX 2î î  + vPX2H -  (2-v)PXH + mPY?B'
~ ( l -v )P Y 2 H  + (1 +m)PYH + 2PZH + 2PZI®
v/îier6 P  = * P X N  = R 5 P 2 H  = et.o.
As c-.n be s e e n  th e  e v a l u a t i o n  o f  c u r v a t u r e s  i s  
r e q u i r e d .  T h is  p rob lem  i s  n o t  u n iq u e  to  t h i s  a p p ro a c h  to  
e l a s t o —p l a s t i c  p ro b le m s ,  a s  second o r d e r  te rm s  a l s o  e x i s t  
when th e  s t r e s s  f u n c t i o n  g o v e rn in g  e q u a t i o n  i s  u se d .
However, i n  t h i s  f o r m u l a t i o n  th e  e q u a t i o n  f o r  i s  i n
te rm s  o f  P ,  X, Y and Z. The d i f f i c u l t i e s  and t h e i r  
s o l u t i o n  t o  them t ire  d e t a i l e d  below,
( a) S i z e  o f  p l a s t J c z o n e . Take a s  an example ,  th e  
c a se  o f  a 5 0 ^ i n c r e a s e  o f  lo a d  o v e r  load  o,t f i r s t  y i e l d
f o r  t h e  h o l e  i n  u n i a x i a l  t e n s i o n .  The s i z e  o f
p l a s t i c  zone i s  shown i n  f i g ,  7*3', t h i s  i s  a  r e l a t i v e l y  
sm a l l  zone f o r  such  a l o a d  i n c r e a s e .  T h is  p o s e s  g r e a t  
d i f f i c u l t i e s  i n  t r y i n g  f o r  example to  t a k e  a r a d i a l  g r a d i e n t
o r  c u r v a t u r e  a t  t h e  p o i n t  ( 2 , 8 )  s i n c e  a t  the  p o i n t s  ( 3 , 8 ) ,
( 4 , 8 )  e t c ,  z e ro  p l a s t i c i t y  i s  r e g i s t e r e d ,
Tlie s o l u t i o n  to  t h i s  d i f f i c u l t y  i s  found by 
e v a l u a t i n g  t h e  v a l u e s  P a t  a l l  p o i n t s  i n  th e  f i e l d ' ,  ab 
e l a s t i c  p o i n t s ,  i n s t e a d  o f  z e r o i n g  t h e  n e g a t i v e  P v a l u e s , 
r e t a i n  them,
■'.That do t h e s e  n e g a t i v e  v a l u e s  r e p r e s e n t ?  C o n s id e r
t h e  s t r e s s —s t r a i n  c u rv e  OHS i n  f i g ,  7*4 ' nd l e t  th e  s t r a i n
h a r d e n i n g  p a r t  PS be c o n t in u e d  back t o  11, For  th e
norm al  p l a s t i c  p o i n t  w i t h  s t r e s s  o'^, t h e  p o i n t  T on th e
s t r e s s —s t r a i n  cu rve  would i n d i c a t e  a p o s i t i v e  p l a s t i c i t y
■L lowover f o r  an e l a s t i c  p o i n t  w i th  s t r e s s  t h eT"
p o i n t  V/ on th e  r u r t _ ah  o f  t h e  s t r e s s —s t r a i n  cu rv e  would 
g i v e  a j i e g a t i v e  p l u s  cl c i t y  P,.  ^ a s  i n d i c a t e d  i n  t h e  f i g u r e .
I n  t h i s  v7.ay ,1 cw.n now be c o n s i d e r e d  a 
c o n t i n u o u s  f u n c t i o n  o v e r  t h e  e l a s  t o - p l a s t i c  bo un clary. Due
t o  t h e  grec ' . ter  s t e e p n e s s  o f  p a r t  OH on th e  s t r e s s - s t r a i n  
c u rv e ,  th e  d i s t r i b u t i o n  o f  tlio n e g a t i v e  r  v a l u e s  i n  the  
e l a s t i c  zone wil L show roouccd g r a d i e n t s  and c u r v a t u r e s .
I n  f i g ,  7 ,5  t h i s  i s  i l l u s t r a t e d  o i a l i t a t i v c l y  i n  t h e  l i n e  
ABO o f  a s a m r lc  d i s t r i b u t i o n  o f  P a l o n g  a  c i r c u m f e r e n t i a l
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l i n e ,  Alien g r a d i e n t s  a r e  talc en o v e r  t h e  e l a s t o - p l a s t i o  
boundary  a t  B, t h i s  d i f f e r e n t  c h a r a c t e r  o f  t h e  d i s t r i b u t i o n  
BO w i l l  f a l s i f y  t h e  v a l u e s  s l i g h t l y .  I n  o r d e r  to  r e d u c e  
t h i s  e r r o r ,  t h e  v a l u e s  o f  P o v e r  t h e  whole f i e l d  were 
smoothed c i r c u m f e r e n t i a l l y  t h e n  r a d i a l l y  and f i n a l l y  
c i r c u m f e r e n t i a l l y  a g a i n .  The e f f e c t  o f  t h i s  i s  to  ch an ge  
th e  d i s t r i b u t i o n  from ' ABC t o  /JOB, and i n c r e a s e  t h e  p l a s t i c  
zone by d-6, l e n g t h  BB', hov/.ever, t h e  g r a d i e n t s  a r e  
e x p e c te d  t o  be more a c c u r a t e .
The sm oo th ing  f o rm u la e  u s e  a r e  t h o s e  d e v e lo p ed  i n  
C h a p te r  5 on t h e  I n i t i a l - V a l u e  Approach.
(b) The g r a d i e n t s  and c u r v a t u r e s .  I n  s e c t i o n  (a )  
o n ly  g e n e r a l  r e f e r e n c e  was made to  the  p l a s t i c  g r a d i e n t s  
and c u r v a t u r e s ' ,  i n  t h i s  a  d e t a i l e d  lo o k  i s  t a k e n  a t  t h e s e  
q u a n t i t i e s .
The q u a n t i t i e s  c o m p r i s in g  P^ a r e  g r a d i e n t s  and 
c u r v a t u r e s  o f  t h e  p r o d u c t s  P and each  o f  a , Y and 2,
These would a p p e a r  on f i r s t  g l a n c e  to  be e a s i l y  e v a l u a t e d  
b u t  a c l o s e r  l o o k  a t  t h e  p rob lem  p ro d u c e s  some a n o m a l i e s .  
N orm al ly  one would m u l t i p l y  the v a l u e s  o f  X, Y and Z a t  
each  p o i n t  w i t h  t h e  v a l u e s  o f  P,  which i s  c o n s i d e r e d  
c o n t i n u o u s  ( a s  d i s c u s s e d  i n  (a )  a b o v e ) . The g r a d i e n t s  
and c u r v a t u r e s  o f  PX, PY and P2 could  t h e n  be found u s i n g
t h e  fo rm u la e  d e v e lo p e d  i n  C h a p te r  5,
However, due t o  t h e r e  b e in g  ze ro  s u r f a c e  s h e a r
l o a d i n g  end due to  t h e  asymmetry of th e  s h e a r  s t r e s s  o v e r
t h e  é. 1 -  2,  a l l  t h e  v a l u e s  o f  Z on 1 = 2 end K ^ 2 a r e
z e ro .  T h is  i n  i t s e l f  does  n o t  d i s r u p t  t h e  c o n t i n u i t y  o f
2 b u t  th e  V a lues  o f  t h e  p r o d u c t  P2 r..long t h e s e  l i n e s  
w i l l  now a l s o  be z e r o .  The an cm e l  y a r i s e s  when dc-a l ing  
w i t h  a p o i n t  l i k e  ( 2 , 8 )  i n  f i g ,  713? s i n c e  now PZ i s
ze ro  a t  t h i s  p o i n t  and th e  t e rm  f o r  PZIII -v i l l  hisve dubioin
a c c u r a c y ,
k i t h  t h e  above c o n s i d e r a t i o n s  i n  mind i t  was 
d e c id e d  to  s p l i t  t h e  gr; . . .dients  and c u r v a t u r e s  of  t h e  
p r o d u c t s  i n t o  t h e  g r a d i e n t s  and c u z 'v a tu re s  o f  each  o f  P,
A, Y ana f i n ;  l l y  combin ing  them t h r o u g h  t h e  f o l l o w i n g
1 2 6
f o r m u la e .
3 (PX) _ .p r? .  ,u V f rS in c e  = P -y|* t  X e t c .  t h e n
PXH = P X XH t  X X PH '
P X N  =  P  X XH +  X  X P N
S i m i l a r l y  PX2H = P  x X2H + X x P2H t  2 x PH x XH
P X 2 H  =  P  X X 2 N  +  X  X P 2 H  + 2  x P H  x XH
PXNH = P H  X XH 4- P X XHH + X x Pil l  + XH x PH
S i m i l a r l y  f o r  PY and PZ,
Once a l l  t h e  g r a d i e n t s  and c u r v a t u r e s  have, been  
fo u n d ,  t h e s e  v a l u e s  a t  a.11 e l a s t i c  p o i n t s  a r e  z e ro e d .
I n  t h i s  way, t h e  c o n t i n u o u s  c h a r a c t e r  o f  e ach  
v a r i a b l e  i s  b e s t  u s e d ,
(c )  I n t e r p r e t a t i o n  o f  P. One f i n a l  p r i n t  must  be
c o n s i d e r e d  i n  u s i n g  th e  v a l u e s  o f  P i n  P .  ^ i f  t h e r e  i s
more t h a n  one l o a d  s t a g e  t h e n  what does  P r e p r e s e n t ?
I n  P^p P i s  a  f u n c t i o n  o f  t h e  sum o f  t h e  
e f f e c t i v e  p l a s t i c  s t r a i n  i n c r e m e n t s  up t o  and i n c l u d i n g  t h e  
c u r r e n t  lo a d  s t a g e .  Prom t h e  I lende lson—Llanson r-rocedure  
( p a r a g r a p h  7* 3*5) o n ly  t h e  c u r r e n t  e f f e c t i v e  p l a s t i c  s t r a i n  
i n c r e m e n t  dT^ i s  e v a l u a t e d  and so to  t h i s  must bo added 
to  t h e  t o t a l  up t o  b u t  no;]: i n c l u d i n g  t h i s  l o a d  s t a g e ,  b e f o r e  
t h e  g r a d i e n t s  a r e  t a k e n .
D e f i n i n g  as  t h e  t o t a l  up to  b u t  n o t  i n c l u d i n g
th e  c u r r e n t  l o a d  s t a g e ,  a l l o w s  one to  d e f i n e
P = -f d e ^ ) .
However X, Y i.æâ Z s i m i l a r l y  v a r y  from one load
s t a g e  t o  t h e  n e x t ,  and i n  f a c t  th.e p r o d u c t s  PX, PY and PZ 
a r e  d i r e c t l y  p r o p o r t i o n a l  to  th e  sum o f  t h e  c i r c u m f e r e n t i a l  
p l a s t i c  s t r a i n  i n c r e m e n t s ,  t h e  r u l i a l  p l a s t i c  s t r a i n  
i n c r e m e n t s  and th e  s h e a r  p l a s t i c  s kr-. in  i n c r e m e n t s  
r e s p e c t i v e l y .  Thus f o r  n  l o a d  s t a g e s
PX ~ p .X.  a; ^ j d e ^  e t c .
j = l  ^ ^ 1=1 ^ i
Alien one e v a l u a t e s  t h e  g r a d i e n t s  and c u r v a t u r e s  -  PXH, f o r
1 2 7 ,
exam ple ,  t h e y  can he found by
e i t h e r  (a)  Summing a l l  t h e  v a l u e s  o f  ^nd
i n c l u d i n g  t h e  p r e s e n t ,  l o a d  s t a g e  and t a k i n g  t h e  
g r a d i e n t  from th e  sum,
o r  (b)  Remaining  t h e  sum o f  t h e  g r a d i e n t s  up to
bum n o t  i n c l u d i n g  t h e  c u r r e n t  l o a d  s t a g e  and
a d d in g  t h i s  to  t h e  v a l u e  o f  PJvH found u s i n g
g gP
th e  c u r r e n t  i n c r e m e n t   ^ and t h e  c u r r e n t
v a l u e  o f  X,
The l a t t e r  method was used
t7 * 3 ,5  The Monde] so n—11 a ns on P ro c  e d u r  e
I n  s e c t i o n  2 .3  i e  d e t a i l e d  t h e  u s e  o f  t h e  Levy 
R i s e s  E q u a t io n s  to  e x t r a c t  component p l a s t i c  s t r a i n  
i n c r e m e n t s  (dCn^ e t c ,  ) f rom th e  e f f e c t i v e  p l a s t i c  s t r a i n  
i n c r e m e n t  dlE^  ^ and ,  a l s o  d i s c u s s e d ,  i s  th e  u s e  o f  t h e  
s t r e s s —s t r a i n  c u rv e ,  t i e n d e l so n  e t  how ever ,  t a k e
a v e r y  d i f f e r e n t  a p p ro a c h .  T o ta l  s t r a i n s  ( e t c . )  a r e  fed  
i n t o  t h e  p r o c e d u r e  and t h e  v a l u e  o f  d’i'-  ^ i s  e x t r a c t e d  a lo ng  
w i t h  v a l u e s  o f  x ,  y ,  z ( s e e  e q u a t i o n s  ( 4 , 2 0 ) ) .
E s s e n t i a l l y  the  p r o c e d u r e  i s  i n c r e m e n t a l  and so 
f rom t h e  i n p u t  o f  t o t a l  s t r a i n s  a r e  s u b t r a c t e d  th e  
accu m u la te d  p l a s t i c  s t r a i n s  up to  b u t  nojt i n c l u d i n g  t h e  
c u r r e n t  l o a d  s t a g e .  T h is  i d e a  can b e s t  be v i s u a l i s e d  by 
r e f e r e n c e  t o  t h e  s t r e s s —s t r a i n  c u r v e ,  f i g ,  7 . 6 ,  A f t e r  th e  
f i r s t  l o a d  s t a g e ,  im ag ine  t h a t  a  p o i n t  ha s  r e a c h e d  th e  s t r e s s  
s t a t e  d e f i n e d  by p o i n t  2, D ur ing  th e  second lo a d  s t a g e  t h e  
s t r e s s  s t a t e  moves from p o i n t  2 to  p o i n t  3 w i t h  an e f f e c t i v e  
p l a s t i c  s t r a i n  i n c r e m e n t  o f  dk^-^A I n  th e  R e n d e lso n - l la n so n  
p r  o c e d u r  e , t h e  s t  r  wins a r  e ’ mo d i f  l e d  ’ — f o r  ex ;.:m p-1 e 
Cq = Ef. — G P'  t h i s  i s  e ou i  v a l e n t , i n  th e  second l.oad 
s t a g e ,  to  V'-orking on th e  s i r e s s —s t r a i n  cu rve  0*25 ( w i t h-o Ï
y i e l d  s t r e s s  Cg) ..rid f i n d i n g  dkg'n T h is ,h o w e v e r ,w o u ld  be
I n  t h i s  pa ro .g raph ,  t h e  s t r e s s  and s t r a i n  symbols s t a n d  f o r  
t h e i r  u s u , . l  meaning and a r e  n o t  non—d i m e n s i o n a l i z e d .
128,
f o r  one p a r t i c u l a r  p o i n t .  A n o th e r  p o i n t  i n  t h e  f i e l d  may
have  th e  s t r e s s  s t a t e  o f  p o i n t  3 and i n  t h i s  c a se  th e
s t r e s s —s t r a i n  c u r v e  would he e q u i v a l e n t  t o  0"45 w i th  y i e l d
s t r e s s  s . .  F o r  r i l l  e l a s t i c  p o i n t s  t h e  s t r e s s —s t r a i n  4"
c u rv e  used  would he 015 w i t h  t h e  a c t u a l  y i e l d  s t r e s s  ■
n  = «Y-
From rh e  above d e s c r i p t i o n ,  i t  w i l l  be s e en  t h a t ,  
a t  each  p o i n t  i n  a f i e l d ,  c e r t a i n  o t h e r  i n f o r m a t i o n  must  be 
f e d  i n t o  t h e  p r o c e d u r e ,  i f  a t  a p r e v i o u s  l o a d  s t a g e
y i e l d i n g  had been  exceeded  —
v i z ,  (1) t h e  a cc u m u la te d  p l a s t i c  s t r a i n s ,  e t c .
(2) t h e  e f f e c t i v e  s t r e s s  a t  t h e  end o f  t h e  p r e v i o u s
lo a d  s t a g e  e , g ,  cFo? e t c .  o r  Oy f o r  t h e  above
example — f i g .  7 , 6 ,
C o n s id e r  now t h e  s t e p s  i n  t h e  p r o c e d u r e ,  which  
t  hi s  w r i t t e n  f o r  t h e  i  l o a d  s t a g e  and any one p o i n t  
i n  a  f i e l d ’—
( 1 )  T o ta l  s t r a i n s  e t c ,  a r e  f e d  i n ,
(2)  The m o d i f i e d  s t r a i n s  a r e  formed — f o r  example
=■’ (Remember ,
(3) The e f f e c t i v e  t o t a l  s t r a i n  e . i s  c a l c u l a t e d
from ( 2 . 1 5 ),
( 4 ) The e f f e c t i v e  p l r . s t i c  s t r a i n  i n c r e m e n t  i s  e v a l u a t e d
from ( 2 . 1 6 ) .
/ 2  ( l + v ) .  v  \
' ' ^ e t  3  " ^ i - 1 ^
X + I (1+v) Q
where a . -1 x" o\r i f  y i e l d i n g  had o c c u r r e d  a t  p r e v i o u s
Y
lo a d  s t a g e
i f  e l a s t i c  c o n d i t i o n s  e x i s t e d  a t  t h e  end
o jr t h e  ( i —]. ) 1 0 ad si: ag e ,
] 2 9 ,
and Q g r a d i e n t  o f  t h e  e f f e c t i v e  
s t r e s s / e f f e c t i v e  p l a s t i c  
s t r a i n  c u rv e  a t  t h e  
p o s i t i o n  r e a c h e d  a t  t h e  
end of  t h e  ( i —1 ) l oad
Ï6.
( 5 ) The v a l u e  o f  p can t h u s  be found
Ed'Ê^
^ "  T r p j )
and t h e  p l a s t i c  s t r a i n / t o t a l  s t r a i l :  r e l a t i o n s  
g i v e  t h e  component p l a s t i c  s t r a i n  i n c r e m e n t s  - 
.for example
de P
3e e t
(2£.:« :  )
( 6 )  The r a t i o s  x ,  y ,  z  c a n  a l s o  be found
( 2 e l
X = r3e e t c .e t
The g r a d i e n t s  o f  x ,  y ,  s and o f . p can  t h i s  
be c a l
7 . 3 . 4 )
c u l a t e d  and combined to  g i v e  ( p a r a g r a p h
3 h o t e  r e g a r d i n g  wo rk—hard  e n in g  c o e f f i c i e n t s V  
C o n s id e r  t h e  b i l i n e a r  s t r e s s —s t r a h n  n
cu rve  shown — th e  g r a d i e n t s  o f  th e  
two b i t s  a r e  t a n  "E and tcJi mE, 
Thus f o r  a  jump from p o i n t  1 t o  
p o i n t  2
rnE : d ade
t h e r e f o r e  
i l l  s o
GO mïïd e  
do
(d'e — d"e- )^
T h is  e l i m i n a t i n g  d”e from (a)  and (b)  g i v e s
(a)
3 t h e r e f o r e  d'a
civ
Y
l^ r’J I
1 4 e  '
t / '
—  - ------
Cll '
E(dl: — d 'ë ° ) . (b)
da( 1 1) But
Ü e-
t h e r e f o r e m
m ' ' '  GO
(1+Q)
4  i s  t h e  g r a d i e n t  o f  t h e  e f f e c t i v e  
s t r c s s - c f f o c t i v e  p l a s t i c  s t r ; . d n  c u rv e .
1 -1
c i £ . r
1 3 0 .
D u r in g  t h i s  i ' l o a d  s t a g e  s t e r  ( l )  t o  (6) a r e  e x e c u te d  f o r
each  poi n t  a f t e r  30 main  i t e r a t i o n s  of  t h e  f i e l d  equa t i o n s  
u n t i l  con v e rg en c e  i s  a c h i e v e d ,  a f t e r  which  t l ie  (i-t-1) lo a d
s t a g e  can  be t a c k l e d ,  t h e  accum ula ted  p l a s t i c  s t r a i n s  h a v in g  
b e en i n c r e m e n ted  w i t h  t h e  c u r r e n t  pi a s t i o  s t r a i n 
i n c r e m e n t s  ( s o ^  + de^^^ .
7 , 3 , 0  E v a l u a t i o n  o f  S t r e s s
Erom th e  p r e v i o u s  p a r a g r a p h  i t  can  be s e e n  t h a t
^ i —1 r e q u i r e d  and t h i s  i n  t u r n  r e q u i r e s  a  v a l u e  f o r
Og, I n  p l a n e  s t r a i n  -  0 b u t  de ^ i s  no h z e r o  and
a f t e r  one lo a d  s t a g e  e P i s  n o n - z e r o  a l s o .  Thus a f t e r  
t ht h e  i  l o a d  s t a g e
P
z
and f rom c o n s i d e r a t i o n s  of  c o n s t a n t  volume p l a s t i c  f l o w  
e^P = -i- ^nd de^^ = - ( d e ^ ^  4- d e ^ P ) ,
Thus = v ( a ^  + a^)  + E (e^^  t  + E (de^^  + dc^^")
7 * 3 ,7  C a l c u l a t i o n  o f  Total.  S t r a i n s
Erom th e  s t r e s s e s  can  be found t h e  e l a s t i c  s t r a i n s  
and to t h e s e  a r e  added t h e  acc u m u la te d  p l a s t i c  s t r a i n s  up 
to  b u t  n o t  i n c l u d i n g  t h e  c u r r e n t  lo a d  s t a g e  and t h e  c u r r e n t  
p l a s t i c  s t r a i n  i n c r e m e n t s  which a r e  found  f rom  t h e  h e n d e l s o n  
Hanson p r o c e d u r e  im m e d ia te ly  b e f o r e  the  l a t e s t  s e t t l i n g  o f  
f i e l d  v a r i a b l e s .  Thus — f o r  example
e K  -
and o f  c o u r s e  e = 0.
7 , 4  S t r a i n O r i e n t o d  A p p r o a c h
7 . 4 . 1  I n t r o du c t i o n
E s s e n t i a l l y  t h e  s t r e s s  and s t r a i n  o r i e n t e d  
a p p ro a c h e s  a r e  v e r y  s i m i l a r .  I n  t h i s  c a s e , h o w e v e r , t h e  
g o v e r n i n g  e q u a t i o n s  a r e  In  te rm s  o f  th e  t o t a l  s t r a i n  
f u n c t i o n s  A. B and (h T h is  a t  f i r s t  g l c n c e  appea .rs  t o  be 
i n  t h e  more u s e f u l  form.j , s i n c e ,  from t h e  s e t t l e d  f i e l d
131,
v a r i a b l e s  A, B, C can be e x t r a c t e d  t h e  t o t a l  s t r a i n s  
\Aiich a r e  t h e n  f e d  d i r e c t l y  i n t o  th e  H e n d  e l  s o n  Hanson 
p r o c e d u r e j f r o m  which  a r e  found  P ,  X, Y and Z, T h is
means t h a t  o n ly  s t r a i n s  need be c o n s id e r e d  i n  t h e  s o l u t i o n
o f  any one l o a d  s t a g e .
Due to  t h e  s i m i l a r i t y  w i th  t h e  s t r e s s  o r i e n t e d  
a p p r o a c h  t h e  o u t l i n e  o f  t h e  method i s  s i m i l a r  and i s  n o t  
g i v e n  h e r e .  S i m i l a r l y  t h e  s e c t i o n s  d e a l i n g  w i t h  th e  
g r a d i e n t s  o f  P ,  t h e  i l e n d e l s o n  Manson p r o c e d u r e  and t h e  
e v a l u a t i o n  o f  o  , a r e  a p p l i c a b l e  to  t h i s  a p p ro a c h  and so no
comment i s  made r e g a r d i n g  t h e s e  t o p i c s .  However t h e  t o p i c s
u n iq u e  t o  t h i s  a p p r o a c h  a r e  now d e a l t  w i t h  below,
7 . 4 , 2  St r a i n  F i e l d E q u a t io n s
F o r  c o n v e n ie n c e  t h e  e l a s t o —p l a s t i c  s t r a i n  
g o v e r n i n g  e q u a t i o n s  (4*3 9) a r e  r e p e a t e d  h e r e
AH 4- GH + 2 0  = PZH -i- PXH + 2PZ
OH BN  +  B  -  A  =  P Z H  +  P Y H f  P Y  -  P X  
A 2 N  +  A 2 H  +  AH 4- B 2 H  P  B 2 H  +  BH =
( 7 . 5 )
? !
■(Wv)'
w h e r e  I> =  - P X K  +  P X 2 H  +  2 P Y î f  +  P Y 2 K  +  2 P Z H  +  2 P 2 N H ,3
The f i e l d  e q u a t i o n s  f o r  B and C a r e  formed i n  a 
s i m i l a r  way t o  t h e  s t r e s s  f i e l d  e q u a t i o n s  and once &igain li 
c i r c u m f e r e n t i a l  i n t e g r a t i o n  o f  AH i s  used to  c a l c u l a t e  A. 
T h e  e q u a t i o n s  a r e  a s  folD.ows
B 2 H  +  B 2 H  +  BH =  - A 2 H  -  AH 4- CNH +  2 C H  -  P X 2 H
1 p
T i~ v 7  3Ï 2 K H  2 P Z H  +  t A p -  P ,  ( 7 . 6 )
C2IÎ + C2H + 3Cli = iU I  •- -  BJÎH -  BK + P a KH
-PZ.H + PY'JH -I- PYH + PZ2E
+PZ21Î + 3PZIÎ ( 7 .7 )
AH = -CK -  20 + PZIf -I- PZ:: +2PÂ. ( 7 .h )
b e f o r e  e q u a t i o n s  (7*6) and ( 7 ,7 )  ■re d i s c r e d i t e d  and t h e
îruetdiod o f  s o l u t i o n  i s  o n e  o f  S u c c e s s i v e  Over r e l a x ;  . t i e n .
The s o l u t i o n  o f  A b y  c i r c u m f e r e n t i a l  i n t e g r a t i o n  i s  by 
t h e  t e c h n i q u e  p r e v i o u s l y  d i s c u s s e d .
1 3 2 ,
7*4*3 Bound a r y  C o n d i t i o n s
The b o u n d a r i e s  a r e  v e r y  s i m i l a r  to  th e  t h r e e  
v a r i a b l e  f i x e d  bo unda ry  c a s e  d e a l t  w i t h  i n  t h e  l a s t  c h a p t e r .  
C o n s id e r  euch  bo u n d a ry  f i g ,  7*1%
(a)  On t h e  K = KE bounday B and C a r e  f i x e d .  I n
a d d i t i o n  A i s  f i x e d  a l t h o u g h  i t  w i l l  be shown
l a t e r  how t h i s  may be ’ l o o s e n e d ’ ,
(b)  Over t h e  L = 2 boundary  A and B a r e  sy m m e t r i c a l
w h e rea s  G i s  a s y m m e t r i c a l  and i n  a d d i t i o n  due
t o  symmetry o f  l o a d i n g  0 i s  z e ro  a lo n g  t h i s  
boun d a ry .
( c) On t h e  L = LE boundary  G and A a r e  f i x e d .  I n
a d d i t i o n  B i s  f i x e d  a l t h o u g h  l i k e  A i n  (a )
above ,  i t  w i l l  be s h o w n . l a t e r  how t h i s  may be
loosened^,
(d) On t h e  K -  2 b o u nd a ry ,  C i s  z e ro  due t o  t h e r e
b e in g  no s h e a r  l o a d i n g  on t h a t  boun da ry ,  A i s
n o t  known and i s  found by c i r c u m f e r e n t i a l  
i n t e g r a t i o n  l i k e  t h e  r e s t  o f  t h e  f i e l d .  On t h e
o t h e r  hand B c a u s e s  some prob lem . I f  one
l o o k s  a t  t h e  d e f i n i t i o n  o f  B v i z ,
B = B8 4- PY
i t  w i l l  be s e e n  t h a t  i t  i s  made up o f  t h e  s t r e s s
38 ,  which w i l l  be ze ro  on t h i s  s u r f a c e  due to
t h e r e  b e in g  no r a d i a l  lo-ading ,  and th e  p l a s t i c
s t r a i n  PY, I f  p a r t  o f  th e  n o t c h  o r  h o l e  s u r f a c e  
i s  p l a s t i c  t h e n  B i s  non—zero  and B = PY 
o t h e r w i s e  i n  th e  e l a s t i c  p a r t  B = 0,
The n o n - z e r o  bo un d a ry  c o n d i t i o n  f o r  B on E = 2 h a s  a
d e t r i m e n t a l  e f f e c t  on th e  n u m e r i c a l  s t a b i l i t y .  I n  th e
method o f  s o l u t i o n ,  .the K -  2 boundary  i s  t r e a h c d  as  a
h i r i c h l e t  boundary  by a s s i g n i n g  to  B on t h e  p l a s t i c  \ a r t  
o f  E ~ 2 t h e  v a l u e  o f  PY from t h e  It end e l  son  Hanson
pro c e d u re .
133.
7 , 4 , 4  C a l c u l a t i o n  o f  Tot a l  S t r a i n s  and S t r e s s  
Comr.onents
The g o v e r n i n g  e q u a t i o n s  a r e  i n  t e rm s  o f  A, B and 
0 which a r e  f u n c t i o n s  o f  t o t a l  s t r a i n s ,  and from t h e s e  t h e  
t o t a l  s t r a i n  components  must  he e x t r a c t e d  t o  he f ed  i n t o  t h e  
I l e n d e l s o n  Llojason p r o c e d u r e .  This  can e a s i l y  he done by 
r e f e r r i n g  hack  t o  t h e  d e f i n i t i o n s  o f  A, B and C and i n  
p a r t i c u l a r  e q u a t i o n s  ( 4 , 2 2 )  which a r e  w r i t t e n  h e r e  i n  t h e i r  
n o n - d i m e n s i o n a l  form
Be 
Ee.
Oj
BY
r
a
rO
Y
( l - v ^ ) A
2( l+ v )C ,
\) ( l+ v )  B 
V( 1+v) A (7.9)
The s t r e s s  components  AS, BS and CS can e a s i l y  
he found  f rom e q u a t i o n s  ( 4 ,2 4 )
AS = 
BS =
A -  PX 
B -  PY
C — P z <
( 7 . 10 )
These s t r e s s e s  a r e  o f  c o u r s e  r e q u i r e d  a f t e r  t h e  
end o f  a lo a d  s t a g e  i n  o r d e r  t o  c a l c u l a t e  t h e  e f f e c t i v e  
s t r e s s ,  w hich  i n  t u r n  i s  r e q u i r e d  i n  t h e  i l e n d e l s o n  Manson 
p r o c e d u r e  f o r  t h e  n e x t  l o a d  s t a g e .
7 o 5 The l o o s e n i n g  o f  t h e  Bound a r i e s
I n  p a r a g r a p h  7 , 4 . 3  a b o v e , m e n t io n  was made o f  
’ l o o s e n i n g ’ th e  b o u n d a r i e s .  I t  n i l ]  be remembered t h a t  two 
■ add i t iona l  boundary  r e s t r a i n t s  were a p p l i e d  —
(a)  A o r  AS v/as f i x e d  on t h e  A = KB boundary
(b) B o r  BS was f i x e d  on the  L ^ LB boun da ry .
Once t h e  s t r e s s  o r  s t r a i n  f i e l d s  a r e  s e t t l e d  i t  
m igh t  be p o s s i b l e  to  ’l o o s e n ’ t h e s e  two c o n s t r a i n t s  
gr .adual. ly  to  avoid  any num er icah  i n s t a b i l i t y .  C o n s id e r  
each  i n  t u r n
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(a)  The l o o s e n i n g  o f  A o r  AS on th e  KE b ounda ry
i s  a c h i e v e d  e a s i l y  by m ere ly  e x t e n d in g  th e  
c i r c u m f e r e n t i a l  i n t e g r a t i o n  o f  Ml o r  ASH o u t  
a s  f a r  a s  t h i s  b oundary ,
(b)  With  B o r  BS, t h e  l o o s e n i n g  o f  t h e  LE bo u nd a ry
i s  n o t  so e a s y ,  s i n c e  B and BS have  f i e l d
e q u a t i o n s  and t h e  .Neumann boundary  c o n d i t i o n  
s h o u ld  be a v o id e d .  D i f f e r e n t  a p p r o a c h e s  a r e  
t a k e n  f o r  t h e  Hole and th e  Keyhole  p ro b le m s .
(1)  Hole f i g .  7*1
Due t o  t h e  two axes  o f  symmetry i n  t h i s  
p ro b le m ,  B and BS a r e  sym m etr ic t i l  o v e r  b o t h  t h e  
and I n  o r d e r  to  u s e  t h i s  symmetry
c o n d i t i o n  o v e r  th e  boundary t h e  f i e l d  i s  e x te n d e d  
t o  L = 18 = IE  and soi o v e r  t h e  two é" b o u n d a r i e s
W=1 = ®L=3 h = 1 9  h = 1 7
= ®®L=.-17’
(2)  Keyhole  f i g ,  7 , 7
U n l i k e  t h e  h o l e ,  t h e  k e y h o le  c o n f i g u r a t i o n  
h a s  o n ly  one l i n e  o f  symmetry — t h e  L = 2 l i n e  
o v e r  which
^ = 1  ^^=3 ^^L=l '^^L=3'
However on th e  open s u r f a c e ,  l i n e  L = 34,
BSH = BH “ 0 and so th e  VcHues o f  B o r  BS i n  
a r e a s  I  and I I  can  be smoothed be tw een  t h e  
c o n d i t i o n  o f  BSH = BH = 0 on D = 34 to  th e
c o n d i t i o n  o f  BSH = BH 0 on L = 2 .
I n  t h i s  way. a c e r t a i n  amount o f  c o n s t r a i n t  cou ld  
be removed from th e  f i e l d .
- L»I7
/
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RESULTS OP ELASTO-PLASTIC SOLUTIONS
8 .1  I n t r o d u c t i o n
8 , 1 , 1  Main Aims
Two c o n f i g u r a t i o n s  were s t u d i e d ,  a  h o l e  u n d e r  
u n i a x i a l  t e n s i o n  and a  k e y h o le  n o tch e d  sp ec im en  i n  b e n d in g .
I n  b o t h ;  t h e  c o n d i t i o n s  were p l a n e  s t r a i n ,  by making th e
o
s t r a i n  i n  t h e  t h r o u g h  t h i c k n e s s  d i r e c t i o n  e q u a l  to  z e r o .
The r e s u l t s  r e f l e c t  o u r  i n t e r e s t  i n  t h e  i n i t i a l  s t a g e s  o f  
p l a s t i c i t y ,  where  t h e  p l a s t i c  zone i s  e n c l o s e d  by an e l a s t i c  
m a t e r i a l .
The f o u r  m ain  a ims v /ere î—
1, To p ro d u c e  a c o n v e r g e n t  e l a s t o —p l a s t i c  s o l u t i o n
w hich  u s e s  f i r s t  and second o r d e r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  and which  i s  s t a b l e  a t  lov/ 
w o r k - h a r d e n in g  i n d e x e s  (Q).
2, To d e t e r m i n e  v a l u e s  o f  s t r e s s  and s t r a i n  c o n c e n t r a t i o n
f a c t o r s  f o r  v a r i o u s  l o a d s  and Q v a l u e s ,
3, To f i n d  th e  v a r i a t i o n  o f  p l a s t i c  zone s i z e  and
e f f e c t i v e  p l a s t i c  s t r a i n  d i s t r i b u t i o n  w i t h  lo ad  
and Q v a l u e .
4» To a s c e r t a i n  t h e  s t a t e  o f  s t r e s s  u n d e r  t h e  s u r f a c e  
and ; i n  p a r t i c u l a r ,  p l o t  t h e  d i s t r i b u t i o n  o f  t h e
mean to  e f f e c t i v e  s t r e s s  r a t i o  a t  v a r i o u s  l o a d s
and Q vul-ues .
B e fo re  p r o c e e d i n g  w i t h  t h e  r e s u l t s  i n  s e c t i o n  b , 2 ,  t h e  method 
o f  i n d i c a t i n g  lo ad  i s  d e t a i l e d  i n  pi ' . ragraph 8 . 1 . 2 ,
S e c t i o n  S , 3 d i s c u s s e s  i n  more d e t a i l  t h e  
s p e c i f i c a t i o n  o f  t h e  method and program u se d .
1 3 6 .
8 . 1 , 2  Method o f  I r d i e a t i n g ^  Loads
F o l lo w in g  t h e  l i n e s  o f  t h e  e l a s t i c  s o l u t i o n ,  t h e  
b o u n d a r i e s  had f i x e d  s t r e s s  o r  s t r a i n  v a l u e s  imposed on 
them. F ig ,  8 . 1  i l l u s t r a t e s  t h e  p o i n t  i n  t h e  c a se  o f  t h e  
h o l e  i n  t e n s i o n , where  t h e  b o u n d a r i e s  SQ and NS have  f i x e d  
s t r e s s  v a l u e s  (AS, BS, CS) and s t r a i n  v a l u e s  (A, B, G).
As t h e  a p p l i e d  l o a d  B i n c r e a s e s  f rom z e r o ,  t h e
boundary  v a l u e s  i n c r e a s e  l i n e a r l y * ,  t h e  e f f e c t i v e  s t r e s s  (a)
a t  M w i l l  be  t h e  f  i r ^  t o  exceed y i e l d  ( o y ) . Thus a t  t h e  .
l i m i t  o f  e l a s t i c i t y  (-—) = 1 . 0 ,  and t h i s  l o a d i n g  c o n d i t i o n
M
w i l l  be d eno ted  b y lO O % , t h e  a p p l i e d  s t r e s s  and s t r a i n  a lo n g  
VW b e in g  and e^ .  I f  t h e  l o a d  i s  now i n c r e a s e d  t o  150^,  
f o r  exam ple ,  t h e  s t r e s s  and t h e  s t i l l  e l a s t i c  b o u n d a ry  -
s t r e s s e s  and s t r a i n s  on SQ and NS a r e  i n c r e m e n te d  by 50^.
Next  c o n s i d e r  t h e  c a s e  o f  t h e  k e y h o le  n o tc h e d  
spec im en  — f i g .  8 . 2 .  I n  c h a p t e r  3 t h e  eD.ast ic  s o l u t i o n  was 
f o r m u l a t e d  and so lv e d  v / i th  a  s c a l e  based  o n ly  on t h e  r a d i u s  
r ^ .  The s o l u t i o n  cov ered  t h e  f i e l d  NUV\Y. To l i n k  i t  up 
to  t h e  t e s t  spec im en  geom e try  i t  was assumed t h a t  a  moment 
had been  a p p l i e d  t o  g i v e  f i r s t  y i e l d i n g  a t  th e  p o i n t  N. 
U s in g  (a)  t h e  e l a s t i c  v a l u e  o f  s t r e s s  c o n c e n t r a t i o n ,  (b) 
t h e  s t r e s s  d i s t r i b u t i o n  on NU from t h e  e l a s t i c  s o l u t i o n  
and ( c) an assumed s t r e s s  d i s t r i b u t i o n  on UZ, an a p p ro x im a te  
v a l u e  o f  Iv'L^ = 2 .1  kNm was o b t a i n e d  ( p a r a g r a p h  3 , 1 , 3 ) ,
The v a l u e  o f  n o t c h  open in g  d i s p l a c e m e n t  o b t a i n e d  
i n  p a r a g r a p h  3 , 4 . 4  i s  p l o t t e d  a g a i n s t  My on f i g ,  6 . 3 ,  which  
a l s o  shows t h e  s l i p  l i n e  r e s u l t  laid th e  e x p e r i m e n t a l  r e s u l t s .  
I t  i s  c l e a r  t h a t  a l t h o u g h  y i e l d i n g  h a s  i n i t i a t e d  a t  2 .1  kNm, 
th e  o v e r a l l  e f f e c t  o f  t h e  e l a s t i c  mass o f  m a t e r i a l  i s  t o  g i v e  
a  l i n e a r  r e s p o n s e  up to  a p p r o x i m a t e ly  9 kNm.
. For  t h e  e l a s t o —p l a s t i c  s o l u t i o n s  t h e  o u t e r  boundary  
UV was b r o u g h t  i n  t o  PS ( f i g ,  6 , 2 ) ,  f i x e d  s t r e s s  end s t r a i n  
boundary  c o n d i t i o n s  b e in g  imposed a lo n g  ?3 and ST, The 
l o a d i n g  c o n d i t i o n c o r r e s p o n d ing to  My v;i l l  be dono ted  by
100;o. To in c r e m e n t  t h e  l o a d , i t  i s  assumed t h a t ,  f o r  
exam ple ,  a 50^ i n c r e a s e  i n  My w i l l  g i v e  a  5 0 ^  i n c r e a s e  i n
137,
t h e  r e f e r e n c e  l e n d i n g  s t r e s s  (a^^) , and th e  boundary  s t r e s s e s  
and s t r a i n s  on  P S  and ,ST.  T his  l o a d i n g  c o n d i t i o n  would 
t h u s  be d e n o te d  by 150^,
The qyies .tipn now a r i s e s  as  to  how t o  r , e l a t e  t h e  
s o l u t i o n  to  f i g ,  8 . 3 .  The y i e l d  d i s p l a c e m e n t  0 .1 0 8  mm was 
c a l c u l a t e d  by i n t e g r a t i n g  a rpund  t h e  i n n e r  s u r f a c e  and up 
th e  n o t c h  s i d e  (hTW — f i g .  8.2)*, t h i s  d i s p l a c e m e n t  co u ld  
however  h a v e  be,en found  by an  i n t e g r a t i o n  o f  s t r a i n s  a round  
say  nVW o r  P S S C  I n  t h e  e l a s  t o —p l a s t i c  s o l u t i o n s ,  t h e  
v a l u e s  o f  s t r a i n s  a lo n g  P S S  a r e  m ere ly  p r o p o r t i o n a l l y  
i n c r e m e n te d  and so a l s o  must  be t h e  d i s p l a c e m e n t .  Thus i f  
a, l o a d  p f  230^  i s  a p p l i e d  t h e  moment can be assumed t o  be
2 .1  X ,2. 3 = 4 ,8  kNm, g i v i n g  a  d i s p l a c e m e n t  o f  a p p r o x i m a t e l y  
0 , 2  iiim. The r e a s o n  f o r  t h i s  ap p ro a ch  i s  t h a t  t h e  e f f e c t s  
o f  p l a s t i c i t y  a r e  v e r y  f o c a l  i n  t h e s e  i n i t i a l  s t a g e s ,  i n  
w hich  o u r  i n t e r e s t s  l i e ,
8 . 2  R e s u l t s
8 . 2 . 1  I n t r o d u c t i o n
A l l  r e s u l t s  were p roduced  u s i n g
(a)  t h e  s t r e s s  o r i e n t e d  a p p ro a c h
(b) a  f i e l d  s i z e  w i t h  ( ~ )  = 2 ,2 8 1
o o u t e r
(c )  f i x e d  b o u n d a r i e s
(d)  i n c r e m e n t a l  t h e o r y  ; i n i t i a l  fo ad  i n c r e m e n t  o f  5 0 /^
f o l l o w e d  by 20^ i n c r e m e n t s .
D i s c u s s i o n  on p o i n t s  ( a )  t o  (d)  i s  c o n ta in e d  i n  s e c t i o n  8 . 3 ,
I n  th e  c a s e  o f  t h e  h o l e  i n  t e n s i o n  t h e  l o a d i n g  was 
s to p p e d  a t  2 1 0 ^ s i n c e  o v e r a l l  y i e l d i n g ,  o c c u r s  a t  ^OOfo, The 
k e y h o le  sp ec im en  was l o a d e d  up to  230?^, Por  b o t h  c o n f i g u r ­
a t i o n s  s o l u t i o n s  were  o b t a i n e d  f o r  t h e  f o l l o w i n g  w ork -  
h a r d e n i n g  i n d i c e s  —
Q = 0 . 3 ,  0 . 2 ,  0 , 1 ,  o .o s ' i '
t  The Q v a l u e s  a r e  som etim es  quo ted  as  m v a l u e s  w h e r e , 
r e f e r r i n g  t o  t h e  f i g u r e
e ' q 
® = "1“  = Ï Ï Q
t h e r e f o r e  m v a l u e  e q u i v a l e n t  o f  
Q v a l u e s  above = 0 . 2 3 ,  0 . 1 7 ,  O.O9 , O.O4 8 .
.38,
These Q v a l u e s  m ig h t  he c o n s i d e r e d  t o  be on th e  
h i g h  s i d e  f o r  r e a l  m a t e r i a l s ,  b u t  t h e  main i n t e r e s t  i n  t h i s  
s tu d y  i s  t h e  i n i t i a l  s t a g e s  o f  p l a s t i c i t y  and r e f e r e n c e  to  
f i g .  8 . 4  shows t h a t  f o r  an a luminium a l l o y ,  t h e  v^.lue o f  m 
o n ly  d r o p s  t o  0 , 2  (Q = 0 ,2 5 )  a t  a  s t r e s s  o f  1 .2 5  cjy
Fo r  a l l  t h e  above Q v a l u e s  and up to  th e  maximum
l o a d s  f o r  t h e  two c o n f i g u r a t i o n s  c o n v e r g e n t  s o l u t i o n s  were 
ob t r '.ined a l t h o u g h  g r e a t e r  d i f f i c u l t y  was e x p e r i e n c e d  a t  low 
work—h a r d e n i n g  and h i g h  l o a d s .  The p rogram  vas r u n  on a  
uNIVAC 1108 com pu te r  and each  s o l u t i o n  t o o k  a p p r o x i m a t e l y  
25 m in u te s  and c o s t  a p p r o x i m a t e ly  ^  50,
8 . 2 , 2  S t r e s s  and S t r a i n  C o n c e n t r a t i o n  F a c t o r s
The s t r e s s  and s t r a i n  c o n c e n t r a t i o n  f a c t o r s  a r e
d e f i n e d  d i f f e r e n t l y  f o r  each  c o n f i g u r a t i o n
( i )  Hole  i n  T e n s io n J—
R e f e r r i n g  back  t o  f i g .  8 , 1  t h e  s t r e s s  c o n c e n t r a t i o n  
f a c t o r s  a r e l —
C i r c u m f e r e n t i a l  — Ka^ i s  th e  r a t i o  o f  t h e  c i r c u m f e r e n t i a l  
s t r e s s  a t  II t o  t h e  a p p l i e d  s t r e s s  on t h e  l i n e  V\7
f  ^  \  0
\  ^  q ) f.<r
K -  (= 3 i n  t h e  e l a s t i c  c a s e ) .
E f f e c t i v e  — i s  t h e  r a t i o  o f  th e  e f f e c t i v e  s t r e s s  a t  M
to  t h e  a p p l i e d  s t r e s s  a
h o ) , ,
(= 2 ,66  i n  t h e  e l a s t i c  case )
The s t r a i n  c o n c e n t r a t i o n  f a c t o r  i s  d e f i n e d  a s  t h e
r a t i o  o f  t h e  t o t a l  c i r c u m f e r e n t i a l  s t r a i n  a t  M t o  t h e  
s t r a i n  e a lo n g  VV/
(^c.)pî
K., = --— - I  (= 3 i n  t h e  e l a s t i c  c a s e ) ,
'
( i i )  Keyhole  Notch  S p e c im en '—
R e f e r r i n g  back  to  f i g .  8 . 2  t h e  s t r e s s  c o n c e n t r a t i o n  
f a c t o r s  a re ! "”
C i r c u m f e r e n t i a l  — K i s  t h e  r a t i o  o f  t h e  c i r c u m f e r e n t i a l  
s t r e s s  a t  N to  t h e  r e f e r e n c e  ben d in g  s t r e s s
1 3 9 ,
(On)
■ü
li ~ (= 4 ,7  i n  t h e  e l a s t i c  c a s e ) .
E f f e c t i v e  — K— i s  t h e  r a t i o  o f  t h e  e f f e c t i v e  s t r e s s  a t  N 
to  t h e  r e f e r e n c e  b e n d in g  s t r e s s  cr.j^
X = ™ — . ( r  4 .X8 i n  th e  e l a s t i c  c a s e ) ,a
The s t r a i n  c o n c e n t r a t i o n  f a c t o r  K i s  d e f i n e d  as  t h e
r a t i o  o f  t h e  t o t a l  c i r c u m f e r e n t i a l  s t r a i n  a t  N t o  t h e  
s t r a i n  e.^, due t o  a.|  ^ and t h e  p l a n e  s t r a i n  component
(  ^Q ) f,T
( “ 4 , 7  i n  t h e  e l a s t i c  c a s e ) .
^b
F i g s .  8 ,5  and 8 . 6  show t h e  v a r i a t i o n  o f  K and 
K— w i t h  l o a d  and ,Q i n d e x  f o r  th e  h o l e  i n  t e n s i o n
and f i g s .  8 . 9  and 8 ,1 0  show th e  s i m i l a r  g r a p h s  f o r  t h e
k e y h o le  n o t c h  sp ec im en .  I n  b o t h  c a s e s  i s  d i s p l a y e d  t h e  
u n u s u a l  f e a t u r e  o f  t h e  ’ t a i l ’ which  t e n d s  to  r i s e ,  t h e  
t u r n i n g  p o i n t  b e in g  a t  h i g h e r  l o a d s  t h e  lo w e r  t h e  Q v a l u e .  
The e x p l a n a t i o n ,  o f  which  th e  p r o o f  i s  g i v e n  i n  p a r a g r a p h  
9 *4 , 2 , is,  t h a t  i t  i s  due to  t h e  e f f e c t  o f  t h e  l i n e a r  w ork-  
h a r d e n i n g .
P i g s .  8 .7  and 8 ,1 1  show t h e  s t r a i n  c o n c e n t r a t i o n  
f a c t o r s  f o r  t h e  h o l e  and k e y h o le  r e s p e c t i v e l y  f o r -
v a r y i n g  l o a d s  and Q v a l u e s .  The v e r y  l a r g e  i n c r e a s e
e s p e c i a l l y  a t  low Q v a l u e s  i s  p r o b a b l y  due to  p l a n e  s t r a i n
c o n d i t i o n s .
I n  t h e  c a s e  o f  t h e  h o l e  i n  t e n s i o n ,  co m p a r iso n  o f  
p l a n e  s t r e s s  and p l a n e  s t r a i n , s t r e s s  and s t r a i n  c o n c e n t r a t i o n  
f a c t o r s  i s  g i v e n  on f i g ,  8 . 8 ,  The p l a n e  s t r e s s  c u r v e s  a r e  
f rom Tuba^^ '^  f o r  a s t e e l  end an a lum in ium  a l l o y  w i th  Q 
v a l u e s  o f  a round  O.G5*, Tuba’ s r e s u l t s  a r e  compared 
f a v o u r a b l y  i n  h i s  p a p e r  w i t h  e x p e r i m e n t a l  r e s u l t s .  The most 
n o t a b l e  f e a t u r e  i s  t h e  l a r g e  r i . se  i n  s t r a i n  c o n c e n t r a t i o n  
due to  t h e  = 0 r e s t r i c t i o n .
8 . 2 .3  E f f e c t i v e  E l a s t i c  S t r a i n
F ig ,  8 ,1 2  and 8 ,1 4  i l l u s t r a t e  t h e  d e v e lo p m e n t  w i t h
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l o a d  o f  e f f e c t i v e  p l a s t i c  s t r a i n  f c r  h o l e  and k e y h o le  
r e s p e c t i v e l y  u s i n g  a w o r k - h a r d e n in g  in d e x  Q = 0 . 1 .  The 
v a r i a t i o n  o f  e f f e c t i v e  p l a s t i c  s t r a i n  d i s t r i b u t i o n  and shape  
o f  e l a s t i c —p l a s t i c  boundary  w i t h  Q is .  g i v e n  f o r  t h e  h o l e  
i n  f i g ,  8 .1 3  and f o r  t h e  k e y h o le  i n  f i g ,  8 . I 5 . Some ■ 
common f e a t u r e s  emerge f rom t h e  l a t t e r  graphs*,—
(a)  t h e  s i m i l a r  sh ap e  o f  t h e  s t r a i n  d i s t r i b u t i o n  b o t h
a l o n g  th e  s u r f a c e  r  = r^  and down t h e  0 = 0^ 
i n  e a c h  s o l u t i o n  .
(b)  t h e  v e r y  s m a l l  change  i n  e x t e n t  o f  p l a s t i c  zone  on
t h e  s u r f a c e  r  = r ^  w i t h  d i f f e r e n t  l o a d s  and
Q v a l u e s  i n  b o t h  s o l u t i o n s
(c)  t h e  v e r y  l i t t l e  d i f f e r e n c e  i n  s i z e  and shape  o f
p l a s t i c  zone w i t h  v a r y i n g  Q a t  t h e  same l o a d  i n
each, s o l u t i o n
(d)  t h e  n o t i c e a b l e  d i f f e r e n c e  i n  t h e  v a l u e  o f  e f f e c t i v e
p l a s t i c  s t r a i n  a t  t h e  p o i n t  r  = 5 = 0^ v/,ith
v a r y i n g  Q a t  t h e  same l o a d ,  i n  e ac h  s o l u t i o n .
F o r  t h e  h o l e  i n  t e n s i o n ,  f i g .  8 . 1 3 ( c )  shows t h e  
c o m p a r iso n  o f  p l a n e  s t r e s s  and p lan e  s t r a i n  p l a s t i c  zone 
b ased  on t h e  r e s u l t s  o f  Tuba^^^^ f o r  SAE 4130 s t e e l  a t  
a p p r o x i m a t e l y  t h e  same l o a d .  T u b a ' s  r e s u l t s  i n  t u r n  
f a v o u r a b l y  compare w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  o f  T h e o c a r i s  
and M a rk e to s^ ^  Of i n t e r e s t  i s  the  f o r m a t i o n  o f  t h e
p l a s t i c  'w in g '  a t  h i g h e r  l o a d s ,  t ’l i s  b e in g  due on t h e  one 
hand t o  t h e  b u i l d  up o f  mean s t r e s s  a lo n g  t h e  ^  = 0^ and on
t h e  o t h e r  hand t o  t h e  h i g h e r  s h e a r  s t r e s s  v a l u e s  e x i s t i n g  i n  
t h e  c e n t r e  o f  t h e  f i e l d .
On f i g ,  8 , 1 5 ( 0 ) f o r  t h e  k e y h o le  i s  i n c l u d e d  th e  
p l a s t i c  zone o b t a i n e d  from  t h e  s l i p  l i n e  s o l u t i o n  o f  c h a p t e r  
10. I t  was n o te d  f rom  e:x]:eriment ( f i g .  1 0 . 4 ) t h a t  th e  
e x te n t '  o f  y i e l d i n g  wu.s a p p r o x i m a t e ly  70^ on e i t h e r  s i d e  o f  
t h e  \ i t  w i l l  be s e e n  t h a t  t h i s  i s  b o rn e  o u t  by t lie  
e l a s t o —p l a s t i c  s o l u t i o n ,  Eo v a lu e  o f  e f f e c t i v e  p l a s t i c  , 
s t r a i n  from t h e  s l i p  l i n e  s o l u t i o n  a r e  p l o t t e d  on f i g s .  8 ,1 4  
o r  8 .1 5  due t o  t h e  d i f f i c u l t y  o f  m a tch in g  up d i s p l a c e m e n t  
boundary  c o n d i t i o n s ,  b u t  t h e  shape  o f  th e  c u r v e s  on f i g ,  1 0 .1 2  
g i v e s  some c o n f i r m a t i o n .
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8 . 2 . 4  D i s t r i b u t i o n  o f  a lo n g  d = 0^
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The mean t o  e f f e c t i v e  s t r e s s  r a t i o  i s  o f
i n t e r e s t  i n  o u r  f r a c t u r e  s t u d i e s  i n  t h a t  i t  g i v e s  an  
i n d i c a t i o n  o f  s t r e s s  s t a t e  and d u c t i l i t y  a s  w e l l  a s  b e in g  
o f  u s e  i n  t h e  v o id  g ro w th  fo rm u la ,  f i g u r e s  8 .1 6  a,nd 8 ,1 7  
g i v e  t h e  d i s t r i b u t i o n ,  a lo n g  t h e  ^  0 = 0 ^ ,  o f  a t  v a r i o u s
l o a d s ,  w i t h  Q . v a l u e s  0 , 1  and 0 .0 5  r e s p e c t i v e l y  f o r  t h e  
h o l e  i n  t e n s i o n .  S i m i l a r  g r a p h s  f o r  ,the k e y h o le  n o t c h  
spec im en  a r e  g i v e n  i n  f i g s ,  8 ,1 8  and 8 , 1 9 .
Two u n u s u a l  f e a t u r e s  a r e  i m m e d ia te ly  o b v io u s  i n  
t h e s e  f o u r  s e t s  o f  g r a p h s  ,
( i )  i n  t h e  r e g i o n  o f  t h e  e l a s t i c  p l a s t i c  b o u n da ry  t h e r e  
i s  a  ’k i n k ’ i n  t h e  c u rv e s
( i i )  t h e r e  i s  a  n o t i c e a b l e  r i s e ,  o v e r  t h e  e l a s t i c  (100^)  
v a l u e  a t  a  r a d i u s  ~  = 1 , 8  a t  15.0^ l o a d ,  t h i s  
r i s e  r e d u c i n g  w i t h  i n c r e a s i n g  l o a d .
C o n s id e r  t h e s e  f e a t u r e s  s e p a r a t e l y  —
( i )  To e x p l a i n  t h i s  f e a t u r e  r e f e r e n c e  sh o u ld  be 'm ad e  to  
C h a p te r  9 ,  i n  which t h e  mean to  e f f e c t i v e  s t r e s s  
d i s t r i b u t i o n  f o r  t h e  t h i c k  s p h e r e  u n d e r  p r e s s u r e  
a l s o  shows a, ' k i n k '  i n  th e  v i c i n i t y  o f  t h e  e l a s t i c  
p l a s t i c  b o u n da ry .  T h is  i s  i n v e s t i g a t e d  t h o r o u g h l y  
i n  p a r a g r a p h  9 . 4 . 3  and th e  c o n c l u s i o n  a r r i v e d  a t  
i s  t h a t  i t  i s  due to  ' t h e  c o n t i n u o u s  d e r i v a t i v e s  
b e in g  t a k e n  o v e r  t h e  e l a s t i c / p l a s t i c  b o u n d a r y ' ,
( i i )  T h is  f e a t u r e  c a n n o t  be so e a s i l y  e x p l a i n e d  a s  ( i )  
above.  However a c lu e  can  be found  by n o t i c i n g  
t h a t  t h e  e f f e c t  i s  mo,re n o t i c e a b l e  i n  t h e  h o l e  
t h a n  t h e  k e y h o le  ( e , g ,  f i g s .  8 .1 6  and 8 ,1 8 )  and 
t h a t  t h e  shap e  o f  t h e  p l a s t i c  zone f o r  e.ach 
c o n f i g u r a t i o n  i s  m arked ly  d i f f e r e n t  ( e . g .  f i g s ,  
8 . 1 2 ( c )  and 5 . 1 4 ( c ) ) ,
I t  i s  known t h a t ,  i n  t h e  e l a s t i c  c a s e ,  a  sm a l l .e r  
r a d i u s  r^  w i l l  g i v e  a  h i g h e r  r i s e  i n  t h e  v a l u e  o f  
u n d e r  t h e  s u r f a c e .  V/hen p l a s t i c i t y  d e v e l o p e s ,  t h e  v a l u e  o f  
a t  r  = r  w i l l  r i s e  t o  a p p r o x i m a t e ly  0 ,5 8  f o r  v e r y  l a r g e
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p l a s t i c  s t r a i n s  (v - >  0 . 5 ) ,  However t h i s  do.es n o t  e x p l a i n
t h e  r i s e  u n d e r  t h e  s u r f a c e ,  R e f e r r i n g  t o  f i g .  8 . 1 2 ( c ) ,  f o r  
exam ple ,  i t  w i l l  be s e e n  t h a t  a t  t h e  e a r l y  s t a g e s  o f  
p l a s t i c i t y  ( 150^ l o a d ) , t h e  'm ean '  r a d i u s  o f  t h e  e l a s t i o -  
p l a s t i c  boundary  i s  j u s t  o v e r  0 . 6  r ^ .  I f  one assum es  t h a t  
t h e  m a t e r i a l  w i t h i n  t h i s  boundary  i s  u n a b l e  t o  s u s t a i n  i t s  
p r o p o r t i o n  o f  t h e  l o a d  t h e n  t h i s  means t h a t  t h e  e q u i v a l e n t  
i n n e r  r a d i u s  f o r  t h e  r e m a in in g  e l a s t i c  zone i s  l e s s  t h a n  r^  
and th e  v a lu e  u n d e r  t h e  s u r f a c e  i s  c o n s e q u e n t l y  h i g h e r .
R e f e r r i n g  t o  t h e  k e y h o le  — f i g ,  8 . 1 4 (c )  t h e  mean r a d i u s  o f  
t h e  e l a s t i c —p l a s t i c  boundary  a t  150^ i s  n e a r e r  r ^  and so 
t h e  d i f f e r e n c e  o f  v a l u e s  o f  - ÿ  a t  1 0 0 ^  and 150^ i s  n o t  so 
marked. I n  b o t h  c o n f i g u r a t i o n s  as  p l a s t i c i t y  d e v e l o p e s  t h e  
'm ean '  e l a s t i o - p l a s t i c ^ b o u n d a r y  r a d i u s  i n c r e a s e s  and so 
reduces ,  
s u r f a c e .
a
t h e  v a l u e  o f  i n  t h e  e l a s t i c  r e g i o n  u n d e r  t h e
I n c l u d e d  on f i g s .  8 .1 8  and 8 .1 9  f o r  t h e  k e y h o l e  i s  
t h e  d i s t r i b u t i o n  o b t a i n e d  from th e  s l i p  l i n e  s o l u t i o n  — f i g .  
1 0 . 1 3 . I t  i s  c l e a r  t h a t  a s  t h e  l o a d i n g  i n c r e a s e s ,  t h e  
e l a s t o —p l a s t i c  d i s t r i b u t i o n  t e n d s  t o w a rd s  t h e  r i g i d —p l a s t i c  
s o l u t i o n  and more so w i t h  lo w e r  Q v a l u e s , a s  e x p e c t e d .
8 , 3  D i s c u s s i o n
At th e  b e g i n n i n g  b f  p a r a g r a p h  8 . 2 , 1 ,  t h e  c o n d i t i o n s  
u n d e r  which  t h e  r e s u l t s  were p ro d u c e d ,  were  s t a t e d .  S e v e r a l  
ch ec k s  were made, ho w ever ,  b e f o r e  th.e f i n a l  d e c i s i o n  was 
r e a c h e d  and t h e s e  a r e  d e t a i l e d  below.
S t r a i n  o r  S t r e s s  O r i e n t e d  Approaches?  D e t a i l s  o f  b o t h
a p p r o a c h e s  a r e  found i n  C h a p te r  7. The main  d i f f e r e n c e  l i e s  
i n  t h e  b o u n da ry  c o n d i t i o n s  e x i s t i n g  i n  t h e  p l a s t i c  r e g i o n  on 
th e  i n n e r  boundary*, i n  th e  s t r a i n  a p p ro a c h  b o t h  A^and 
a r e  unknown v/hereas i n  t h e  s t r e s s  a p p ro a c h  o n l y  AS ^ i s
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unlmown. The r e s u l t  o f  t h i s  c o m p le x i ty  i n  t h e  f o r m e r  
a p p ro a c h  i s  t h a t  f o r  any s i g n i f i c a n t  change i n  l o a d ,  
i n s t a b i l i t y  occurs ,  due t o  t h e  l a r g e  i n c r e a s e  i n  s t r a i n  i n  
t h e  p l a s t i c  r eg im e .  The s t r e s s  o r i e n t e d  a p p ro a c h  was t h u s  
u s e d ,
The bo un d a ry  r e s t r i c t i o n  on t h e  s t r a i n  o r i e n t e d  
a p p ro a c h  d oes  n o t  c o m p l e t e ly  d e b a r  i t s  u s e d .  The h o l e  and 
t h e  k e y h o le  p ro b le m s  a r e  e s s e n t i a l l y  s t r e s s  b o u n da ry  d e f i n e d  
and o b v i o u s l y  t h e  s t r e s s  o r i e n t e d  a p p ro a c h  i s  t o  be 
p re fe r r e d * ,  any p ro b le m s  w i t h  s t r a i n  b o u n d a ry  c o n t r o l s  would 
u s e  th e  s t r a i n  o r i e n t e a  ap p ro a ch .
At a  l o a d  o f  150^  and a work—h a r d e n i n g  i n d e x  
Q = 0 , 3 ,  t h e  p l a n e  s t r a i n  e l a s t o —p l a s t i c  s o l u t i o n  o f  the, 
h o l e ,  gave  a lm o s t  i d e n t i c a l  r e s u l t s  u s i n g  b o t h  a p p r o a c h e s .
F i e l d  S i z e  and B o u n d a r i e s ,  There  was some d o u b t  a s  t o  th,e 
s i z e  o f  f i e l d  to  be used*, i f  t h e  o u t e r  boundary  PS ( f i g s .
8 . 2  and 8 ,2 0 )  was to o  n e a r  t h e  i n n e r  boundary  t h e  e x t e n t  o f  
p l a s t i c i t y  cou ld  be a f f e c t e d .  The L b o u n d a r i e s  PN and ST 
were  m a i n t a i n e d .
As a  check  two s o l u t i o n s  were o b t a i n e d  f o r  t h e  h o l e
i n  t e n s i o n  a t  150^ lo a d  and Q -  0 . 3 ,  w i t h  o u t e r  b o u n d a r i e s  
= 1 .9 1 2  and^  ”  = 2 ,2 8 1 ,  The e f f e c t  on p l a s t i c i t y  was
m î n i m a l , b u t  i t  was d e c id e d  to  m a i n t a i n  t h e  K ~ 14 o u t e r  
bo u nd a ry  i n  c a se  t h e  e f f e c t  was more n o t i c e a b l e  a t  h i g h e r  
l o a d s .  K e n d e lson ^ ^ )  c o n f i r m s  t h i s  f i n d i n g  i n  h i s  s o l u t i o n  
o f  a c r a c k  i n  an i n f i n i t e  p l a t e ,  w here ,  i n  f a c t ,  h i s  p l a s t i c  
zone a p p ro a c h e s  much c l o s e r  t o  th e  boundary .
One f i n a l  q u e s t i o n  r e g a r d i n g  b o u n d a r i e s  n e e d s  to  
be r e s o l v e d , ,  Can t h e  b o u n d a r i e s  b e ' l o o s e n e d ' a s  s u g g e s t e d  
i n  s e c t i o n  7*5? To check  t h i s  o u t ,  t h e  s o l u t i o n  f o r  t h e  
h o l e  i n  t e n s i o n  was so lv e d  f o r  150% l o a d ,  Q = 0 . 3  and f i x e d  
boundaries* ,  t h e  o u t e r  L and K b o u n d a r i e s  (ST end PS) were 
t h e n  f r e e d  i n  t u r n  f o r  BS and j\S r e s p e c t i v e l y .  The e f f e c t  
i n  b o t h  c a s e s  was a t  w o r s t ,  o f  t h e  o r d e r  o f  2—3% and th e  
s l i g h t  p e r t u r b a t i o n  s lo w ly  converged .  Due t o  t h e  m in im al  
changes  and t h e  e x t r a -  t im e  and c o s t  o f  r u n n in g  t h e  p rogram s 
l o n g e r ,  i t  was d e c id e d  t h a t  t h e  l o o s e n i n g  o f  t h e  b o u n d a r i e s
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was n o t  j u s t i f i e d .
I n c r e m e n t a l  o r  D e f o r m a t io n  T h e o r i e s ? I n  1 9 6 5 , Tuba^^^^
gave  h i s  r e s u l t s  f o r  t h e  e l a s t o —p l a s t i c  s o l u t i o n  o f  a  h o l e  
i n  an i n f i n i t e  p l a t e  u n d e r  u n i f o r m  s t r e s s ,  For  t h i s  . 
g eom etry  he r i g h t l y  p o i n t s  ou,t t h a t  i n c r e m e n t a l  and 
d e f o r m a t i o n  t h e o r i e s  c o i n c i d e .  E s s e n t i a l l y  t h e  r e a s o n  f o r  
t h i s  i s  t h e  r a d i a l  symmetry o f  l o a d i n g  and g eom etry  a s  i n  
t h e  s p h e r e  ( s e e  C h a p te r  9 ) .  I n  a  f o o t n o t e  Tuba s t a t e s  
f o r  t h e  non—r a d i a l  ty p e  o f  p rob lem s  th e  two methods 
( i n c r e m e n t a l  and d e f o r m a t i o n )  can d i f f e r  c o n s i d e r a b l y  from 
e ac h  o t h e r .  The i n c r e m e n t a l  t h e o r y  sh o u ld  be u s e d ’ .
However i n  196? when d e a l i n g  w i t h  t h e  s o l u t i o n  f o r  t h e  h o l e  
i n  a  p l a t e  i n  u n i a x i a l  t e n s i o n ^ h e  s t a t e s  ’a l t h o u g h  i t  i s  
known t h a t  t h e  i n c r e m e n t a l  t h e o r i e s  g i v e  more r e a l i s t i c  
s o l u t i o n s ,  t h e  p r e s e n t  examples  a r e  worked o u t  f o r  a  
d e f o r m a t i o n  t h e o r y  . , . ' beca,use i t  ’ , . , r e q u i r e s  l e s s  work 
t h a n  t h e  i n c r e m e n t a l  t h e o r y ' .
I t  was d e c id e d  t o  check t h e  p r e s e n t  s o l u t i o n s  u s i n g  
b o t h  t h e o r i e s  a p p l i e d  t o  th e  s t r e s s  o r i e n t e d  s o l u t i o n  o f  th e  
h o l e  i n  t e n s i o n  w i t h  Q = 0 . 3 .  I t  was done i n  th e  f o l l o w i n g
v/ay*,-
I n o r e m e n t a l :
(a )  An e l a s t i c  s o l u t i o n  (100%) was in c re m e n te d  t o  150%
and t h e n  w i t h  t h r e e  more l o a d  s t a g e s  o f  20% up to  
210^.
D e f o rm a t io n :
( b) An e l a s t i c  s o l u t i o n  (100%) was lo a d e d  t o  150% i n
one l o a d  s t a g e .  A no the r  s o l u t i o n  was lo a d e d  i n  
one s t a g e  from 100% to  160% and a n o t h e r  from 100% 
t o  1 7 0 % and so on up t o  200%.
The minimum f i r s t  l o a d  in c r e m e n t  must  be 50% 
to  a l l o w  t h e  p l a s t i c  zone to  have s i g n i f i c a n t l y  e s t a b l i s h e d .  
The e f f e c t  o f  (a )  and ( b) above i s  c l e a r l y  shown i n  t\/o 
ways ( 1 ) c o n c e n t r a t i o n  f a c t o r s ,  ( 2 ) e f f e c t i v e  p l a s t i c  
s t r a i n ,
( 1 ) The s t r e s s  c o n c e n t r a t i o n  f a c t o r  K— and s t r a i n
c o n c e n t r a t i o n  f a c t o r  a r e  d e f i n e d  i n  p a r a g r a p h
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8 , 2 , 2 .  The g r a p h s  o f  t h e s e  f a c t o r s  a g a i n s t  l o a d  
a r e  g i v e n  i n  f i g s ,  8 ,2 1  and 8 .2 2 .  A n o t i c e a b l e  
d i f f e r e n c e  i s  o b v io u s  a s  t h e  lo a d  i n c r e a s e s  o v e r  
1 5 0 %.
(2)  The e f f e c t i v e  p l a s t i c  s t r a i n  a t  190% lo a d  i s  p l o t t e d  
a lo n g  t h e  ^  0 = 0^ ,in f i g .  8 .2 3  and a lo n g  t h e
i n n e r  s u r f a c e  i n  f i g ,  8 ,2 4 .  Once a g a i n  th e  
i n c r e m e n t a l  and d e f o r m a t i o n  t h e o r i e s  p ro d uce  a  
n o t i c e a b l e  d i f f e r e n c e  a t  t h e  h i g h  s t r a i n  p o s i t i o n s .  
I t  i s  i n t e r e s t i n g  to  n o t e ,  h o w e v e r» t h a t  t h e  e x t e n t  
o f  t h e  p l a s t i c  zone does  n o t  v a r y  s i g n i f i c a n t l y .
The i n c r e m e n t a l  t h e o r y sho u ld  b e u s e d , b u t  w i t h  what s i z e  o f  
l o a d  i n c r e m e n t .  As h a s  been  s t a t e d  a f i r s t  l o a d  i n c r e m e n t  
o f  50% i s  n e c e s s a r y .  The l o a d  i n c r e m e n t s  t h e r e a f t e r  a r e  
d e te r m in e d  by two f a c t o r s ' ,  i f  a  p a r t i c u l a r  l o a d  h a s  to  be 
r e a c h e d  one can  e i t h e r  ( i )  talce a  few l o a d  s t a g e s  and 
l a r g e  l o a d  i n c r e m e n t s  o r  ( i i )  f a k e  a  l a r g e  number o f  l o a d  
s t a g e s  o f  s m a l l  l o a d  i n c r e m e n t s .  Both  ways p rodu ce  
i n a c c u r a c i e s  and so a compromise o f  a 20% lo a d  in c r e m e n t  was 
used  f o r  a l l  t h e  r e s u l t s .
The e l a s t o —p l a s t i c  s o l u t i o n s  o b t a i n e d  f o r  t h e  h o l e  
i n  t e n s i o n  and t h e  notched,  k e y h o le  spec im en  a r e  b o t h  u n d e r  
c o n d i t i o n s  o f  p l a n e  s t r a i n .  I t  i s  t h e  p l a n e  s t r a i n  k e y h o le  
s o l u t i o n  which i s  r e q u i r e d  by t h e  f r a c t u r e  r e s e a r c h  program  
b e c a u se  t h e r e  i s  no e x p e r i m e n t a l  way o f  f i n d i n g  th e  s t r e s s  
and s t r a i n  f i e l d s  u n d e r  t h e  n o t c h  i n  t h e  c e n t r e  o f  t h e  t h i c k  
b a r .
I n  b o th  c o n f i g u r a t i o n s ,  e x p e r i m e n t a l  c o n f i r m a t i o n  
u n d e r  p l a n e  s t r a i n  c o n d i t i o n s  i s  n o t  p o s s i b l e . '  One can  
however  f i n d  e x p e r i m e n t a l  p l a n e  s t r e s s  r e s u l t s * ,  much 
i n f o r m a t i o n  h a s  been  g a t h e r e d  by t h e  a e r o - i n d u s t r y  f o r  
p e r f o r a t e d  t e n s i o n  p a n e l s ,  B1ane s t r e s s  d a t a  f o r  n o t c h  
bond t e s t s  i s  n o t  so r e a d i l y  a v a i l a b l e ,  and . in  any c a se  t,he 
r e s u l t s  from them a r e  n o t  v e ry  m e a n in g f u l  i n  t h i s  c o n t e x t .
A n a l y t i c a l  o r  n u m e r i c a l  c o n f i r m a t i o n  o f  p l a n e  
s t r a i n  s o l u t i o n s  i s  a l s o  n o t  r e a d i l y  a v a i l a b l e ' ,  tv/o p a p e r s  
by h i l s h a w ,  Bau and T ete lm an^^^)  and G r i f f i t h s  and Owen(^^)
1 4 6 ,
t a c k l e  s i m i l a r  p r o b l e m s .  T h e  p a p e r  b y  V / i l s h a w  e t  a l  u s e ' s  
K e u b e r s  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  a n d  s l i p  l i n e  f i e l d s ' ,  
a  s i m i l a r  s l i p  l i n e  s o l u t i o n  i s  g i y e n  i n  C h a p t e r  1 0  a n d  
t h i s  i s  u s e d  a s  a  c h e c k  o f  r e s u l t s .  T h e  p a p e r  b y  G r i f f i t h s  
a n d  O w e n  d e a l s  w i t h  l a r g e r  s t r a i n s  l e a d i n g  t o  o v e r a l l  ... 
y i e l d i n g ,  a l s o  a  v e r y  l o w  v / o r k —h a r d e n i n g  i n d e x  i s  u s e d .
8 . 4  C o n c l u s i o n s
I n  t h e  i n t r o d u c t i o n  s e c t i o n  8 . 1 ,  f o u r  a i m s  y / e r e  
s e t  d o w n ,  t h e s e  h a v e  a l l  b e e n  a c h i e v e d  i n  s e c t i o n  8 , 2 ,
1 .  A  s o l u t i o n  i s  d e f i n i t e l y  p o s s i b l e  r i g h t  d o w n  t o  a
Q o f  0 , 0 5  a l t h o u g h  c a n e  m u s t  b e  t a k e n  a t  l o w  Q,.. 
v a l u e s  a n d  l a r g e  l o a d s .  T h e  m e t h o d  i s  e l l i p t i c .
2 .  S t r e s s  a n d  s t r a i n  c o n c e n t r a t i o n  f a c t o r s  h a v e  b e e n
e v a l u a t e d  and d e s p i t e  th e  ' t a i l *  on K and K» ,a .  a
t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  show
modest  r e d u c t i o n s  w h i l e  t h e  s t r a i n  c o n c e n t r a t io n , . .
f a c t o r s  show a  marked i n c r e a s e  — a l l  a s  e x p e c t e d ,
3 .  E f f e c t i v e  p l a s t i c  s t r a i n  d i s t r i b u t i o n s  h a v e  b e e n
p l o t t e d  a n d  d e s p i t e  a  n o t i c e a b l e  d i f f e r e n c e  o f  
v a l u e s  w i t h  v a r y i n g  w o r k —h a r d e n i n g  t h e  p l a s t i c  
z o n e  s i z e  r e m a i n s  r e l a t i v e l y  s i m i l a r ,
4* The r a t i o  o f  mean to  e f f e c t i v e  s t r e s s  d i s t r i b u t i o n  
shows m arked ly  d i f f e r e n t  v a l u e s  f o r  t h e  h o l e  and 
t h e  k e y h o le  and b o th  show an i n i t i a l  i n c r e a s e  
u n d e r  t h e  s u r  fa,ce '  t h i s  i n c r e a s e  d e c a y s  w i t h  
i n c r e a s i n g  l o a d .  I n  t h e  k e y h o le  t h e  d i s t r i b u t i o n  
i s  shown t e n d i n g  to w a rd s  t h e  s l i p  l i n e  s o l u t i o n .
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CHAPTER 9
THE ELASTO-PLASTIO SOLUTION OF THE THICK SPHERE 
UNDER INTERNAL PRESSURE
9 .1  I n t r o d u c t i o n
The main p u r p o s e  o f  t h i s  c h a p t e r  i s  to  show t h a t  
some o f  t h e  u n e x p e c te d  v a r i a t i o n s  o f  c h a p t e r  8 a r e  r e p e a t e d  
i n  t h e  s o l u t i o n  to  t h e  sp h e r e  e s p e c i a l l y
( i )  t h e  t e n d e n c y  f o r  K , i n  f i g .  8.5 , t o  r i s e  w i t h
i n c r e a s i n g  l o a d  and i n c r e a s i n g  work—h a r d e n i n g
( i i )  t h e  ' d i p '  i n  t h e  v a lu e  o f  i n  f i g .  8 .16 i n  the- 
v i c i n i t y  o f  t h e  e l a s t i c / p l a s t i c  boundary .
The t h i c k  s p h e r e  s t r e s s e d  by p r e s s u r e  i s  o f  c o u r s e  a one
d i m e n s i o n a l  p rob lem  and t h e r e f o r e  r a t h e r  s i m p l e r  t h a n  t h e
two d i m e n s i o n a l  p ro b lem s  o f  c h a p t e r  8. I t  c an  be t a c k l e d
i n  two ways, b o t h  a r e  d e v e lo p e d  f o r  r e a s o n s  which w i l l
become a p p a r e n t .  The f i r s t  method i s  a n a l y t i c a l *  t h e
c lo s e d  form o f  t h e  s o l u t i o n  h a s  been  d e m o n s t r a t e d  by b o t h
Mendelson^^)  and i n d e p e n d e n t l y  by Orr^^^ b u t  t h i s  c lo s e d
form s o l u t i o n  dep end s  on l i n e a r  work—h a r d e n i n g .  I n  o r d e r
to  overcome t h i s ,  t h e  a u t h o r  produced  a n u m e r i c a l  s o l u t i o n
which can u s e  any sh ap e  o f  s t r e s s —s t r a i n  c u rv e  b u t  which  has
th e  d i s a d v a n t a g e s  o f  n u m e r i c a l  a p p r o x i m a t i o n  and t h e
n e c e s s i t y  o f  u s i n g  c o n t i n u o u s  d e r i v a t i v e s  o v e r  t h e  e l a s t i c /
( 2 )p l a s t i c  boundary .  The n u m e r i c a l  s o l u t i o n  o f  Tuba employs 
a  d i f f e r e n t  t e c h n i q u e  i n v o l v i n g  th e  n u m e r i c a l  e v a l u a t i o n  o f  
i n t e g r a l s .
Both o f  t h e s e  methods o f  s o l u t i o n  a r e  u sed  and 
th e  ag reem en t  be tw een  them i s  good, e x c e p t i n g  th e  s l i g h t  
d i f f e r e n c e s  which  w i l l  e x p l a i n  ( i i )  above.  B e fo re  l o o k i n g  
a t  th e  A n a ly t i c a ] ,  and N um erica l  Methods i n  d e t a i l  i n
148.
s e c t i o n s  9*2 and 9*3 be low , c o n s i d e r  t h e  g e n e r a l  f o r m u l a t i o n  
o f  t h e  prob lem .
The s t a t e  o f  s t r e s s  i s  d e s c r i b e d  by a 
sy s tem  and due t o  symmetry,  a l l  s h e a r  s t r e s s e s  a r e  ze ro  
and t h e  no rm al  s t r e s s e s  a r e  d e p en d e n t  o m y  on r a d iu s *
F ig .  9 . 1  d e f i n e s  t h e  i n n e r  and o u t e r  r a d i i  r^^  
and r^  and i n d i c a t e s  t h e  i n t e r n a l  p r e s s u r e  p.
E q u i l i b r i u m  i s  g i v e n  by
and C o m p a t i b i l i t y  by
-  2 ra^  = 0 ( 9 . 1 )
( 9 . 2 )
The e f f e c t i v e  s t r e s s  i s  g i v e n  by
ÏÏ = + ( o $ - ü ^ ) ^  +, ( a ^ - o p ^ j  = ( 9 , 3 )
Due t o  t h i s  s i m p l i f i c a t i o n ,  t h e  M ises  and T r e s c a  y i e l d
c o n d i t i o n s  c o i n c i d e  and t h e  Levy M ises  E q u a t i o n s  (4*4) become
d s /  =  [ o j ,  -  ^ ( a ^ + a ^ ) ]  =  - d e ®  J
where  as  e l s e w h e r e  d e f i n e d  d e^^ \  d e ^ ^ ,  d*ë  ^ a r e  t h e  
c i r c u m f e r e n t i a l ,  r a d i a l  and e f f e c t i v e  p l a s t i c  s t r a i n  
i n c r e m e n t s .  From e q u a t i o n s  ( 9 * 4 ) ,  t h e  r a t i o s  o f  t h e  
component p l a s t i c  s t r a i n  i n c r e m e n t s  t o  the  e f f e c t i v e  p l a s t i c  
s t r a i n  i n c r e m e n t  r e m a in s  c o n s t a n t  w h a te v e r  t h e  l o a d  i n c r e m e n t .  
T h is  means t h a t  i n c r e m e n t a l  and d e f o r m a t i o n  t h e o r i e s  c o i n c i d e .
The s t r e s s  s t r a i n  r e l a t i o n s  need c o n t a i n  o n ly  one 
p l a s t i c  s t r a i n  i n c r e m e n t  and a r e  t h u s  w r i t t e n
E# = ^  [ a ^ ( l - " v )  ~r v a ^J  t  | d ë ^  I
" I f  1 —p 1 ( 9 . 5 )
U  = i  h i '  -  -  d U .  ■ J
'o l low o  « '
The above ecus  t i 'Uis can be non—d i m e n s i o n a l i s e d  as
-  2a^+c;^
1 4 9 .
h  = ^ ^
where Oy = y i e l d  s t r e s s
E = Young’ s Modulus,
The e q u i l i b r i u m  and c o m p a t i b i l i t y  e q u a t i o n s  ( 9 . 1 )  and ( 9 . 2 )  
t h u s  become
^ ( E ^ s p  + 2RS^ = 0 ( 9 . 6 )
h  = ( 9 -7 )
and th e  s t r e s s —s t r a i n  r e l a t i o n s  ( 9 . 5 )  become
= S ^ ( l -v )  -  vS^ + |dEP j
\  -  d W . J ( 9 . 8 )
9 , 2  O u t l i n e  o f  A n a l y t i c a l  Method
T h is  method i s  f o r m u la t e d  i n  t e rm s  o f  t h e  s t r e s s  
and s t r a i n  i n c r e m e n t s  and so e q u a t i o n s  ( 9 . 8 )  become (where  
t h e  d o t s  s i g n i f y  t h e  in c r e m e n t )
fe„ = s . q i ~ v )  -  vS,. + i i p
( 9 . 9 )
w hich  when r e —a r r a n g e d  and i n s e r t e d  i n t o  t h e  e f f e c t i v e  
s t r e s s  ( 9 . 3 )  g ive^
s = _  1 , 5  i P ) .  ( 9 .1 0 )
From t h e  s t r e s s - s t r a i n  c u rv e  f i g ,  9 . 2 ,  t h e  e f f e c t i v e  p l a s t i c
s t r a i n  i n c r e m e n t  o b t a i n e d  from a  ' jump' f rom  p to  q i s
found  from
s = q1 ^  + ( i - s )
where Q i s  t h e  work—h a r d e n i n g  i n d e x  a s  p r e v i o u s l y  d e f i n e d  
i n  p a r a g r a p h  7 . 3 . 5 .
U s in g  t h i s  r e l a t i o n  i n  ( 9 ,1 0 )  e l i m i n a t e s  t o  g i v e
QeP + (1 - 8 )  = n - ( Ë  -  k -  1 . 5 e P ) .  ( 9 . 1 1 )V v r
I n s e r t i n g  e q u a t i o n s ( 9 , 9 )  i n t o  t h e  i n c r e m e n t a l  form o f  t h e  
e q u i l i b r i u m  e q u a t i o n  ( 9 , 6 )  g i v e s
1 5 0 .
e P p d U —V Ê + —idi d R ' ' l -2v  r  l - 2 v E„ + ÈP). ( 9 .1 2 )
The i n c r e m e n t a l  form o f  t h e  c o m p a t i b i l i t y  e q u a t i o n  i s
dÊ.
E. -  + R = 0. ( 9 .1 3 )
There  a r e  now t h r e e  e q u a t i o n s  ( 9 . 1 1 ) ,  ( 9 . 1 2 )  and ( 9 . 1 3 )  i n  
t h e  t h r e e  v a r i a b l e s  È^, and E^,
These  can be s i m p l i f i e d  and s o lv e d  by u s i n g  t h e  
f o l l o w i n g  r e l a t i o n s
a b = Eg.
Thus ( 9 .1 1 )  becomes
E^
— ( 9 , 1 2 )  becomes 
2a  -  3E^
■and' ( 9 .1 3 )  becomes
~ ( a  — ( 1+v) ( 1 —8))
where a =
1-v
l - 2 v
1
l .^+OTT+y)
a  + e P)
db
dR 0
e l i m i n a t i n g  b f rom  ( 9 . 15 ) and ( 9 .1 6 )  g i v e s
3eP + E dEPdR l - 2 v  ®- l - h  ^  d l
1
(9 .1 4 )
( 9 .1 5 )
( 9 .1 6 )
( 9 .1 7 )
Now f o r  e l a s t i c  c o n d i t i o n s  8 -  --y and so u s i n g  t h i•nO
r e l a t i o n s h i p  i n  ( 9 . 1 4 ) and t h e n  ^  s u b s t i t u t i n g  th e  
e x p r e s s i o n  f o r  E-*' i n t o  ( 9 .1 7 )  g ivei
3a + R dadR a( 1-v 1
-3p, say . ( 9 .1 8 )
1—2v a
Note:  f o r  f i x e d  v a l u e s  o f  v and Q, a and j3 a r e  c o n s t a n t s .
The s o l u t i o n  to  ( 9 . 1 8) i s
a  =
C
'G 4- 1
R3
( 9 .1 9 )
where i s  a c o n s t a n t  o f  i n t e g r a t i o n .
Back s u b s t i t u t i o n  o f  ( 9 ,1 9 )  i n t o  ( 9 .1 6 )  g i v e s
db a  _ 8 f l
dR " ”  R " R jj4
and i n t e g r a t i o n  l e a d s  to
151,
plnR + ( 9 , 2 0 )
where Cp i s  a  c o n s t a n t  o f  i n t e g r a t i o n .
F i n a l l y  s u b s t i t u t i o n  o f  ( 9 .1 9 )  i n t o  ( 9 ,1 4 )  g i v e s
w
R
(1+v) (1-^)1 
R-^  '
( 9 . 21 )
The t h r e e  e q u a t i o n s  ( 9 .1 9 )  to  ( 9 .2 1 )  r e p r e s e n t  t h e  s o l u t i o n  
w i t h  o n ly  t h e  c o n s t a n t s  and to  be e v a l u a t e d .  T h is
i s  done a s  f o l l o w s  —
( i )  A v a l u e  o f  i s  ch osen  a t  R = 1 and c o n s e q u e n t l y
Gy i s  e v a l u a t e d  from ( 9 . 2 1 ) ,  E s s e n t i a l l y  t h i s  
s t e p  i s  e q u i v a l e n t  t o  a p p ly i n g  a  l o a d .
( i i )  Gg i s  e v a l u a t e d  by m a tch in g  o f  s t r a i n s  a t  t h e
e l a s t i c / p l a s t i c  boundary,"  which  can  e a s i l y  be found 
from ( 9 . 2 1 ) ,  s i n c e  a t  t h a t  r a d i u s  E^ = 0,
Once Gy and a r e  found d i s t r i b u t i o n s  o f  a ,  b and E^
and thu! E0 Er S S0 S e t c ,  can be e v a l u a t e d .
A s h o r t  com pute r  program was w r i t t e n  f o r  t h i s
method.  A p a r t  from t h e  i n f o r m a t i o n  r e g a r d i n g  s p h e r e  s i z e ,
work—h a r d e n i n g  i n d e x  and P o i s s o n ’ s r a t i o ,  t h e  o n ly ,  ’ l o a d ’
i n d i c a t i o n  f ed  i n  i s  a  v a l u e  o f  e f f e c t i v e  p l a s t i c  s t r a i n
, EdU-i n c r e m e n t  E^ a 0 a t  t h e  i n n e r  s u r f a c e .  F o r  t h i s
r e a s o n ,  non—i n t e g r a l  i n t e r n a l  p r e s s u r e  v a l u e s  r e s u l t ,  as  
w i l l  be s e e n  i n  t h e  g r a p h s ,  a t  t h e  end o f  t h i s  c h a p t e r .
9 . 3  O u t l i n e  o f  N u m er ica l  Method
T h is  method r e d u c e s  t h e  c o n s t i t u t i v e  e q u a t i o n s  ko 
one second o r d e r  o r d i n a r y  d i f f e r e n t i a l  g o v e r n i n g  e q u a t i o n  i n  
t h e  t o t a l  s t r e s s  S^. T h is  e q u a t i o n  i s  found  by s u b s t i t u t i n g  
e q u a t i o n s  ( 9 . 8 )  i n t o  ( 9 . 7 )  and t h e n  e l i m i n a t i n g  by u s e
o f  t h e  e q u i l i b r i u m  e q u a t i o n  ( 9 , 6 ) .  Thus
dS^
"  I F   ^^
1
1-v (1^
R d l f .  
2 dR" (9.22)
I n  o r d e r  to s o l v e  t h i s  e q u a t i o n ,  i t  i s  d i s c r e t i z e d  and t h e n  
u sed  on t h e  s p h e r e  which  h a s  be d i v i d e d  up i n t o  a number o f
1 5 2 ,
e q u a l l y  spaced  g r i d  p o i n t s  a lo n g  a r a d i u s  ( f i g .  9 . 3 ) ,  The 
d i f f e r e n c e  form o f  e q u a t i o n  ( 9 .2 2 )  i s  t h e n  a p p l i e d  a t  each  
o f  t h e s e  g r i d  p o i n t s ,  t h u s  g i v i n g  a  s e t  o f  s i m u l t a n e o u s  
l i n e a r  a l g e b r a i c  e q u a t i o n s  w i t h  th e  boundary  c o n d i t i o n s
(a)  a t  R = 1 ,  8 = ^r  Oy
(b) a t  R = R^, 8^ = 0.
These s i m u l t a n e o u s  e q u a t i o n s  a r e  t h e n  e x p r e s s e d  i n  m a t r i x  
form and so lv e d  u s i n g  a T r i a n g u l a t i o n  o r  B a n ac h ie w icz  Grout  
Method,  t h u s  g i v i n g  a  v a lu e  o f  8^ a t  e ac h  g r i d  p o i n t ,
No m e n t io n  h a s  been  made y e t  o f  t h e  t e rm  E^. 
I n i t i a l l y  t h i s  must  be e s t i m a t e d  and t h e n  s u c c e s s i v e l y  
c o r r e c t e d .  The method o f  s o l u t i o n  i s  s i m i l a r  t o  t h a t  
o u t l i n e d  i n  s t e p s  (ay)  t o  (gy) o f  C h a p te r  2,
As h a s  b e en  m en t ioned  i n  b o t h  C h a p te r s  2 and 4 
e v a l u a t i o n  o f  E^ ' f rom 8 i s  r e s t r i c t i v e  on n u m e r i c a l  
s t a b i l i t y .  However, t h i s  method i s  s t a b l e  w i t h i n  t h e  r a n g e  
o f  work—h a r d e n i n g  i n d e x e s  r e q u i r e d  to  i l l u s t r a t e  th e  
n e c e s s a r y  p o i n t s .  I f  more t h a n  one l o a d  s t a g e  i s  r e q u i r e d  
f o r  s t a b i l i t y  ( 9 .2 2 )  can be r o - w r i t t e n  a s
(9 .P 3 )2 '  d R  ' d R
where 8 = t o t a l  v a l u e  o f  th e  r a d i a l  s t r e s s  a t  t h e  end
t ho f  t h e  n lo ad  s t a g e  
"^fn—1 ) “ t o t a l  v a l u e  o f  t h e  e f f e c t i v e  p l a s t i c  s t r a i n
it th e  end o f  t h e  (n—1) l o a d  s t a g e
E;  ^ = t h e  e f f e c t i v e  p l a s t i c  s tr . ._in i n c r e m e n t
t hd u r i n g  th e  n lo a d  s t a g e .
The v a lu e  o f  E^ i s  t a k e n  d i r e c t l y  o f f  t h e  s t r e s s
s t r a i n  (a  — E^) c u rv e  end c o n s e q u e n t ly  any shap e  o f  c u rve
can be u s e d ,  u n l i k e  t h e  a n a l y t i c a l  s o l u t i o n .
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9.4 Results
R e f e r r i n g  back  t o  s e c t i o n  9 . 1 ,  t h e  p u rp o se  o f  t h i s  
c h a p t e r  i s  tw o f o l d  and t h e s e  a r e  d e a l t  w i t h  s e p a r a t e l y  i n  
th e  two p a r a g r a p h s  b e l o w — 9 , 4 . 2  and 9 . 4 . 3 .  ' A l l  t h e  r e s u l t s
t h a t  f o l l o w  a r e  f o r  a  t h i c k  s p h e r e  o f  which  t h e  d im e n s io n  
R^ = 6 . 0 .
9 . 4 , 1  S t r e s s - S t r a i n  Curves
Common to  p a r a g r a p h s  9 . 4 . 2  and 9 . 4 . 3  below a r e  
s e v e r a l  s t r e s s  s t r a i n  c u r v e s  ( s  — and t h e s e  a r e  shown on 
f i g ,  9 . 4 .  The l i n e a r  work—h a r d e n i n g  c u r v e s  Q = 0 , 0  t o  0 ,6  
a r e  a s  d e s c r i b e d  i n  p a r a g r a p h  7 . 3 . 5 .  The p a r a b o l a e  ( l )  and
(2)  h av e  th e  f o l l o w i n g  e q u a t i o n s .
P a r a b o l a  ( l )
= - 1 . 3 7 5 3  + 1 .3 7 5 3  3^,
P a r a b o l a  (2)
= 7 .7 9 3 5  -  1 5 .5 8 6 8  S + 7 .7 9 3 3  F .
P a r a b o l a  (2) i s  t h e  o n ly  one o f  th e  s t r e s s —s t r a i n  c u r v e s  
which  has  no d i s c o n t i n u i t y  a t  t h e  y i e l d  p o i n t  S -  1 , 0 .
9 , 4 . 2  C i r c u m f e r e n t i a l  S t r e s s  C o n c e n t r a t i o n  F a c t o r  K ,
I t  was n o t i c e d  i n  f i g ,  8 ,5  f o r  t h e  h o l e  i n  t e n s i o n
t h a t  t h e  c o n c e n t r a t i o n  f a c t o r  K tended  to  r i s e  w i t h
0i n c r e a s e d  work—h a r d e n i n g  Q and lo a d .  F o r  t h e  s p h e r e  
i s  d e f i n e d  a s  K = —  , A s i m i l a r  e f f e c t  can  be ^
0 Pn o t i c e d  on f i g ,  9 .5  f o r  Q v a l u e s  o f  0 , 3  and 0 ,6  u s i n g  th e  
a n a l y t i c a l  s o l u t i o n .  For  Q = 0 , 0 ,  no such  e f f e c t  e x i s t s .
The r e a s o n  f o r  t h i s  i s  b e s t  e x p la in e d  by r e f e r e n c e  
to  f i g ,  9 .6  — a  p l o t  o f  t h e  d i s t r i b u t i o n s  o f  c i r c u m f e r e n t i a l  
s t r e s s  n e a r  t h e  i n n e r  s u r f a c e  a t  v a r i o u s  i n t e r n a l  p r e s s u r e s  
nd a work—h a r d e n i n g  i n d e x  o f  0 , 3 .  As t h e  p r e s s u r e  i n c r e a s e s ,
t h e r e  i s  a  te n d e n c y  f o r  8^ t o  ’h o o k ’ n e a r  the i n n e r
s u r f a c e ,  t h u s  K w i l l  a l s o  hook. T h is  ’h o o k in g '  i s  due
^0to  t h e  l i n e a r  work—h a r d e n i n g  os can be s e e n  by comparing  
th e  s t r e s s  d i s t r i b u t i o n  on f i g ,  9 ,6  t o  t h a t  o f  f i g ,  9 .7  i n  
which  t h e  s t r e s s - s t r a i n  cu rv e  i s  t h a t  o f . p a r a b o l a  ( l )  i n
1 5 4 .
f i g ,  9 , 4 ,  making u s e  o f  th e  n u m e r i c a l  s o l u t i o n .
The l i n e a r  work—h a r d e n i n g  a t  h i g h e r  l o a d s  t e n d s  
to  f o r c e  th e  v a lu e  o f  8 h i g h e r  and so p roduce  t h e  s l i g h t  
d i s t o r t i o n .
C o n c lu s io n :— The r i s e  i n  t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r  
i s  due t o  l i n e a r  work—h a r d e n i n g  and w i l l  be more 
n o t i c e a b l e  a t  h i g h  v a l u e s  o f  w o r k - h a r d e n in g  i n d e x  and h i g h  
l o a d s ,
9 . 4 . 3  D i s t r i b g t i o n  o f  Mean t o  E f f e c t i v e  S t r e s s '
R a t i o  .
I n  f i g .  8,16. f o r  t h e  s o l u t i o n  to  t h e  h o l e  i n  
t e n s i o n ,  a  d i p  was n o t i c e d  i n  t h e  d i s t r i b u t i o n  o f  mean t o  
e f f e c t i v e  s t r e s s  r a t i o ,  A s i m i l a r  d ip  i s  n o t i c e d  i n  
f i g ,  9 . 8  f o r  l i n e a r  work—h a r d e n i n g  Q = 0 . 3  u s i n g  t h e  
n u m e r i c a l  s o l u t i o n .  The e f f e c t  i s  n o t  due to  o n ly  th e  
l i n e a r  v/ork—h a r d e n i n g  a s  i n  p a r a g r a p h  9 . 4 , 2  s i n c e  t h e  d ip  
i s  a l s o  p r e s e n t  when t h e  p a r a b o l a  ( l )  s t r e s s - s t r a i n  cu rv e  
( f i g .  9 . 4 ) i s  u sed  — se e  f i g ,  9 . 9 .
I t  was t h e n  th o u g h t  t h a t  maybe i t  was due to  t h e
d i s c o n t i n u i t y  e x i s t i n g  i n  t h e s e  tv/o c u rv e s  a t  t h e  y i e l d
p o i n t  and so t h e  n u m e r i c a l  s o l u t i o n  was u sed  a g a i n  b u t  t h i s
t im e  w i t h  t h e  s t r e s s - s t r a i n  cu rve  p a r a b o l a  ( 2 ) ,  which h a s
no d i s c o n t i n u i t y  a t  the  y i e l d  p o i n t  — f i g .  9 , 4 .  However
h e r e  a g a i n  t h e  d i s t r i b u t i o n  o f  shows a s i m i l a r  d ip  i no
t h e  v i c i n i t y  o f  t h e  e l a s t i c / p l a s t i c  boundary ,  f i g .  9 ,1 0 ,
The u s e  o f  l i n e a r  work—h a r d e n i n g  Q = 0 , 3  i n , t h e
8ma n a l y t i c a l  s o l u t i o n  g i v e s  t h e  answer,  The r e s u l t i n g  
d i s t r i b u t i o n  i n  f i g ,  9 , 1 1 ,  shows a sh a rp  change i n  t h e  
cu rv e  a t  t h e  e l a s t i c / p l a s t i c  boundary  and no d i p .  The 
d i f f e r e n c e  be tw een  t h e  n u m e r i c a l  and th e  a n a l y t i c a l  methods 
o f  s o l u t i o n  r e s p o n s i b l e  f o r  t h i s  change i s  a  si m en t ioned  i n  
s e c t i o n  9 . 1 ,  t h a t ,  i n  t h e  n u m e r i c a l  s o l u t i o n ,  t h e  d e r i v a t i v e s  
a r e  t a k e n  a s  c o n t i n u o u s  o v e r  t h e  e l a s t i c / p l a s t i c  boundary .
I n  t h e  a n a l y t i c a l  s o l u t i o n ,  t h e r e  r e s u l t  d i s t i n c t  e q u a t i o n s  
f o r  t h e  e l a s t i c  and p l a s t i c  r e g i o n s .  The e f f e c t  i s  sm a l l
0 9,
and o n ly  a f f e c t s  t h e  v i c i n i t y  o f  th e  e l a s t i c / p l a s t i c  
boundary  a s  can  be s e e n  by comparing f i g s ,  9 , 8  and 9 , 1 1 ,
C o n c l u s i o n :— The d i p  i n  t h e  d i s t r i b u t i o n  o f  mean to  
e f f e c t i v e  s t r e s s  r a t i o  i s  due to  c o n t i n u o u s  d e r i v a t i v e s  
b e in g  t a k e n  o v e r  t h e  e l a s t i c / p l a s t i c  b oundary .
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CHAPTER 10
SLIP LIRE ANALYSIS POR NOTCHED BAR IN BENDING-
1 0 .1  I n t r o d u c t i o n
T h is  c h a p t e r  d e t a i l s  th e  work done i n  p r o d u c i n g  
a p l a n e  s t r a i n  s l i p  l i n e  s o l u t i o n  f o r  a p a r t i c u l a r  g e o m e t ry  
o f  edge—n o tc h e d  b a r .  The geom etry  used  was t h a t  o f  a s e r i e s  
o f  f o u r  p o i n t  bend sp e c im en s  o f  Q1 Navy s t e e l ,  t e s t e d  a s  
p a r t  o f  an  o v e r a l l  p rogram ne o f  i n v e s t i g a t i o n  c a r r i e d  o u t  i n  
t h e  d e p a r t m e n t  by t h e  f r a c t u r e  r e s e a r c h  g ro u p .  The s l i p  
l i n e  s o l u t i o n  was u sed  i n i t i a l l y  to  g i v e  a  q u i c k  i n d i c a t i o n  
o f  t h e  mean t o  e f f e c t i v e  s t r e s s  r a t i o  u n d e r  t h e  n o t c h  s u r f a c e .  
A l th o u g h  o f  l i m i t e d  u s e ,  t h e  s o l u t i o n  r e p r e s e n t s  one l i m i t  
o f  p l a s t i c i t y  s o l u t i o n s  and h e lp s  to  c o n f i r m  o t h e r  r e s u l t s .
S l i p  l i n e  t h e o r y  d a t e s  back  t o  work done by 
Coulomb i n  1773. However, t h e  v e l o c i t y  e q u a t i o n s  were  n o t  
c l e a r l y  f o r m u l a t e d  u n t i l  1930 by G-e ir inger^  , Only  i n  t h e  
e a r l y  1 9 5 0 ’ s was a momentum c r e a t e d  by th e  works  o f  H i l l ^ ^ ^  
and P r a g e r  and Hodge^^^^, I n  t h a t  d e ca d e  s e v e r a l  p a p e r s  by 
A.P. Green  were p u b l i s h e d  and i t  i s  i n  one o f  t h e s e  t h a t  t h e  
s o l u t i o n s  f o r  t h e  edge n o tch e d  b a r  i n  b e n d in g  were  f i r s t  
g i v e n .
As was m en t ion ed  i n  c h a p t e r  4 t h e  e s s e n c e  o f  s l i p  
l i n e  t h e o r y  i s  t h a t  t h e  m a t e r i a l  i s  assumed to  be r i g i d  
p e r f e c t l y —p l a s t i c ^  t h i s  i s  a  r e a s o n a b l e  a s s u m p t i o n  when 
d e a l i n g  w i t h  l a r g e  s t r a i n s  i n  r e a l  low work—h a r d e n i n g  
m a t e r i a l s .  The g o v e r n i n g  e q u a t i o n s  ( 4 ,1 0 )  and ( 4 , 1 1 )  a r e  
h y p e r b o l i c ,  i n d i c a t i n g  t h a t  enough i n f o r m a t i o n  can  be  found 
on one b o unda ry  f o r  a  s o l u t i o n  to  be d e t e r m i n e d  by p r o g r e s s i n g  
from t h a t  boundary  to  a n o t h e r .
157,
I n  h i s  p a p e r  o f  1953 Green^^^^ i n d i c a t e s  t h a t  two 
s o l u t i o n s  a r e  r e q u i r e d  to  c o v e r  th e  f u l l  r a n g e  o f  b a r  s i z e s  
'a '* , see  f i g s ,  1 0 ,1  and 1 0 ,2 ,  The f i r s t  s o l u t i o n ,  f i g .  10 .1 ,  
i s  f o r  b a r s  i n  which  t h e  r a t i o  i s  s m a l l  and th e  a n g le
24 ^  32^41 , A i s  a  p o i n t  o f  s t r e s s  d i s c o n t i n u i t y ' ,  r e g i o n s  
( 1 ) and ( 2 ) a r e  t e n s i o n  and com p re ss io n  r e s p e c t i v e l y ,  t h e  
r e m a in d e r  b e in g  r i g i d , V/hen 24 e x ceed s  t h i s  v a l u e ,  t h e  
s o l u t i o n  a t  A becomes i n v a l i d  and a s o l u t i o n  o f  t h e  form I I ,  
f i g ,  1 0 . 2 ,  i s  r e q u i r e d .  As b e f o r e  t h e r e  a r e  t e n s i o n  and 
c o m p re s s io n  r e g i o n s  b u t  t h e s e  a r e  now j o in e d  by c o n t i n u o u s  
s l i p  l i n e s  c a r r i e d  on c i r c u l a r  a r c s  around a r i g i d  r e g i o n  ( 3) ,
( 37 )I n  1 9 5 6 , Green  and H u n d y ^ ' c o n s i d e r e d  th e  c a s e s  
o f  t h r e e — and f o u r - p o i n t  b end in g  and backed up t h e i r  f i n d i n g s  
w i t h  e x c e l l e n t  p i c t u r e s  o f  spec im ens  e tc h e d  by a t e c h n i q u e  
t h e y  d e v e lo p e d .  I n  1958,  L i a n i s  and Ford^^^^ t a c k l e d  t h e  
p rob lem  o f  n o t c h e s  o f  any g e o m e try ,  i n  b e n d in g ,  g i v i n g  b o th  
t h e  u s u a l  u p p e r  bound as  w e l l  a s  a lo w e r  bound s o l u t i o n .  . I n  
a d d i t i o n  t h e y  i n c l u d e d  t h e  ho d o g rap h s  f o r  t h e  ty p e  I I  s o l u t i o n s ,  
(The u s e  o f  t h e  h o d o g ra p h  was f i r s t  su g g e s t e d  by Green  i n  
1 554( 39 )^  ^ Checks were made on th e  s o l u t i o n  by u s e  o f  an  
i n t e r n a l l y  e tc h e d  g r i d .  Work has  c a r r i e d  on i n  t h e  1 9 6 0 ' s  
w i t h  p a p e r s  by,  f o r  exam ple ,  Ewing.
10,  2 I.iethod o f  S o l u t i o n
A t te m p ts  to  e x p e r i m e n t a l l y  m easure  t h e  p l a s t i c  
s t r a i n s  a/t t h e  r o o t  o f  n o t c h e s  i n  bend s p e c im e n s ,  p roved  v e ry  
d i f f i c u l t .  I t  was i m p o r t a n t  f o r  th e  g roup  r e s e a r c h  on th e  
' f u n d a m e n t a l s  o f  f r a c t u r e '  t o  have some i d e a  o f  th e  s t r e s s  
and s t r a i n  p a t t e r n  and i t  was t h o u g h t  t h a t  a  s l i p  l i n e  
s o l u t i o n  would be h e l p f u l  even i f  s t r i c t l y  a p p l i c a b l e  o n ly  
t o  r i g i d  p e r f e c t l y —p l a s t i c  m a t e r i a l s .
The n o t c h  geom etry  o f  th e  spec im ens  used  i s  shovm 
i n  f i g ,  1C. 3 L_nd t h e  s o l u t i o n  i s  o f  ty p e  IT ,  due to  th e  
d im e n s io n s  o f  t h e  spec im en .  I n  o r d e r  to  s t a r t , an e s t i m a t e  
must be made o f  t h e  e x t e n t  o f  y i e l d i n g  on th e  n o t c h  s u r f a c e .  
T h is  was done by s e c t i o n i n g  s t r a i n e d  sp e c im e n s ,  p h o t o g r a p h i n g  
them and t h e n  t r a c i n g  t h e  p r o f i l e s  — f i g ,  1 0 .4  f o r  example ,
1'
From t h i s  i t  was d e c id e d  t o  t a k e  th e  e x t e n t  o f  y i e l d i n g ,  p ,  
a s  140° ,
1 0 , 2 , 1  S t r e s s  S o l u t i o n
Knowing t h e  s t r e s s  s t a t e  on th e  s u r f a c e  and t h e  
p r i n c i p a l  s h e a r  s t r e s s  t r a j e c t o r i e s  (a  and p l i n e s ) , e n a b l e s  
th e  s o l u t i o n  to  p r o c e e d  i n t o  t h e  specimen.  Fo r  t h i s  
p u r p o s e  e q u a t i o n s  ( 4 .1 0 )  can be e x p re s s e d  i n  t h e  f o l l o w i n g  
u s e f u l  fo rm ;—
a lo n g  an a l i n e  da = 2kdj2f
a lo n g  a {3 l i n e  da = —2kdjZf
where a, k ,  and 0  a r e  t h e  p a r a m e t e r s  used  i n  t h e  s o l u t i o n .  
Also a = §(Cx+Oy) = = ^^ a^ +Og)
k = y i e l d  s t r e s s  i n  p u re  s h e a r
0  “ a n g l e  be tw een  t h e  X and a a x e s .
These q u a n t i t i e s  a r e  shown on M o h r ' s  c i r c l e  and on an
e l e m a n t a l  ' c u b e ' ,  i n  f i g s ,  1 0 ,5  and 1 0 ,6 ,
The v a l u e s  o f  a a t  a l l  p o i n t s  a  to  p on f i g ,
1 0 ,7  a r e  shown i n  T ab le  I  on f i g ,  1 0 ,1 0 .  From t h e s e  can  be
found t h e  p r i n c i p a l  s t r e s s e s
=> o’ = ,\Zlk ( e f f e c t i v e  s t r e s s )  
a^  ^ -  a (mean s t r e s s )
oThe p r i n c i p a l  s t r e s s  a x e s  a r e  a t  (0  + 45 ) ,
The s o l u t i o n  s t a r t s  a t  t h e  n o t c h  s u r f a c e  i n  a 
t e n s i o n  r e g i o n  and ends  i n  a  c o n s t a n t  c o m p re s s iv e  s t r e s s  
r e g i o n  a t  t h e  b o t to m  o f  th e  b a r  — the  s l i p  l i n e  ABOD b e in g  
c o n t i n u o u s  ( f i g ,  1 0 , 3 ) .
The a n g le  2 \  (w h ich  i s  ^  and t h e  r a d i u s  R
have  to  be a d j u s t e d  t o  g i v e  t h e  e q u i l i b r i u m  c o n d i t i o n  t h a t  
t h e  a d i s t r i b u t i o n  a lo n g  t h e  s l i p  l i n e  ABOD g i v e s  no 
r e s u l t a n t  f o r c e  i n  t h e  X—d i r e c t i o n ,  w h i l e  s t i l l  m a i n t a i n i n g  
r i g h t  a n g l e s  a t  B and G and t h e  c o n d i t i o n  2X = ].-Kt,
U s ing  a 10° d i v i s i o n  o f  t h e  n o t c h  s u r f a c e ,  t h e  b e s t  
a p p ro x im a te  s o l u t i o n  i s  a s  shown i n  f i g s ,  1 0 ,3  and 1 0 ,7  w i t h  
24 ~ 100° ,  The a d i s t r i b u t i o n  i s  shown on f i g .  1 0 ,8 ,
159.
The v a l u e s  o f  mean s t r e s s  o and t h e  r a t i o  
f o r  a l l  p o i n t s  a t o  p a r e  g iv e n  i n  T ab le  I ,  f i g ,  1 0 ,1 0 .
1 0 , 2 , 2  V e lo c i t y  ( or  D.i s p la c e m e n t )  S o l u t i o n
The i n i t i a l  boundary  d i s p l a c e m e n t s  due t o  b en d in g  
a r e  f e d  i n t o  t h e  f i e l d  by assum ing  a 0-0 = 1° r o t a t i o n  a b o u t  
c e n t r e s  and Gp on f i g ,  10,3", t h i s  movement c o r r e s p o n d s
a p p r o x i m a t e l y  to  t h e  movement o f  t h e  s t r a i n e d  sp e c im en ,  th e  
p r o f i l e  o f  w hich  i s  shown i n  f i g ,  1 0 ,1 1 ,  F ig .  1 0 ,7  g i v e s  
t h e  r a d i i  o f  e ac h  o f  t h e  o u t e r  p o i n t s  a b o u t  and t h e
d i r e c t i o n  o f  t h e  d i s p l a c e m e n t s .  The v a l u e s  were
o b t a i n e d  by g e o m e t r i c  c a l c u l a t i o n  based  on th e  r a d i u s  R 
(= 1 5 .6 8  mm) and t h e  a n g le  be tw een  N and t h e  o t h e r  p o i n t s
on t h e  s l i p  l i n e  MN, The d i s p l a c e m e n t s  a r e  shown on th e
l i n e  MN o f  t h e  h o d o g r a p h , f i g ,  1 0 , 9 ,  r e l a t i v e  t o  a  f i x e d
node 0, E s s e n t i a l l y  t h e  h o d o g rap h  i s  a  g r a p h i c a l  method o f
a p p l y i n g  t h e  c o m p a t i b i l i t y  e q u a t i o n s  ( 4 . 1 1 ) .
D i s p l a c e m e n t s  i n  th e  o u t e r  p l a s t i c  r e g i o n  l e a d  to
p o i n t s  a '  t o  g '  on t h e  hodograph .  The c o n s t a n t  v e l o c i t y  
d i s c o n t i n u i t y  a lo n g  a / g '  ( f i g ,  1 0 ,7 )  b r i n g s  t h e  p o i n t  a '  
to  a on t h e  and b'" to  b e t c .  The s o l u t i o n  t h e n
p r o c e e d s  i n t o  t h e  p o i n t  p on t h e  n o t c h  s u r f a c e  ,
Checks h ave  been  made t h a t  t h e  p l a s t i c  work i s
p o s i t i v e  t h r o u g h o u t  t h e  f i e l d .
E s t i m a t e s  were made o f  t h e  s t r a i n s  £e and %
V
a lo n g  t h e  n o t c h  s u r f a c e  and t h e  ^  , a lo n g  b o t h  o f  w hich  t h e  
s h e a r  s t r a i n  7 .  i s  z e r o .  T h is  e n t a i l e d  d e t e r m i n i n g  t h e  
o r i g i n a l  l e n g t h  , o f  th e  l i n e  (1)  f o r  e x a m p I s , on t h e  
r e a l  p l a n e  ( f i g ,  1 0 ,7 )  and m ea su r in g  i t s  i n c r e a s e  i n  l e n g t h  
ô't ,  i n  t h e  -9 d i r e c t i o n ,  from th e  h o d o g rap h  v i z ,  l i n e  ( l )
on f i g ,  1 0 ,9 .  The a v e r a g e  s t r a i n  a lo n g  -D was t h u s
e v a l u a t e d  a s
Sc, = lo g  7T^  where -t -  D + ôD, ^ e U g  o
S in c e  th e  s o l u t i o n  i s  f o r  p l a n e  s t r a i n  ( e ^  = 0)
and t h e r e  a r e  no e l a s t i c  s t r a i n s  ( r i g i d )  , Thus
when th e  s h e a r  s t r e s s e s  a r e  ze ro
1 6 0 ,
c = E*'
The v a l u e s  f o r  l i n e s  ( l )  t o  (6) a r e  shown on T ab le  I I  i n  
f i g .  1 0 .1 0 .
1 0 .3  R e s u l t s
I t  m us t  be remembered t h a t  a p l a n e  s t r a i n  s l i p  
l i n e  s o l u t i o n  i s  a p p ro x im a te .  The s t r e s s  f i e l d  i s  
e s s e n t i a l l y  a  c a r e f u l l y  c a l c u l a t e d  g u e s s  which t a k e s  no 
a c c o u n t  o f  e q u i l i b r i u m  be tw een  p l a s t i c  and r i g i d  r e g i o n s ,  
sav e  c h e c k in g  t h a t  w edge-shaped  r i g i d  r e g i o n s  do n o t  go 
p l a s t i c .  S in c e  t h e  c h a r a c t e r i s t i c s  o f  t h e  e q u i l i b r i u m  and 
c o m p a t i b i l i t y  e q u a t i o n s  a r e  t h e  same t h e  v e l o c i t y  o r  
d i s p l a c e m e n t  s o l u t i o n  i s  ' h o o k e d '  on to  t h e  s l i p ,  l i n e s  o f  
t h e  s t r e s s  s o l u t i o n .  H e re ,  however ,  t h e  bo undary  d i s p l a c e ­
m ents  m atch  up i n  p l a s t i c  and r i g i d  r e g i o n s  a s  w e l l  a s  th e  
d i s p l a c e m e n t s  i n  t h e  p l a s t i c  r e g i o n  o b ey ing  c o m p a t i b i l i t y .
The s o l u t i o n  t h u s  g i v e s  an  u p p e r  bound on th e  a p p l i e d  
moment,
A v a l u e  o f  t h i s  moment can be found by n u m e r i c a l  
i n t e g r a t i o n  u s i n g  t h e  d i s t r i b u t i o n  i n  f i g ,  10,8 ' ,
t h i s  g i v e s  a  v a l u e  o f  244 ,88  r^  Oj kNm/m t h i c k n e s s .  When 
th e  b a r  d im e n s io n s  and t h e  y i e l d  s t r e s s  Cy a r e  i n s e r t e d ,  
t h e  moment i s  1 1 ,0 ?  kNm, When t h i s  v a l u e  i s  p l o t t e d  on th e  
g r a p h s  o f  moment a g a i n s t  n o t c h  open ing  ( f i g .  8 , 3 )  i t  i s  
s i t u a t e d  as  e x p e c t e d , f o r  a non—work—hardeni .ng  m a t e r i a l .  The
d i s p l a c e m e n t s  on t h i s  g r a p h  are  measured by a gauge p l a c e d  
a t  3 .2  mm above t h e  u p p e r  s u r f a c e  o f  t h e  b a r  ( p o i n t s  and
Pg i n  f i g ,  1 0 , 3 ) ,  Fo r  t h e  s l i p  l i n e  s o l u t i o n  a r o t a t i o n  
o f  1°  a b o u t  c e n t r e s  and 0^,  t h e  n o t c h  op e n in g  i s  1 ,4 3  mm,
T h is  o pe n in g  shows r ea so n :„ b le  ag reem en t  w i t h  t h e  c u r v e s  i n  
f j g ,  8 . 3  o b t a i n e d  from t h e  t e s t i n g  o f  b . r s  c u t  f rom th e  s h o r t
and lo n g  t r a n s v e r s e  d i r e c t i o n s  o f  t h i c k  p l a t e .
The p l o t s  o f  e: a lo n g  th e  ^  and a lo n g  t h e  n o tc h
s u r f a c e  a r e  shown in  f i g ,  10 ,1 2  and the p l o t  o f  a lo n g  t h e
• ^  , i n  f i g ,  1 0 ,1 3 .  The p l o t s  a lo n g  t h e  ^  show c l e a r l y  a
1 6 1
s i g n i f i c a n t  d ro p  i n  d u c t i l i t y  w i t h i n  one r a d i u s  o f  t h e  n o t c h
s u r f a c e ,  w h e rea s  a lo n g  t h e  n o t c h  s u r f a c e  t h e  v a l u e  o f  "c
k e e p s  a h i g h  v a l u e ,  d ro p p in g  by o n l y ^ 1 0 ^  i n  30° from t h e  ^  .
a
The c u rv e  o f  -g- i s  p l o t t e d  on t h e  g r a p h s  f o r  
t h e  k e y h o le  i n  C h a p te r  8 and shows good ag re em e n t .  From 
th e  e tc h e d  bands  shown i n  f i g .  1 0 .1 1  an e s t i m a t e  o f  20^ f o r  
t h e  e f f e c t i v e  s t r a i n  a t  t h e  n o t c h  r o o t  was made by Mackenzie^'^^l 
t h i s  compares  f a v o u r a b l y  w i t h  t h e  25^ from t h e  s l i p  l i n e  
s o l u t i o n .
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ALE- 5mm s
spec fill sn
-  3 0 . G m m Of &&D.
es 2.745 k
s o l u t i o n - e a q e  n o t c h  bar  in b
!m<:
©ri Ci in  (it
II
a A o f 7^
n e  Cl
r
ïîZfîSi
0f  W n s i o n  r é g i o n
4
» 5 " i ’ '^ î' îil 2^
.. «1-Ij
r “\V.V
iü lO istribut'ion o f  "% u c r o
symmetrical WIf
Imm a  2% 10 . r  
f o r  o p e n i n g
a
S T R E S S E S
P c  i o t s R a d i u s & T  ""W k
1 » 0 0  r # L O O O k 0 . 5 7 8
n , k , f 1 • 1 ô | . | 7 5 k 0 .  6 7 3
! . | 9 r . | . 3 4 9 k 0 . 7 7 8
l , d L 5 l r 0 1 5 2 4  k 0 . 8 8  0
h , 6 U 4 3 r @ (.  Ô9@ k 0 -  9 8 0
b 1 . 5 7 % | . & 7 3 k 1 . 0 8 0
ü U T O r o 2 . 0 4 7 k
a A# iTiiTi-iii 1 II . ............... m il uni nu III nnm iiti
I . I S O
o La
T R A I N S
L i n e R a d i u s 0^ 6 ) 2 /ry€ = g .  ' -0
© i . i O r ^ 0 , 1 0 5 % 0 0 2 0 r , 1 7 . 4 % 2 0 . 17 a
f ‘ 31 r 0 0 ) 1 5 % 0 .  0 I 9 . - S 1 4 . 5 % î 6 . S 7 o
I . S 7 r @ 0 . ( 4 5 % O . O I G r g 12. 2 % ! 4 . l 7 o
1 0 0 % 0 . ( 7 5 % 0 . O 4 4 r ^ 2 2 . 3 % 2 5 . 8 %
®  ' L O G % 0 . ( 7 5 % 0 . 0 4 3 , , 2 1 . 7 % 2 5 . 1 % ,
1 0 0 % 0 1 7 5 % 0 . 0 4 3  Ta 2 1 . 7  % 2 3 . i ® / a
T A B L E  I
r l Q  I V
« '■- V
Fig lO II E tc h e d  section o f  n o t c h e d
bend  specimen showing bending 
( r e f  (^0))
e ï l a s h cnàL.
s t ra in  a l o n g  n o t c h  s u r f a c e  a n d  ^
distance 
0)0 ng n o tch
surf G c e
distance
a îo n a è
£
CHAPTER 11
ELLIPTICAL CREEP SOLUTION
1 1 ,1  I n t r o d u c t i o n  162
1 1 .2  F o r m u l a t i o n  o f  th e  Creep P rob lem  162
1 1 . 2 . 1  The G overn ing  E q u a t io n s  162
1 1 . 2 . 2  E v a l u a t i o n  o f  166
1 1 . 2 . 3  E f f e c t i v e  S t r a i n  16?
1 1 .3  Method o f  S o l u t i o n  16?
1 1 . 3 . 1  I n t r o d u c t i o n  “ 16?
1 1 . 3 . 2  O u t l i n e  o f  Program 168
1 1 .4  R e s u l t s  168
1 1 . 4 . 1  I n t r o d u c t i o n  168
1 1 . 4 . 2  S t r e s s  R e s u l t s  169
1 1 . 4 . 3  S t r a i n  R e s u l t s  . - 170
11 . 4 .4  C o n c lu s io n s  170
162
CHAPTER 11
ELLIPTICAL CREEP SOLUTION
1 1 .1  I n t r o d u c t i o n
The main  p u r p o s e  o f  t h i s  c h a p t e r  i s  to  i l l u s t r a t e  
hov/ t h e  e l l i p t i c a l  t h r e e  v a r i a b l e  s t r e s s  o r i e n t e d  a p p ro a c h  
cou ld  be a p p l i e d  to  c r e e p  p ro b lem s .  I t  i s  n o t  i n t e n d e d  as
a  t h o r o u g h  s tu d y  i n  c r e e p  b u t  more as  an i l l u s t r a t i o n  o f  t h e
e x t e n s i o n  o f  t h e  method*, c o n s e q u e n t ly  i t  i s  d e a l t  w i t h  
b r i e f l y .  E s s e n t i a l l y  t h e  p rob lem  i s  one o f  i n i t i a l  s t r e s s  
r e d i s t r i b u t i o n  i n  p r im a r y  c re e p  up to  s t e a d y  s t a t e  
c o n d i t i o n s .
The f o r m u l a t i o n  ( s e c t i o n  11., 2) i s  d i f f e r e n t  from 
t h a t  o f  t h e  e l a s t o —p l a s t i c  p rob lem  b e c a u se  o f  t h e  
c o n s t i t u i t i v e  e q u a t i o n s  b e in g  i n  s t r e s s  and s t r a i n  r a t e s  and 
i n c l u d i n g  c r e e p  i n s t e a d  o f  p l a s t i c  s t r a i n s .  The p rogram  
( s e c t i o n  1 1 ,3 )  however  i s  r e l a t i v e l y  s i m i l a r  w i t h  t h e  t h r e e
main v a r i a b l e s  once a g a i n  b e in g  t o t a l  s t r e s s e s .  The
s o l u t i o n  to  t h e  p l a i n  s t r a i n  p rob lem  o f  t h e  h o l e  i n  t e n s i o n  
i s  g i v e n  a s  an i l l u s t r a t i o n — s e c t i o n  1 1 ,4 ,
The o t h e r  main d i f f e r e n c e  i s  t h a t  t h e  v a r i a b l e s
a r e  now non—d i m e n s i o n a l i z e d  w i t h  r e s p e c t  to  a — t h e  a p p l i e d
0
s t r e s s ,  i n s t e a d  o f  t h e  y i e l d  s t r e s s  Oj  a s  i n  t h e  e l a s t o — 
p l a s t i c  p rob lem ,
1 1 .2  Fo r m u l a t i o n  o f  t h e  Creeu I r o bl em
1 1 , 2 , 1  The C o v e ru ing  E q u a t io n s
R e w r i t i n g  t h e  e q u i l i b r i u m ,  s t r e s s / s t r a i n  and 
s t r a i n / d i s p l a c e m e n t  e q u a t i o n s  i n  te rm s  o f  r a t e s  g i v e s * —
1 6 3 .
E q u i l i b r i u m * r  '** ^ r  ’*' <^9 ” ^  ( 1 1 .1 )
r + ^  + 2'1 „ = 0 ( 1 1 . 2)3 r  'b^ r-9
where  à  = ^  e t c .
S t r e s s / s t r a i n *, For  p l a n e  s t r a i n  = 0 = and u s i n g
t h e  a s s u m p t io n  t h a t  c r e e p  s t r a i n s  p ro d u ce  no volume change 
g i v e s  —
Eé„ = (l-\,^)ôa -  v(l+v)â^ + E(l-v)é„ -  vEê^ (11.3)V X ' c c
Eè^ = ( l -v2)â^  -  v(l+M)âa + E(l-v)è -  vEé„ (11.4)
X X V X Q V  Q
= 2 ( l+ v )q ^  + (11.5)
where e t c ,  a r e  c r e e p  s t r a i n  components
and è e t c .
E l l i m i n a t i o n  o f  £ f rom ( 1 1 .3 )  and ( 1 1 ,4 )  g i v e s
1 r . . 1 .| e (1-—v ) £ ^  + Eve^J  = On +n 3 P 3 7 T l = ^ r  ^  r j  = ^0 I T T "
-  à  by d e f i n i t i o n  ( 11 . 6 )
Similarly b = = "(I'+v) (1-277
. (11.7)
r«  EY^0
c = tpü + 2X ïT n " 211+77 '
61 r a i n / d i s p 1a c ement *
. __u . È  u. 1  2 È  4  1  ^ v  i
r  r ’ f  r  r  ^ 0 * r'O^ r  3 r  r
E l i m i n a t i o n  o f  t h e  d i s p l a c e m e n t s  g i v e s  t h e  e q u a t i o n  o f  
c o m p a t i b i l i t y  o f  s t r a i n  r a t e s
Q Qn o)^  20 -r r  --sr— — U , \ 1.1-1 ^ )
Nov; f rom  t h e  d e f i n i t i o n s  o f  a ,  b , c ( e q u a t i o n s  ( 1 1 , 6 ) ,  
( 11. 7 ) ,  ( 11. 8 ))
ESg = ( l -v^ )â  -  v(l+v)b
Eé^ = ( 1—V ^  ) li — v(l+v)â
EYj,^ = 2 ( l + \ . ) c ,
164,
S u b s t i t u t i n g  t h e s e  r e l a t i o n s  i n t o  ( 1 1 ,9 )  g i v e s
 ^ -  (3--v)P ^  + vP  I j  -  ( 1 - v ) ^
t  V — r ^ ( 2 —\))  +  r  ^ ( l - i - v )  = 0  ( 1 1 , 1 0 )
E q u a t io n  ( 1 1 ,1 0 )  can be e x p r e s s e d  i n  t e rm s  o f  s t r e s s  r a t e s  
by s u b s t i t u t i o n  o f  e q u a t i o n s  ( 1 1 , 6 ) ,  ( 1 1 ,7 )  and ( 1 1 ,8 )  
g i v i n g
2 ( ||^  + r -  ( l - v ) P
7 ^ 0 ^  £>*{>, , 7Ô-J,, ,
= EHS, (1 1 .1 1 )
The s h e a r  s t r e s s  r a t e  can  be e l i m i n a t e d  f r o m ' t h i s
( 1 1 . 2 ) .  Thu 
( -1+v) V 2 0 r  r  -izr-:- -I- r  —~  + rTir ^ ^ 2  2 v
o
T à ^
4 P
f i v e s  o f e q u a t i o n s  ( 1 1 .1 )  and
_ 2 . ■^2.
p.h  mmmwwawowwim:
■
+ r  -—TT" '
RHS (1 1 ,1 2 )
( 1 1 , 1 1 ) ,
E q u a t io n s  ( 1 1 , 1 ) ,  ( 1 1 , 2 )  and ( 1 1 ,1 2 )  now form t h e  t h r e e  
g o v e r n i n g  e q u a t i o n s  i n  6^ and i n  a s i m i l a r  way to
th e  s t r e s s  f o r m u l a t i o n  o f  t h e  e l a s t o —p l a s t i c  p rob lem .
Creep Eel a,.±i o n s ' These a r e  usuc..lly g i v e n  as
•■9C m  =  A l t J O '  I O a  —  — l o ^ .  - 1 -  o ^ )c ^
ê
"’c
( - t ) f " " ^ r «  - ¥^t -1-
= A ( t ) f “' - ® r  - :>]
. ,  _rV“l  
7.,^ = A ( t ) a  3T
c ^
where t h e  c r e e p  law a  = A ( t ) o ^  i s  assumed
165.
A l s o  è z A( t ) a
- n - 1
N o n —d i m e n s i o n a l i z in g  o f  V a r i a b l e s *,
L e t  d T  =  — __1  — V
r e f e r e n c e  I g a d i n g  s t r e s s ,  
a n d  =  ^  , =
°  °  dS
w h e r e  =  s o m e •
r 0  a'—  » ^ =  —Ü a
S t r e s s  r a t e s  b e c o m e e t c .f  -  dT
N o n —d i m e n s i o n a l i z i n g  t h e  t h r e e  g o v e r n i n g  e q u a t i o n s  g i v e s
)  / P ,  ^  ds__  d s
( 1 1 , 1 ) = ^  r  ^ ( g q i “ ) + +  ( ■ ^ ^ )  — ( % r r )  =  0 ( 1 1 ,1 3 )dT
0 ( 1 1 . 1 4 )
( I 1 . 1 2 ) 4 > r ^  ^  +  | ^ ( - r p - )  +  A A - ô ( 3 m^),2 M l '
d  S
= f h s ^ + s ^ )
■ ^ r M T  
2?- d S .
y -  A h
2 ' M f
2
2 M f
( r
E H S H
^ +  n  ^  +  ^ X V h )
( 1 1 . 1 5 )
w h e r e  E H S N  =  ^  [ ( ^  . ,  ^  ^ )  ( 3 S ^ h
+  ( — ( l —\ ) ) r ^  ^  +  V - —5 — ( 2—\i ) r  - g —)
 ^g.n-1 2.( ) + ( vr'^ ^ 4- ( l + v ) r
2
( 1 1 . 1 6 )
E q u a t i o n s  ( 1 1 . 1 3 )  t o  ( 1 1 , 1 6 )  a r e  i n  t e r m s  o f  s t r e s s  r a t e s  
8^_, S_Q a n d  S  t h e y  can a l s o  be e x p re s s e d  i n  t e r m s  o f  s t r e s s
increments and t h i s  i s  t h e  f o r m  i n  which t h e y  a r e  u s e d .
Thu s K - +  - . y g -
^ s ;j,
V e ' ' r t
( A  +  r A -  +  2 / ) ( s ;  +  s i  =  R U S N . d TÛ1 i  ^l ) r
( 1 1 .1 7 )
w h e r e  s t r e s s  i n c r e m e n t  S -  6l
1 6 6 .
E q u a t i o n s  ( l l . l ? )  f o r m  t h e  t h r e e  g o v e r n i n g  e q u a t i o n s  i n  t e r m s
o f  s t r e s s  i n c r e m e n t s S' T h e  s i m i l a r i t y  o fr  '  ^r v
t h e s e  e q u a t i o n s  w i t h  e q u a t i o n s  ( 4 , 4 0 ) f o r  t h e  e l a s t o —p l a s t i c  
p r o b l e m  s h o u l d  b e  n o t e d  i n  t h a t  t h e  m e t h o d  o f  s o l u t i o n  b y  
f i e l d  e q u a t i o n s  a n d  i n t e g r a t i o n  c a n  b e  s i m i l a r l y  a p p l i e d .
1 1 , 2 , 2  E v a l u a t i o n  o f  S,
I t  c a n  b e  s e e n  f r o m  e q u a t i o n  ( 1 1 , 1 6 ) t h a t  8 ^ i s
r e q u i r e d .  I n  o r d e r  t o  s h o w  t h e  e v a l u a t i o n  i t  m u s t  b e
r e a l i s e d  t h a t  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  ( 1 1 , 1 7 ) p r o c e e d s  
i n  f i n i t e  t i m e  s t e p s  d T  a n d  t h a t  t h e  q u a n t i t i e s  8 , 8^ ,  8 ^ ,  8^ ^
a n d  8 ^ i n  ( 1 1 , 1 6 ) r e f e r  t o  t h e  v a l u e s  o f  t h e s e  t o t a l  
s t r e s s e s  a t  t h e  e n d  o f  t h e  p r e v i o u s  t i m e  i n t e r v a l .
T h u s  c o n s i d e r  t h e  i^'^^ a n d  ( i f l ) ^ ^  t i m e  i n t e r v a l s
a n d  l e t  e „  r e p r e s e n t  t h e  t o t a l  z  c r e e p  s t r a i n  a t  t h e  2 C i  .{-t
e n d  o f  t h e  i  i n t e r v a l  a n d  ê ,
t h  ^ c qc r e e p  s t r a i n  d u r i n g  t h e  ( i - h l )  ' i n t e r v a l  w h e r e  e
t h e  i n c r e m e n t  o f  z
t h e r e f o r e  
B u t t h e r e f o r e  e z c
a n d
i +1
1. >1
t h e r e f o r e
^ i +1
v ( S
^ i - h l
■f 8,
i +1
8  — ÿ ( 8  H-
^ i  ^ i
z c .
)1 d ï
a n d
^ ^ i +1
VI D.r +  8 ,^ i + 1
111 e n  t h e  s o l u t i o n  f o r  t h e  ( i + 1 ) b i r n e  i n t e r v a l
h a s  b e e n  f o u n d  , t h e  t o t a l  s t r e s s e s  8 , S n  a r e  k n o w n
‘^i + 1  " i + l
a n d  8 ^ c o n .  b e  f o u n d  C r o n  ( 1 1 , 1 8 ) ,  T h i s  e n a b l e s  P J lo N  
" 1+1
t o  b e  é v o l u a  t e d  d u r i n g  t h e  n e x t  t i m e  i n t e r v a l , a f t e r  w h i c h  
8 g  m u s t  a g a i n  b e  c a l c u l - . t e d  a n d  t h i s  r e q u i r e s  a  v a l u e  . f o r
( l - v ) S n -1i
(11, 18)
( 1 1 , 1 9 )
Thus z c . i s  f o u n d  u s i n g  ( 1 1 , 1 9 ) ,  A t  t ] : . e  e n d  o fi +1
t h e  f i r s t  t i m e  i n t e r v a l ,  t h e  v a l u e s  8 e t c ,  i . n  ( 1 1 , 1 8 )
1 6 7 .
a r e  t h e  i n i t i a l  e l a s t i c  v a l u e s  a n d  h a s  t h e  v a l u e
z e r o ,  ^
1 1 , 2 . 3  E f f e c t i v e  S t r a i n
A v a l u e  o f  e f f e c t i v e  s t r a i n  c a r .  b e  f o u n d  t o  g i v e  
a n  i n d i c a t i o n  o f  g e n e r a l  s t r a i n i n g .  T h i s  i s  e v a l u a t e d  
u s i n g  t h e  d e f i n i t i o n  o f  i n  E i n n i e  a n d  1 - J e l l e r  p , 1 7 1 ^ ^ ^ ^ ,
I n  o u r  n o t a t i o n  a n d  r e m e m b e r i n g  t h a t  e ^  =  C =  e ^ ^  =  e_^^ 
f o r  p l a n e  s t r a i n ,  t h i s  g i v e s
® +  T  "  V s ]  +  7 ® r ô ‘
w h e r e  e ^  e t c .  a r e  t o t a l  s t r a i n s  c o m p r i s i n g  e l a s t i c  a n d
c r e e p  p a r t s .
1 1 . 3  M e t h o d  o f  S o l u t i o n
1 1 , 3 , 1  I n t r o d u c t i o n
D u e  t o  t h e  s i m i l a r i t y  o f  t h e  c r e e p  a n d  e l a s t o — 
p l a s t i c  e q u a t i o n s ,  m a n y  f e a t u r e s  o f  t h e  m e t h o d  o f  s o l u t i o n  a r e  
s i m i l a r .  T h e  s i z e  o f  f i e l d  i s  t h e  s a m e  a n d  o n c e  a g a i n  
f i x e d  b o u n d a r i e s  a r e  e m p l o y e d .  T h e  d i s c r e t i z a t i o n  o f  t h e  
d i f f e r e n t i a l  g o v e r n i n g  e q u a t i o n s  i s  t h e  s a m e ,  t h e  v a r i a b l e s  
f o r  t h e  c r e e p  p r o b l e m  b e i n g  8^ ,  S.^ a n d  i n s t e a d  o f  A S ,  B S
a n d  OS i n  t h e  e l a s t o —p l a s t i c  p r o b l e m  d e a l t  w i t h  i n  p a r a g r a p h  
7 , 3 . 3 .
T h e  m e t h o d  o f  s o l v i n g  f o r  t h e  t h r e e  v a r i a b l e s  i s  
i d e n t i c a l  w i t h  f i e l d  e q u a t i o n s  b e i n g  u s e d  f o r  a n d  8 ^
a n d  a  c i r c u m f e r e n t i a l  i n t e g r a t i o n  b e i n g  u s e d  f o r  t h e
b o u n d a r y  c o n d i t i o n s  f o r  e a c h  v a r i a b l e  a r e  a ] s o  i d e n t i c a l .
T h e  m a i n  d i f f e r e n c e  l i e s  i n  t h e  e v a l u a t i o n  o f  H I tS N — 
e q u a t i o n  ( 1 1 , 1 6 )  w h e r e ,  u n l i k e  P  i n  t h e  e l a s t o —p l a s t i c  
p r o b l e m , t h e  s t r e s s  c o m p o n e n t s  a r e  c o n t i n u o u s  o v e r  t h e  f i e l d .  
P i l S H  i s  t h u s  f o u n d  b y  e v a l u a t i o n  o f  t h e  t h r e e  s t r e s s  
e x p r e s s i o n s  o v e r  t h e  w h o l e  f i e l d  a n d  t h e n  b y  s u m m i n g  t h e  
v a r i o u s  g r a d i e n t s  a n d  c u r v a t u r e s  c f  t h e s e  e x p r e s s i o n s .
I n  t h e  e l a s t o —p l a s t i c  p r o b l e m ,  f o r  a n y  l o a d  s t a g e  
t h e  s o l u t i o n  o f  t h e  f i e l d  w a s  c a r r i e d  o u t  s e v e r a l  t i m e s  w i t h  
t h e  v a l u e s  o f  P  b e i n g  c o r r e c t e d  e e c h  t i m e .  I n  t h e  c r e e p  
p r o b l e m ,  t h e  s o l u t i o n  o f  t h e  f i e l d  r e o r e s e n t s  t h e  s o l u t i o n
168.
o f  t h e  s t r e s s e s  a t  t h e  e n d  o f  o n e  t i m e  i n t e r v a l  a f t e r  w h i c h  
t h e  v a r i o u s  q u a n t i t i e s  a r e  u p d a t e d  a n d  t h e  s o l u t i o n  f o r  t h e  
n e x t  t i m e  i n t e r v a l  i n i t i a t e d ,
1 1 , 3 . 2  O u t l i n e  o f  P r o g r a m
T h e  f o l l o w i n g  a r e  t h e  m a i n  s t e p s  o f  t h e  p r o g r a m ,
( i )  T h e  e l a s t i c  s t r e s s  v a l u e s  a r e  f e d  i n  a n d ,  h a v i n g  
s e l e c t e d  a n  i n i t i a l  v a l u e  o f  d T ,  E H S N  — e q u a t i o n  
( 1 1 , 1 6 )  — i s  e v a l u a t e d  w i t h  e^, b e i n g  i n i t i a l l y  
z e r o .
( i i )  T h e  f i e l d  e q u a t i o n s  f o r  a n d  a r e  s o l v e d
10  t i m e s  o v e r  t h e  f i e l d  a n d  t h e n  8^  i s  f o u n d  b y  
c i r c u m f e r e n t i a l  i n t e g r a t i o n .  T h i s  s t e p  i s  
e x e c u t e d  20 t i m e s ,  w h i c h  i s  a d e q u a t e  t o  a c h i e v e  
c o n v e r g e n c e .  T h e  t o t a l  s t r e s s e s  a r e  t h e n  u p d a t e d ,
( l i t )  8 ^ i s  f o u n d  u s i n g  ( 1 1 , 1 8 )  a n d  t h e n  e ^ ^  i s
f o u n d  u s i n g  ( 1 1 , 1 9 ) .  ^  i s  a l s o
e v a l u a t e d  a l o n g  w i t h  q u a n t i t i e s  l i k e  "ë f o r  
r e f e r e n c e ,
( i v )  T h e  s a m e  o r  a  d i f f e r e n t  v a l u e  o f  d T  i s  s e l e c t e d  
a n d  R H S N  e v a l u a t e d  f r o m  ( 1 1 , 1 6 ) ,
( v )  R e t u r n  t o  s t e p  ( i i )  a n d  r e s o l v e  f i e l d  f o r  n e x t
t i m e  i n c r e m e n t  u n t i l  e i t h e r  ( i )  a  d e s i r e d  t o t a l  
t i m e  i s  r e a c h e d  o r  ( i i )  s t e a d y  s t a t e  c o n d i t i o n s  
h a v e  b e e n  a c h i e v e d  o r  ( i i i )  a n  i n s t a b i l i t y  i n i t i a t e s ,
1 1 , 4  R e s u l t s
1 1 , 4 , 1  I n t r o d u c t i o n
T h e  m a i n  a i m s  o f  t h i s  e x t e n s i o n  o f  t h e  e l l i p t i c a l  
m e t h o d  i n t o  c r e e p  a r e  —
1 ,  t o  i l l u s t r a t e  t h e  f e a s i b i l i t y  a n d  r e l a t i v e
s i m p l i c i t y  o f  e x t e n d i n g  t h e  m e t h o d  u s i n g  t h e  h o l e  
i n  t e n s i o n  a s  a n  e x a m p l e ,
2 . t o  p l o t  t } i e  r e l a x a t i o n  o f  s t r e s s  w i t h  t i m e  f o r
s e v e r a l  v a l u e s  o f  i n d e x  n .
1 6 9 .
3 . t o  s h o w  t h e  e f f e c t  o f  t i m e  a n d  v a r y i n g  i n d e x  n ,  o na
t h e  r a t i o  ,
4 . t o  p l o t  t h e  d i s t r i b u t i o n  o f  e f f e c t i v e  s t r a i n  *e.
a l o n g  t h e  ^ - 9  =  0 °  a n d  t h e  h o l e  s u r f a c e  a t  
v a r i o u s  t i m e s  a n d  i n d e x  v a l u e s .
T h e  f i e l d  s i z e  a n d  f i x e d  b o u n d a r y  c o n d i t i o n s  w e r e  t h e  s a m e  
a s  t h o s e  f o r  t h e  e l a s t o —p l a s t i c  s o l u t i o n s  w i t h  t h e  o u t e r  K 
b o u n d a r y  a g a i n  b e i n g  ^  =  2 , 2 8 1 ,  D u e  t o  t h e  t i m e  a n d  
m o n e y  r e s t r i c t i o n s  o n  c S m p u t i n g t ,  t h e  c r e e p  p r o g r a m  w a s  r u n  . 
f o r  t h r e e  i n d e x  v a l u e s  n = 2 , 5 ,  3 . 0  a n d  3 . 5 .  I t  w a s  
i n t e n d e d  t o  r u n  t h e  p r o g r a m s  f o r  4 0 0  t i m e  s t e p s  d T ,  - w h i c h  
v a r i e d  b e t w e e n  0 , 0 0 0 2  a n d  0 , 0 0 3 2 , u p  t o  a  t o t a l  t i m e  o f  
T =  0 , 5 7 ,  I n  t h e  c a s e  o f  i n d e x  v a l u e s  n  =  2 . 5  a n d  3 . 0 ,  
t h i s  w a s  a c h i e v e d  b u t  f o r  n  =  3 . 5 , a  s t e a d y  s t a t e  c o n d i t i o n  
w a s  a c h i e v e d  a t  ' t h e  p o i n t  K =  2 ,  L. =  2  a f t e r  t i m e  T =  0 . 4 ,  
a f t e r  w h i c h  a n  i n s t a b i l i t y  i n i t i a t e d  a n d  t h e  p r o g r a m  t h u s  
s t o p p e d .
A  s i m i l a r  i n s t a b i l i t y  w a s  a l s o  n o t i c e d  b y  B y r n e ^ ^ ' ^ ^
w h e n  a t t e m p t i n g  n u m e r i c a l  s o l u t i o n s  w i t h  s i m i l a r  i n d e x
v a l u e s .  H e  c o n c l u d e d  t h a t  i t  w a s  d u e  t o  a  c u m u l a t i v e  e r r o r  
i n  t h e  e v a l u a t i o n  o f  c r e e p  s t r a i n  f r o m  t o t a l  s t r a i n  a n d  w a s  
n o t  a  f u n c t i o n  o f  t h e  t i m e  i n t e r v a l  d T  t a k e n ' ,  g r e a t e r  
s t a b i l i t y  c o u l d  b e  a c h i e v e d  b y  r e d u c i n g  g r i d  s i z e .  T h e  
s o l u t i o n  u%) t o  t h i s  i n s t a b i l i t y  c a n ,  h o w e v e r ,  b e  a s s u m e d  t o  
b e  a c c e p t a b l e ,
1 1 , 4 . 2  S t r e s s  R e s u l t s
F i g ,  1 1 , 1  s h o w s  t h e  r e l a x a t i o n  w i t h  t i m e  o f  t h e
e f f e c t i v e  s t r e s s  a t  t h e  t w o  p o i n t s  ( K  ~  2 , L =  2 )  a n d
( K  =  6 ; 1 = 7 )  f o r  v a r i o u s  v a l u e s  o f  i n d e x  n .  T h e  g r a p h s  
f o r  n  =  3 . 5  t e r m i n a t e  a t  a  X ,  w h e r e  t h e  p r o g r a m  w a s  
s t o p p e d * ,  i t  w i l l  b e  n o t i c e d  t h a t  t h e  e f f e c t i v e  s t r e s s  O g  ^ 
h a s  r e a c h e d  s t e a d y  s t a t e  a t  t h i s  t i m e .
' { ' e a c h  p r o g r a m  t o o k  4 0  m i n u t e s  t o  r u n  o n  U H I V A C  1 1 0 8 ,  c o s t i n g  
a p p r o x i m a t e l y  7 0 ,
170.
P i g .  1 1 , 2  i l l u s t r a t e s  t h e  v a r i a t i o n  o f  t h e  
d i s t r i b u t i o n  o f  t h e  r a t i o  w i t h  t i m e  f o r  t h e  i n d e x
n  =  3 . 0 .  T h e  v e r y  l a r g e  i n c r e a s e  a t  r a d i u s  1  l . b  i s  
m o s t  n o t i c e a b l e  a t  T =  0 . 5 7 .  A s  a  o o m r a r i s o n ^ w i t h  o t h e r  
i n d e x  v a l u e s ,  f i g ,  1 1 . 3  p l o t s  t h e  d i s t r i b u t i o n s  f o r
v a r i o u s  n  v a l u e s  a t  t i m e  T =  0 . 2 5 .
1 1 . 4 . 3  S t r a i n  R e s u l t s
T o  i l l u s t r a t e  t h e  d e v e l o p m e n t  o f  s t r a i n  w i t h  t i m e ,  
f i g s .  1 1 . 4 ( a )  a n d  ( b )  s h o w  t h e  d i s t r i b u t i o n  o f  e f f e c t i v e  
s t r a i n  a l o n g  t h e  h o l e  s u r f a c e  a n d  a l o n g  t h e  é  1 =  0 °  a t  
v a r i o u s  t i m e s  u s i n g  a n  i n d e x  v a l u e  n  =  3 . 0 ,  T h e  s h a p e  
s i m i l a r i t y  o f  t h e s e  d i s t r i b u t i o n s  m t h  t h o s e  o f  o b t a i n e d
f r o m  t h e  e l a s t o —p l a s t i c  s o l u t i o n s  i s  o b v i o u s  a n d  i n d e e d  t o  b e  
e x p e c t e d  s i n c e  b o t h  c r e e p  a n d  p l a s t i c i t y  a r e  s h e a r  
d e f o r m a t i o n  p r o c e s s e s .
T o  s h o w  t h e  e f f e c t  o f  v a r y i n g  t h e  i n d e x ,  s i m i l a r  
e f f e c t i v e  s t r a i n  d i s t r i b u t i o n s  f o r  n  -  2 . 5 ,  3 . 0  a n d  3 . 5  a r e  
s h o w n  i n  f i g s ,  1 1 . 5 ( a )  a n d  ( b )  a t  t i m e  T =  0 . 2 5 ,
1 1 . 4 . 4  C o n c l u s i o n s
T h e  f o u r  a i m s  o f  p a r a g r a p h  1 1 , 4 . 1  h a v e  t h u s  b e e n  
a c h i e v e d .  T h e  m o s t  i m p o r t a n t  p o i n t  i s  t h a t  t h e  e l l i p t i c a l  
s t r e s s  o r i e n t e d  a p p r o a c h  d e v e l o p e d  f o r  t h e  e l a s t o —p l a s t i c  
p r o b l e m  c a n  b e  a d a p t e d  w i t h o u t  t o o  m u c h  d i f f i c u l t y  t o  c r e e p  
p r o b l e m s  a n d  t h a t  t h e  s o l u t i o n s  o b t a i n e d  a r e  c o n v e r g e n t  a t  
e a c h  t i m e  i n t e r v a l  a n d  s t a b l e  u p  t o  v a r i o u s  t i m e s  d e p e n d i n g  
o n  t h e  i n d e x  n .
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C O N C L U S I O N S  AND F U T U R E  DE V E L O P M E N TS
1 2 , 1  C o n c l u s i o n s  I 7 I
1 2 , 2  F u t u r e  D e v e l o p m e n t s  1 7 2
1 7 1 ,
CHAPTER 1 2  
C O N C L U S I O N S  A i m  F U T U R E  D E V ELO PME NTS
1 2 , 1  C o n c l u s i o n s
T h e  m o s t  i m p o r t a n t  c o n c l u s i o n  i s  t h a t  t h e  m e t h o d  
o f  u s i n g  t h r e e  f i r s t  a n d  s e c o n d  o r d e r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  i n  s t r e s s e s  o r  s t r a i n s  i s  p r a c t i c a b l e  b u t  m u s t  b e  
o f  t h e  b o u n d a r y - v a l u e  t y p e .  A l t h o u g h  t h e  g r i d  u s e d  h e r e  
w a s  b a s e d  o n  c y l i n d r i c a l  c o o r d i n a t e ^  d u e  t o  t h e  g e o m e r r y  o f  
t h e  k e y h o l e  ( a n d  t h e  h o l e )  t h e  m e t h o d  c o u l d  b e  e q u a . l 3 . y  w e l l  
a p p l i e d  t o  a  c a r t e s i a n  c o o r d i n a t e  s y s t e m  w i t h  t h e  e q u a t i o n s  
r e f o r m u l a t e d .  I t  m u s t  a l s o  b e  r e m e m b e r e d  t h a t  t h e  e q u a t i o n s  
c o u l d  b e  f o r m u l a t e d  i n  t e r m s  o f  s t r e s s e s  o r  s t r a i n s  t o  m a t c h  
b o u n d a r y  s p e c i f i c a t i o n s ,  w i t h  v e r y  l i t t l e  a l t e r a t i o n  t o  t h e  
m e t h o d .  S i m i l a r l y ,  a l t h o u g h  t h e  s o l u t i o n s  p r o d u c e d  w e r e  f o r  
p l a n e  s t r a i n ,  p l a n e  s t r e s s  s o l u t i o n s  u s i n g  t h e  s a m e  p r i n c i p l e s  
a r e  p o s s i b l e .
T h e  r e s u l t s  f o r  t h e  h o l e  i n  t e n s i o n  c o m p a r e  
f a v o u r a b l y  w h e r e  c h e c k s  w e r e  m a d e  w i t h  o t h e r  s o l u t i o n s ,
^ mR e s u l t s  f o r  t h e  k e y h o l e  s h o w  t h a t  t h e  r a t i o  - g r  
v a r i e s  v e r y  l i t t l e  a s  p l a s t i c i t y  d e v e l o p e s  a n d  t h e  s l i p  l i n e  
s o l u t i o n  p r o v i d e s  t h e  l i m i t i n g  c a s e .  T h e  d e v e l o p m e n t  o f  
p l a s t i c i t y  i s  i n i t i a l l y  v e r y  s l o w  w i t h  t h e  m a i n  p l a s t i c  
d e f o r m a t i o n  b e i n g  c o n c e n t r a t e d  a r o u n d  t h e  n o t c h  s u r f a c e  
a l t h o u g h  f u r t h e r  r e c e n t  r e s u l t s  i n d i c a t e  t h a t  ^ w i n g s ' w i l l  
f o r m  a t  s l i g h t l y  g r e a t e r  l o a d s , t h u s  t e n d i n g  t o w a r d s  t h e  
s l i p  l i n e  s o l u t i o n  a g a i n ,
T h e  r e s u l t s  s h o w  s o m e  p e c u l i a r i t i e s  a n d  t h e s e  a r e  
e x p l a i n e d  b y  t h e  u s e  o f  l i n e a r  w o r k —h a r d e n i n g ,
G h r . p t e r  1 1  s h o w s  t h a t ,  w i t h  m i n o r  m o d i f i c o t i o n s , 
t h e  m e t h o d  c a n  b e  a d a p t e d  t o  s o l v e  c r e e p  p r o b l e m s ,
17 2.
T h e  m e t h o d  w a s  d e v e l o p e d  t o  g i v e  s o l u t i o n s  i n  t h e  
i n i t i a l  s t a g e s  o f  p l a s t i c i t y  u p  t o  4—5'?^ s t r a i n  a n d  t h i s  h a s  
b e e n  a c h i e v e d .  A t  t h e  l a r g e r  s t r a i n s ,  c o n v e r g e n c e  i s ,  
h o w e v e r ,  m o r e  d i f f i c u l t  a n d  c o n s e q u e n t l y  l o n g e r  a n d  m o r e  
e x p e n s i v e  c o m p u t e r  r u n s  a r e  r e q u i r e d .  T h e  m e t h o d  s h o u l d  n o t  
b e  e x t e n d e d  t o o  f a r ,  w h e r e  c u m u l a t i v e  e r r o r s  w i l l  r e n d e r  t h e  
s o l u t i o n  i n a c c u r a t e  a n y w a y .  I n  a d d i t i o n  a t  l a r g e r  s t r a i n s ,  
g e o m e t r y  c h a n g e s  b e c o m e  s i g n i f i c a n t  a n d ,  a s  t h e  m e t h o d  e x i s t s  
a t  p r e s e n t ,  n o  a c c o u n t  i s  t a k e n  o f  t h i s ' ,  s h o u l d  s u c h  l a r g e  
s t r a i n  s o l u t i o n s  b e  r e q u i r e d , i t  i s  s u g g e s t e d  t h a t  f i n i t e  
e l e m e n t  t e c h n i q u e s  b e  e m p l o y e d ,
1 2 , 2  F u t u r e  D e v e l o p m e n t s
T h e  w o r k  i n  t h i s  t h e s i s  d e s c r i b e s  c h i e f l y  a  
t h e o r e t i c a l  c o n t r i b u t i o n  t o  o u r  f r a c t u r e  r e s e a r c h  g r o u p .
I n  t h e  c o n t i n u i n g  p r o g r a m  o f  r e s e a r c h  i n  t h e  f u n d a m e n t a l  
s t u d i e s  o f  f r a c t u r e ,  w e  h a v e  b e e n  e x a m i n i n g  t w o  a s p e c t s  —
( a )  c o n d i t i o n s  f o r  v o i d  g r o w t h  f r o m  p r e - e x i s t i n g  v o i d s
( b )  c o n d i t i o n s  f o r  v o i d  n u c l é a t i o n  f r o m  i n c l u s i o n s  a n d
h a r d  p a r t i c l e s ,
H a n c o c k ^ ^ ^ )  h a s  r e v i e w e d  t h e  c u r r e n t  l i t e r a t u r e
a n d  m a k e s  t h e  f o l l o w i n g  c o m m e n t s .  T h e  m e c h a n i s m  b y  w h i c h
h o l e s  a r e  n u c l e a t e d  h a s  b e e n  s t u d i e d  e x t e n s i v e l y  f o r
p a r t i c l e s  i n  a n  i n c o m p r e s s i b l e  e l a s t i c  m a t e r i a l  b u t  t h e
e f f e c t  o f  a n  e l a s t o —p l a s t i c  s u r r o u n d i n g  m a t r i x  h a s  b e e n
l a r g e l y  n e g l e c t e d .  O n l y  o n e  p a p e r  h a s  b e e n  w r i t t e n  f o r  t h i s
m a t e r i a l ,  b y  T u b a ,  f o r  a  c y l i n d r i c a l  r i g i d  i n c l u s i o n  u n d e r
p l a n e  s t r e s s  c o n d i t i o n s .  H e  u s e s  a  d e f o r m a t i o n  p l a s t i c i t y
Et h e o r y  w i t h  a  l i n e a r  w o r k —h a r d e n i n g  i n d e x  o f  m =  ; a n d
q u o t e s  c o n c e n t r a t i o n s  o f  r a d i a l  s t r e s s  a t  t h e  i n c l u s i o n  o f  2 
f o r  t h e  e l a s t i c  p h a s e  a n d  1 , 5  f o r  t h e  p l a s t i c  p h a s e .  I t  i s  
i n s t r u c t i v e  t o  n o t e  t h a t  I . I c C l i n t o c k , w h o  b a s e d  h i s  a n a l y s i s  
o n  a  s o m e w h a t  a r b i t r a r y  s l i p  l i n e  f i e l d  f o r  a  r i g i d - p l a s t i c  
m a t r i x ,  s u g g e s t s  t h a t  s h e a r  s t r a i n  a t  a  c y l i n d r i c a l  i n c l u s i o n ,  
m a y  b e c o m e  i n f i n i t e  a t  v e r y  l o w  s t r a i n —h a r d e n i n g  r a t e s  
( p e r h a p s  m =  y O o )  t h a t  t h i s  m a y  b e  t h e  t r u e  c a u s e  o f
d e c o h e r e n c e ,
1 7 3 .
I t  w a s  t h u s  p r o p o s e d  t o  c o n d u c t  a  p l a n e  s t r a i n  
a n a l y s i s  o f  i n c l u s i o n s  i n  a n  e l a s t o - p l a s t i c  m a t r i x  o b e y i n g  
t h e  i n c r e m e n t a l  t h e o r y  a n d  w i t h  a  l o w  w o r k —h a r d e n i n g  i n d e x .
I t  w a s  t h o u g h t  t h a t  t h e r e  w o u l d  b e  t w o  d i s t i n c t  p r o b l e m s  
h e r e ,  b o t h  o f  w h i c h  w o u l d  u s e  t h e  m e t h o d s  d e s c r i b e d  i n  
C h a p t e r  7  o f  t h i s  t h e s i s  — a  f i n i t e  d i f f e r e n c e  s o l u t i o n  o n  a n  
e l l i p t i c a l  b o u n d a r y  p r o c e s s .  T h e  f i n i t e  d i f f e r e n c e  m e t h o d  
w a s  p r e f e r r e d  t o  f i n i t e  e l e m e n t s  b e c a u s e  o f  i t s  b e i n g  a b l e  
t o  h a n d l e  t h e  o u t e r  b o u n d a r y  c o n d i t i o n  m o r e  e a s i l y ,  w h e r e  
t h i s  i s  t a l c e i i  a s  a  c o n d i t i o n  a t .  i n f i n i t y ,  a n d ,  i n  a d d i t i o n ,  
p r o b a b l y  g i v i n g  a  m o r e  a c c u r a t e  e s t i m a t e  o f  t h e  s t r e s s  a n d  
s t r a i n  a t  t h e  i n c l u s i o n  i n t e r f a c e .
T h e  f i r s t  o f  t h e s e  p r o b l e m s  i s  t h e  e f f e c t  o f  a n  
i n c l u s i o n  i n  a n  i n f i n i t e  m a t r i x  u n d e r  v a r i o u s  s t a t e s  o f
s t r e s s ,  u n i f o r m  a t  i n f i n i t y . I t  w a s  p r o p o s e d  t o  s t u d y
f i r s t  a  s i n g l e  c y l i n d r i c a l  i n c l u s i o n ,  t h e n  a  r o w  o f  i n c l u s i o n s  
a t  v a r y i n g  p i t c h / d i a m e t e r  r a t i o s ,  a n d  e x t e n d  t h e s e  t o  n o n -  
c i r c u l a r  s h a p e s ,  V / h e n  t h e  i n c l u s i o n  i s  a s s u m e d  r i g i d  t h e  
c o n d i t i o n s  a t  t h e  i n n e r  b o u n d a r y ,  s u g g e s t  t h a t  t h e  b e s t  
f i e l d  v a r i a b l e s  t o  u s e  a r e  t h e  t w o  c o m p o n e n t s  o f  
d i s p l a c e m e n t ,  s i n c e  b o t h  a r e  z e r o  a t  t h e  i n t e r f a c e .  T h e  
r e m a r k s  i n  C h a p t e r  7  a p p l y  h e r e * ,  t h e r e  t h e  s t r e s s  c o m p o n e n t s
w e r e  c h o s e n  b e c a u s e ,  a t  t h e  i n n e r  b o u n d a r y ,  t w o  o f  t h e s e
v a r i a b l e s  w e r e  z e r o  — h e r e  i t  i s  r a t h e r  s i m p l e r .  E x c e p t  
f o r  t h e  a n a l y s i s  b e i n g  s i m p l e r  t h e r e  w o u l d  b e  n o  r e a l  
d i f f e r e n c e  i n  t h e  m e t h o d s  a n d  t h e  e x p e r i e n c e  g a i n e d  i n  t h e  
m o r e  d i f f i c u l t  p r o b l e m  w o u l d  b e  h e l p f u l .
I n  c o l l a b o r a t i o n  w i t h  D r ,  J ,  O r r ,  s o m e  p r o g r e s s  h a s  
i n  f a c t  b e e n  m a d e  o n  t h e  f i r s t  o f  t h e s e  a n a l y s i s  a n d  s o m e
r e s u l t s  a r e  i n c l u d e d  h e r e  f o r  i n t e r e s t .  T h e y  a r e  p u t
f o r w a r d  r a t h e r  t e n t a t i v e l y ,  b e i n g  t h e  f i r s t  ( u n c h e c k e d )  
r e s u l t s  t o  h & i n d , b u t  t h e y  d o  s u p p o r t  L l c G l i n t o c k  ’ s  e s t i m a t e  
o f  h i g h  s h e a r  s t r a i n s .  T h e  c o n f i g u r a t i o n  i s  s h o w n  o n  f i g ,
1 2 . 1  a n d ,  f i g s ,  1 2 , 2  a n d  1 2 , 3  s h o w  t h e  d e v e l o p m e n t  o f  r a d i a l  
s t r e s s  a t  A a n d  s h e a r  s t r a i n  a t  B a g a i n s t  e f f e c t i v e  
p l a s t i c  s t r a i n  a t  i n f i n i t y .
T h e  s e c o n d  p r o b l e m  l i e s  i n  t h e  e f f e c t  o f  r e p e a t e d  
s t r a i n i n g  a t  a n  i n c l u s i o n .  F i g ,  8 . 3  s h o w s  t h c i I  t h e r e  i s
1 7 4 .
l o c a l  y i e l d i n g  a t  t h e  r o o t  o f  t h e  n o t c h  i n  t h e  b e n d  s p e c i m e n
a t  a  f a i r l y  s m a l l  f r a c t i o n  o f  t h e  l o a d  c a u s i n g  g e n e r a l
y i e l d * ,  i t  e m p h a s i z e s  t h e  p o i n t  t h a t  l o c a l  s t r a i n s  c o u l d  b e  
l a r g e  e v e n  u n d e r  w o r k i n g  c o n d i t i o n s .  I n  t h e  a c t u a l  
s t r u c t u r e  w h e r e  t h e  b u l k  o f  e l a s t i c  m a t e r i a l  i s  m u c h  g r e a t e r  
r e l a t i v e  t o  t h e  l o c a l  a r e a  o f  s t r e s s  c o n c e n t r a t i o n ,  i t  s e e m s  
c l e a r  t h a t  t h i s  f r a c t i o n  c o u l d  b e  l e s s .  S i n c e  d e s i g n  
s t r e s s e s  a r e  b a s e d  o n  g e n e r a l  y i e l d  i t  w o u l d  b e  e x p e c t e d  
t h a t  l o c a l  s t r a i n s  i n  a  s t r u c t u r e  c o u l d  b e  q u i t e  c o n s i d e r a b l e  
u n d e r  w o r k i n g  c o n d i t i o n s ,  p e r h a p s  o f  t h e  o r d e r  o f  2—5^  f o r  
a  h i g h  t e n s i l e  s t e e l .  I t - w o u l d  b e  e x p e c t e d  t h a t  f o r  a  
t y p i c a l  s t r u c t u r e  t h e  m a x i m u m  w o r k i n g  l o a d  w o u l d  b e  r e p e a t e d
a  n u m b e r  o f  t i m e s  a n d  t h a t ,  f o r  a  t h o r o u g h  s t u d y ,  t h e  e f f e c t
o f  t h e s e  r e p e t i t i o n s  o f  l o a d i n g  s h o u l d  b e  e x a m i n e d .
T o  p r o v i d e  a  s p e c i f i c a t i o n  f o r  t h e  c o n d i t i o n s  o f  
t e s t i n g  o r  t y p e  o f  t e s t  s p e c i m e n ,  a n a l y s e s  w o u l d  b e  
a t t e m p t e d  b o t h  f o r  t h e  i n c l u s i o n  s t u d i e s  d e s c r i b e d  a b o v e  a n d  
f o r  a  n o t c h e d  s p e c i m e n .  I t  i s  t h o u g h t  t h a t  t h e  n u m b e r  o f  
r e p e t i t i o n s  o f  l o a d i n g  w o u l d  b e  l i m i t e d ,  p e r h a p s  t o  a b o u t  
10  t o  50 i n  a  t e s t  a n d  m u c h  f e w e r  i n  t h e  a n a l y s e s ,  w h e r e  t h e  
t r e n d  m i g h t  b e  s u f f i c i e n t l y  c l e a r  a f t e r  t w o  o r  t h r e e .  I t  
i s  n e c e s s a r y  t o  s o l v e  t h e  p r o b l e m  o f  t h e  n o t c h e d  s p e c i m e n  
i n  o r d e r  t o  f i n d  t h e  c h a n g i n g  p a t t e r n  o f  s t r a i n s ,  w h i c h  
w o u l d  b e  u s e d  f o r  t h e  b o u n d a r y  c o n d i t i o n s  a t  i n f i n i t y  i n  t h e  
i n c l u s i o n  p r o b l e m .  I t  i s  v i s u a l i z e d  t h a t  t h e  c r i t i c a l  
a r e a  o f  i n c l u s i o n s  w o u l d  b e  a t  t h e  r o o t  o f  t h e  n o t c h .
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